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ABSTRACT The finite volume evolution Galerkin method couples a finite volume for-
mulation with an approrimate evolution Galerkin operator, which takes into account
all of the infinitely many directions of propagation of bicharacteristics for multidi-
mensional systems. Piecewise linear recovery yields second order accuracy even with
the first order approzimate evolution operator. Numerical comparisons of the evolu-
tion Galerkin schemes with the commonly used finite volume methods for the wave
equation system and for the Euler equations are presented.

Key Words: genuinely multidimensional schemes, hyperbolic systems, wave equation,
Euler equations, evolution Galerkin schemes, finite volume methods

1. Introduction

It is our belief that the most satisfying methods for approximating evo-
lutionary PDE’s are based on approximating the corresponding evolutionary
operator. In order to construct a genuinely multidimensional numerical scheme
for hyperbolic conservation laws all of the infinitely many directions of propa-
gation of bicharacteristics have to be taken into account.



This is the main idea of the evolution Galerkin (EG) methods, which
evolve the initial data using the bicharacteristic cone and then project them
onto a finite element space. In the recent paper Lukacova, Morton and War-
necke [LMW 99] three new first order evolution Galerkin schemes for a system
of hyperbolic equations, and particularly for the wave equation system are de-
rived and analysed. It is shown that the evolution Galerkin scheme (denoted in
the paper [LMW 99] as the EG3 method), which is based on the general theo-
ry of bicharacteristics for hyperbolic conservation laws gives the most accurate
numerical scheme. This is a base for the second order scheme, which will be
constructed using a piecewise linear recovery.

In the recent years the most commonly used numerical shemes for hyperbo-
lic conservation laws were the finite volume methods, which are based on a type
of directional splitting and on an approximate solution of one-dimensional Rie-
mann problems. Their popularity is particularly due to the simplicity of their
formulation as well as implementation. However, it is a known fact that these
methods can produce structural deficiences in the solution for some special mul-
tidimensional problems (see, e.g., [FEY 92], [LEV 97], [LMW 98], [LMW 99]).

The finite volume evolution Galerkin method combines advantages of both
approaches: the simplicity of the finite volume formulation and the multidi-
mensionality of the evolution Galerkin schemes.

2. Finite volume evolution Galerkin methods

Consider a general hyperbolic system in d space dimensions

d
U+ Y (B, =0, 2= (21,...,20)" € R, (1)
k=1
where F,, = F,(U),k = 1,...,d represent given flux functions and the un-

known functions are U = (u,...,u,)T € IR™. Let us denote by E(s) :

(H*(R%)™ — (H*(IR%))™ the exact evolution operator associated with a time

d

)
step s for the system (1), i.e.
Ut +s) = E(s)U( 1) (2)

We suppose that S? is a finite element space consisting of piecewise polynomials
of order p > 0. Let U™ be an approximation in the space S} to the exact
solution U(-,t,) at a time t, > 0 and take E, : Sj — (H*(IR%))™ to be a
suitable approximation to the exact evolution operator E(7), r > 0. We denote
by Ry : S; — S}, areconstruction operator, 7 > p > 0. In the present paper we



shall limit our consideration to cases of constant time step At, i.e. t, = nAt,
and of a uniform mesh consisting of d-dimensional cubes with a uniform mesh
size h.

Definition 1. Starting from some initial value U® at time t = 0, the finite
volume evolution Galerkin method (FVEG) is recursively defined by means of

n+1 n At d N4k
UMt =U" - 5= ) 6 B (U, (3)
k=1

where the central difference v(x + h/2) — v(x — h/2) is denoted by d,v(z) and
80, E, (U™) represents an approzimation to the edge fluzx difference. The cell
boundary value U™ is evolved using the approzimate evolution operator E,.
to t, + 7 and averaged over 0 < 17 < At and along the cell boundary, i.e.

n 1 E,RyU"dSdr | ;; 4
U > <|anij|At/0 o, TS T) i @

i,jEL

where X;; is the characteristic function of 0€;;.

There are several advantages to this formulation. The most important is
that the first order accurate approximation E; to the evolution operator E(7)
yields an overall second order update from U™ to U™"'. To obtain this second
order approximation in the discrete scheme it is only necessary to carry out a
recovery stage at each time level to generate a piecewise linear approximation
Qn = R,U" € S}, from the piecewise constant U" € S}, to feed into the
calculation of the fluxes. In the next section we illustrate this procedure for the
wave equation system in two space dimensions.

3. Wave equation system

The wave equation can be written down as a first order hyperbolic system

¢t + c(uz +vy) =0,
U + Cgbz = 0,
Vs 4 chy =0 (5)

with the unknown functions ¢, u, v. Consider a cone with the apex P = (z,y,t+
At) and the base points @ = Q(8) = (z+cAtcost, y+cAtsiné,t) parametrized
by the angle 8 € [0, 27]. Denote by P’ = (z,y,t) the center of the base of the
cone. The lines from Q(6) to P generating the mantle of the so-called bicharac-
teristic cone are called bicharacteristics, see, e.g., [LMW 99] for more details.
Using the theory of bicharacteristics it can be shown that the solution (¢, u,v)
at the point P is determined by its values on the base as well as on the mantle of
the characteristic cone and the exact evolution formulae can be derived. In the



recent papers Lukdcovd, Morton and Warnecke [LMW 98], [LMW 99] several
approximate evolution operator for the wave equation system were analysed.
It was shown that the following approximate evolution operator leads to the
best first order scheme in terms of accuracy, see LMW 98], [LMW 99].

3.1. First order approzimate evolution operator

1 2m
op = o $g — 2ug cosf — 2vg sin 0df + O(Atz), (6)
T Jo
1 1 [ 5 .
up = gup + o —2¢g cosf + ug(3cos” 6 — 1) + 3vg sin b cos 6do
T Jo
+0(AF%),  (7)
1 e . : .
vp = 5Up o —2¢¢g sinf + 3ug sinf cos 6 + vg(3sin” 6 — 1)dd
T Jo

+0(A%).  (8)

Denote by P, L? - projection onto a space of piecewise constant functions
in IR?, then we obtain the first order scheme U™ = P,Ea,U", which is
in [LMW 99] referred to as the EG3 scheme. Space integrals coming from the
projection step are computed exactly, i.e. no numerical quadrature is used. The
finite difference formulation can be found in [LMW 99], where the coefficients
of the scheme are given explicitely.

3.2. Second order reconstruction

In order to construct the second order FVEG scheme we take the first
order accurate approximate evolution operator (6) - (8) and define a bilinear
reconstruction Rp. There are many possible recovery schemes, which could be
used. For our computation we choose a discontinous bilinear recovery using a
four point averages at each vertex, but others can be used as well. It is taken
to be conservative and given as

(x — x;)
4h

(y —v)) (z —zi)(y —yj)
+ ah ’ (AOyQH-lj +280,U;; + AOyQi—u) + e 22 Aoy Ao U

RhQ|QU = Qij + (AOIQijJrl + ZAOIQij + AOzQijfl)

ij»
where Agyv(z) = & (v(z + h) —v(z — h)) = % (viy1 — vi—1), an analogous no-

tation is used for Ag,. For the computation of fluxes through cell edges the time
averaged value U™"* has to be known, see (4). Instead of exact time integration



the second order midpoint rule is used, i.e.

Ut = Enj2RpU™dS + O(A). (9)
9,

Two dimensional space integrals of bilinear functions R,U"™ with respect
to 8 and S which occur in (9) are computed exactly without any numerical
quadrature and thus all of the infinitely many directions of propagation of flow
information are taken explicitely into account. The above construction leads to
the overall second order scheme, which gives in regions of smooth solution very
accurate results even on coarse grids, see Table 1 below.

3.3. Numerical results

We consider the space periodic problem for the wave equation system (5)
with the initial data

1
o(z,0) = E(sin 27z + sin 27y), u(z,0) =0 = v(z,0).

In this case the exact solution can be easily computed [LMW 99]. In Table 1 we
compare errors of several second order schemes, namely the second order FVEG
method, the Lax-Wendroff method (LW) and the standart finite volume flux-
vector directional splitting method (FV-FVS), which uses a MUSCL technique
for the flux computation and a second order Runge-Kutta time approximation.
For the details on the latter one see, e.g., [KRO 97].

We use meshes of 20 x 20, 40 x 40, ..., 640 x 640 cells and compute also the
experimental order of convergence (EOC) from two meshes of sizes N; and No

as
Un (T)-UR N.
EOC = 1n 15 (D) —;Vl”/ln (—2>
U, (T) — UR, |l Ny
In all cases the results are for a CFL-number v of 0.45 and an end time of
T = 0.2. Experiments for several other values of v and T confirm the second

order accuracy of the FVEG scheme.

[N/UT)-U"[] FVEG | LW | FV-FVS |

20 0.008647 | 0.065500 | 0.057748
40 0.001789 | 0.016472 | 0.014502
80 0.000925 | 0.004133 | 0.003617
160 0.000290 | 0.001033 | 0.000905
320 0.000080 | 0.000258 | 0.000227
640 0.000021 | 0.000064 | 0.000057
EOC 1.94 1.99 2.00

Table 1. Comparison of accuracy of the FVEG method,
the Laz- Wendroff method and the FV fluz-vector splitting method



4. Euler equations

The system of Euler equations describing the motion of compressible flow in
two space dimensions can be written in the form of hyperbolic system (1) with
d = 2; the definition of U and F;(U) is well-known and can be found e.g. in
[KRO 97]. If R = (7} ;T2 s T3.5s T4 ) denotes the matrix of right eigenvectors
we can decompose the vector of conservative variables U for any direction n in
the following way

U=RR™ Zam w (10)

A general procedure for derivation of the exact evolution operator for hyper-
bolic problems can also be applied to the Euler equations. For linear problems
this procedure works with the characteristic variables W = R™'U. Now, instead
of W the vector a is used. The following approximate evolution operator
for the Euler equation was derived in [OST 97]

Ula, t + At) = 6 / Zakrk (Qu(z,m)))d0 (11)

o / [y (U(Qa(z, 1)) — aury (U(Qa(z, m)))] dO,

where O denotes the unit sphere, Q1 (z,n) = (z — At(u — cn),t), Q2(x,n) =
Q3(z,n) = (z — Atu,t), Qs(z,n) = (z — At(u + cn),t), c is a local speed of
sound and u represents the fluid velocity.

After L? - projection onto a space of piecewise constants we obtain the EG
scheme for the Euler equations. It was shown by Ostkamp [OST 97] that Fey’s
method of transport [FEY 92] for the Euler equations can be reinterpreted as
the above evolution Galerkin scheme.

4.1 Numerical results

We take the well-known test problem, namely the two-dimensional Sod’s
problem and compare the behaviour of the evolution Galerkin method (11)
and the LeVeque wave propagation algorithm [LEV 97], which is available as
a public domain software package called CLAWPACK. In order to avoid a dis-
cussion of the limiters we compare here only first order schemes. Note however
that in LeVeque’s wave propagation algorithm also first order correction terms
for xy-cross derivative are included.

The computational domain is the square [-1,1] x [-1,1]. To ensure the CFL
stability condition, the CFL number is taken 0.8. We choose periodic boundary
conditions and the following initial data



p=Lu=0v=0,p=1 if |z] <04,
p=0125u=0,v=0,p=0.1 otherwise. (12)

Solutions at time 7' = 0.2 are computed on a quadrilateral grid with
200 x 200 grid cells. In Figures 1 and 2 the isolines of solution obtained by
the evolution Galerkin method (11) and by the wave propagation algorithm,
respectively are drawn. The y-velocity is not depicted since it is symmetric to
the z-velocity. For the evolution Galerkin scheme the resolution of the flow
phenomena is the same in all directions and information is moving in infinitely
many directions in a circular manner. However, we can notice that the wave
propagation algorithm, which makes use of an improved directional splitting,
does not preserve circular symmetry in such a good manner as our scheme and
some dependence of the solution on the grid can well be seen.

Figure 1. Evolution Galerkin scheme: density (left), z-velocity (middle), pres-
sure (right)

Figure 2. Wave propagation algorithm: density (left), x-velocity (middle), pres-
sure (right)
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