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Abstract. This contribution deals with the genuinely multidimensional numerical schemes
for hyperbolic equations. After presenting results for the first order evolution Galerkin
schemes we will describe their higher order version using finite volumes. These meth-
ods couple a finite volume formulation with approzimate evolution Galerkin operators
constructed using bicharacteristics. Numerical experiments and comparisons with other
commonly used schemes are given.
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1 INTRODUCTION

Evolution Galerkin methods (EG-methods) were proposed to approximate evolution-
ary problems for systems of partial differential equations, see, e.g., [2], [3], [9], [10]. In
Ostkamp [11] as well as Lukacova, Morton and Warnecke [4]-[7] the EG schemes for the
wave equation systems and the Euler equations of gas dynamics in two space dimensions
were derived and analyzed. In this survey paper we summarize the known results for EG
methods and point out some open questions.

It is our belief that the most satisfying methods for approximating evolutionary PDE’s
are based on approximating the corresponding evolutionary operator. In order to con-
struct a genuinely multidimensional numerical scheme for hyperbolic conservation laws all
of the infinitely many directions of propagation of bicharacteristics have to be taken into
account. This is the basic idea of the evolution Galerkin methods, which can be described
in the following way.

Consider a general hyperbolic conservation law in d space dimensions

d
Qt+Z(Ek(Q))mk :07 z = (xla"'axd)T € ]Rda (1)
k=1
where F), = F,(U),k = 1,...,d represent given physical flux functions and the conser-

vative variables are U = (uy,...,up)" € IR™. Let us denote by F(s) : (H*(IRY))™ —
(H*(IR%))™ the exact evolution operator associated with a time step s acting on Sobolev
spaces for the system (1), i.e.

Ut +s) = E(s)U(- 1) (2)

We suppose that S} is a finite element space consisting of piecewise polynomials of
order p > 0. Let U™ be an approximation in the space S} to the exact solution U(-,t,) at
a time ¢, > 0 and take E, : S} — (H*(IR%))™ to be a suitable approximation to the exact
evolution operator F(7), r > 0. We denote by P, : (H¥(IR*))™ — S? an L?-projection
onto cells, and by Ry, : Sl — S} a recovery operator, r > p > 0 . In the present paper we
shall limit our considerations to cases of constant time step At, i.e. ¢, = nAt, and of a
uniform mesh consisting of d-dimensional cubes with a uniform mesh size h.

Definition 1.1 (EG methods) Starting from some initial value U° at time t = 0, the
evolution Galerkin scheme (EG) is recursively defined by means of

U™ = P,EARU".

For simple linear hyperbolic systems, such as the wave equation system or the Maxwell
equations, this approach has been fully exploited. It was shown that using the theoretical
background of bicharacteristics for hyperbolic systems accurate approximate evolution
operators can be constructed. Using only a projection onto piecewise constant functions
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with no recovery step first order schemes are derived. The accuracy of the methods
can be increased by increasing the order of the approximation space and the accuracy
of the approximate evolution operator. However, this approach is expensive because all
integrals that appear in the formulation of the scheme have to be computed over each
mesh cell exactly. We use an alternative approach, where the finite volume formulation
is coupled with an approximate evolution Galerkin operator. More precisely, the finite
volume evolution Galerkin methods are defined as follows.

Definition 1.2 (FVEG methods)

n+1 n 1 At d n+1/At
Ut — U —%/0 S 6, (U™ dr, (3)
k=1

where the central difference v(x+h/2)—v(z—h/2) is denoted by 5,v(x) and &, F, (U™ /A1)
represents an approximation to the edge flux difference at intermediate time levels t, +
7, 7 € (0,At). The cell boundary fluz F (Q"J’T/At) s evolved using the approximate
evolution operator E. to t, + 1 and averaged along the cell boundary, i.e. e.q. for U itself

1
n+7/At — / E " 1S d B 4
= Z <|an’j| 095 PR A5 AT ) @)

ijez
where X;; is the characteristic function of 0€);;.

In the finite volume methods typically some one-dimensional Riemann solver is used to
compute fluxes through cell edges. Here we will use instead multidimensional approximate
evolution operators using bicharacteristics. Combining this with a piecewise linear recov-
ery stage yields very accurate second order schemes even with the first order approximate
evolution operators.

In the second section we will describe several approximate evolution operators Ea for
the wave equation system in two space dimensions. Let us mention that the wave equation
system can be considered as a linearized prototype of the nonlinear Euler equations of gas
dynamics for the gas at rest. Therefore the approximate evolution operators derived for
the wave equation system can be generalized further and used also for the Euler equations.
In Section 3 we present results of error analysis and discuss the von Neumann stability.
Construction of the second order finite volume evolution Galerkin method is described in
Section 4. Some results of numerical experimets and comparisons with other commonly
used methods are given in Section 5.

2 APPROXIMATE EVOLUTION OPERATORS FOR THE WAVE EQUA-
TION

Denote by ¢, u, v the unknown functions of the wave equation system
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¢ + c(uy +vy) =0,

u + e =0,

v+ cpy, = 0. (5)
Consider a cone with the apex P = (z,y,t + At) and the base points @ = Q(0) = (z +
cAtcosf,y + cAtsin 0,t) parametrized by the angle 6 € [0,27]. Denote by P’ = (x,y,t)

the center of the base of the cone. The lines from () to P generating the mantle of the
so-called bicharacteristic cone are called bicharacteristics.

P =(z,t+ At)

t

w T
Figure 1: Bicharacteristic along the Mach cone through P and Q(8)

Using the theory of bicharacteristics it can be shown, that the solution (¢, u,v) at
the point P is determined by its values on the base as well as on the mantle of the
characteristic cone and the exact evolution formulae has been derived; see, e.g. [1], [11],
[4]. For the sake of completeness we write down two equivalent formulations of the exact
integral equations, which give the basis for further numerical approximations.

2.1 Exact integral equations E1

1 2 .
op = 5/0 [bo — ug cosd — vg sin ]d8
! / e / " S, 0)d0di (6)
2 Ji 0 (t,6) ’
1 27
up = — / [— g cos 0 + ug cos®  + vg sin 0 cos 0]df
7 Jo
1 rt+At p2n . ~
+= / / S(,0) cos 0AGdi, (7)
T Ji 0

4
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1 27
vp = —/ [—p¢ sin 0 + ug sin 0 cos 0 + vg sin” H]do
7 Jo

1 rt+At p2w - ~
+ = / / S(7,0) sin #d6d7, (8)
T Ji 0
with the source term S given as
S(t,0) = cluy(z,9,1)sin® 0 — (uy(Z,9,1) + v.(Z,7,1)) sin 0 cos 0 + v, (Z, 7, ) cos* 0], (9)
where (Z,9) = (v + c(t + At — 1) cos O,y + c(t + At — {)sinf) and £ € [t,t + At].

2.2 Exact integral equations E2

1 27 .
gbp:%/o (g — ug cos @ — vg sin 0] df
1 At p2r .
—o- [ [ s@eyandi, (10)
2m Ji 0
1 2m
up = 2—/ [— g cos O + ug cos® O + vg sin f cos 0] df
7 Jo
1 N 27rS~9 640 7
+oup + %/t /0 (t,0) cos t
1 At L
—5€ ¢x(x7y7t) dta (11)
2 )i
1 27
vp = 2—/ [—¢g sinf + ug cosf sinf + vg sin® 6] df
7 Jo
1 1 f+Ae 27r5~9'99~
+§U(Q2)+%/t /0 (t,0)sin6 do dt
1 At o
_50 ¢y($,y,t) dta (12)
t

where S(t, #) is given by (9). The fact, that the above two integral equations are equivalent
can be easily verified by integrating the second and third equations of (5) from P’ to P.

Different time integral approximations in the E1 as well as in the E2 lead to various
approximate evolution operators. Thus, using for example the rectangle rule in the E1
and the E2 gives the approximate evolution operators for the EG1 and the EG3 scheme,
respectively; whereas applying the trapezoidal rule for time integration in the E1 gives
the approximate evolution operator for the EG2 scheme. In [8] the authors have derived
integral equations for the wave equation system in three space dimensions, which can be
considered as a generalization of the E2 operator. Taking a projection onto two space di-
mensions a new approximate evolution operator for the so-called EG4 scheme is obtained.
In what follows we give a list of approximate evolution operators for the wave equation
system; for more details on their derivations see [4], [8].

5



M. Lukécové - Medvidova, K.W. Morton, and G. Warnecke

2.3 Approximate evolution operator for the EG1 scheme

1 2T
bp = 5 bo — 2ug cos  — 2vg sin 0dh + O(AL?)
mJo
1 2T
up = — / —¢g cos  + ug(3 cos® @ — 1) + 3vg sin f cos dO + O(At?)
7w Jo

1 27
vp = — / —¢gsind + 3ugsinf cos § + vg(3sin® § — 1)dd + O(A#?)
7 Jo

2.4 Approximate evolution operator for the EG2 scheme

2m
bp = 1 bo — ug cosf — vgsin0d — pp + O(AL?)

mJo
1 2w

up = _/ — ¢ cos O + ug(2 cos® O — %) + 2vg sin 6 cos 0df + O(At?)
7 Jo
1 27

vp = — / —pgsinf + 2ugsin f cos 0 + vg(2sin® 6 — $)d6 + O(AL?)
7 Jo

2.5 Approximate evolution operator for the EG3 scheme

1 27
Gp = Py bg — 2ug cos f — 2vg sin OdO + O(At?)
7 Jo
1 1 2n , .
up = Sup + 2—/ —2¢¢ cosf + ug(3 cos” 6 — 1) + 3ug sin f cos 0d6
7w Jo
+ O(A#?)
1 L p2r : : . o
vp = Sup + . / —2¢¢ sinf + 3ug sinf cos § + vg(3sin“f — 1)do
7 Jo
+ O(AF?)

(13)

(14)

(20)

(21)
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2.6 Approximate evolution operator for the EG4 scheme

1 27
op = o bo — 2ug cosd — 2vg sin 0df + O(At?), (22)
7 Jo
1 2w
up = o / —26q cos 0 + 2ug cos® O + 2vg sin 0 cos 0df + O(At?),
7 Jo
(23)
1 27
vp = o / —2¢¢ sin 0 + 2ug sin  cos § + 2vg sin? 0df + O(At?).
7 Jo
(24)

Denote by P, an L? - projection onto a space of piecewise constant functions Sj.
Applying P, onto the approximate evolution operators (13)-(15), (16)-(18), (19)-(21),
(22)-(24) yields first order schemes U"™" = P, EAU", which are in [4] and [8] referred to
as the EG1, EG2, EG3 and EG4 schemes. Space integrals coming from the projection
step are computed exactly, i.e. no numerical quadrature is used. The finite difference
formulation can be found in [4], [8], where the coefficients of the EG schemes in finite
difference formulation are given explicitly.

3 STABILITY AND ERROR ANALYSIS

The aim of this section is to sketch the error analysis and discuss the strong stability of
the EG1 — EG4 methods. The global error between the exact solution and the approximate
solution U" is defined as

e :=U(t,) —U".

The error can be decomposed into a projection error 1 and an evolutionary error &:
" = (U(tn) — QU(tn)) + (QU(tn) —U") = 0" + £, (25)

where () : L* — S} is a suitable projection onto S}, possibly different from P,. In our
case we work with a projection @ : (L?(IR%))™ — SY given by point evaluation, i.e.

QU(ty) :== > U@k, i, ta) Xu U € (L*(RY)™,

klez

where zp = kh, y; = [h is the midpoint of the square cell Q. Clearly, ||n"|| = O(h).
We derive an evolution estimate for £ by introducing the term P, EAQU as follows,

§n = (Qg(tn) - PhEAQQ(tnfl)) + (PhEAQQ(tnfl) - PhEAQn_l). (26)

7
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If the operator P, Ex is strongly stable, i.e.
|PaEall <1, (27)

the last term is bounded by [|£"'||, so that the evolutionary error £ is determined by
the truncation error

no.__ 1
T" == E(Qg(tn) - PhEAQQ(tnfl))a (28)

through the recurrence relation [|€"]] < At||T™| + [|€*7'].

Generally, to obtain an order of accuracy p, we need both the projection error n" and
the truncation error 7™ to be of this order. But we have a free choice of the projection ()
to ensure that this holds. Therefore, it remains to establish the strong stability of P, Ea
and compute the order of the truncation error.

In [4] the following results for the EG1, EG2 and EG3 schemes were proved. Moreover,
it can be shown analogously that the same results hold also for the EG4 scheme.

Lemma 3.1 (strong stability) FEach of the difference operators representing EG1, EG2,
EG3 and EGY is strongly stable in some positive interval 0 < v < V4, for the CFL num-
ber v.

Lemma 3.2 (truncation error) The truncation error T" of the evolution Galerkin
schemes EG1, EG2, EG3 and EG/ is of first order, i.e. ||T"|| = O(h) for At/h = X fized.

Theorem 3.1 (error estimate) The evolution Galerkin schemes EG1, EG2, EG3 and
EG/ are of first order for 0 < v < Upae, where Vg, € (0,1]. Suppose we are interested
in the approximation at time t =T and n = T/At. Then there exists a constant C' > 0,
such that

le"]] < Ch. (29)

Due to the linearity of the problem it is possible, and most convenient, to use Fourier
analysis to establish the stability of the EG schemes. It should be pointed out that this is
nontrivial because of the approximations to the evolution operator that have been made:
if it were possible to use the exact evolution operator unconditional stability would follow
immediately. As stated in Lemma 3.1 we are able to prove that the interval of stability
[0, Vmaz) 1S nonempty, however analytical formulae for v,,,, are still unknown for the
general 2D case.

Neverthless, for practical purposes we are able to estimate the interval of stability
with the aid of numerical computations. The methods are strongly stable on a particular
grid if p(T'(§,n)) < 1 for all & and 1, where p is the spectral radius and T'(£,7n) is the
amplification matrix. We can test the stability of methods by computing maxe ,, p(T'(&,7))
over a discrete set of points &,n in [0, 27| % [0, 27]. Doing this for different values of v and
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maxe,n p(T (£, 7))

v EGL | EG2 | EG3 | EG4
0.10 [ 1.00000 | 1.00000 | 1.00000 | 1.00000
0.20 [ 1.00000 | 1.00000 | 1.00000 | 1.00000
0.30 [ 1.00000 | 1.00000 | 1.00000 | 1.00000
0.40 [ 1.00000 | 1.00000 | 1.00000 | 1.00000
0.50 [ 1.00000 | 1.00000 | 1.00000 | 1.00000
0.51 [ 1.00000 | 1.00000 | 1.00000 | 1.00000
0.53 [ 1.00000 | 1.00000 | 1.00000 | 1.00000
0.54 [ 1.00000 | 1.00764 | 1.00000 | 1.00000
0.59 | 1.00000 | 1.11842 | 1.00000 | 1.00000
0.60 | 1.00000 | 1.13904 | 1.00011 | 1.00000
0.70 [ 1.00000 | 1.31730 | 1.00856 | 1.00000
0.72 [ 1.00000 | 1.34684 | 1.01145 | 1.00000
0.73 | 1.00000 | 1.36084 | 1.01315 | 1.00001
0.78 [ 1.00000 | 1.42323 | 1.02335 | 1.00260
0.79 [ 1.01172 | 1.43418 | 1.02551 | 1.00372
0.80 | 1.03718 | 1.44462 | 1.02787 | 1.00486

Table 1: Amplification factors for the first order EG-schemes. Calculation by Y. Zahaykah.

observing at which point the maximum exceeds 1, it is possible to estimate the stability
limit v,

Note that the EG1 scheme has the best stability, namely it is stable up to the CFL
number v = 0.78. On the other hand, this scheme still has a significant numerical dis-
sipation compared to the EG3 scheme, which gives the best results in term of accuracy,
see [4], [5]. Therefore, to achieve better approximation of the solution it is necessary to
construct higher order schemes. In the next section we describe a construction of the
second order schemes using the finite volume formulation.

4 SECOND ORDER FINITE VOLUME EVOLUTION GALERKIN
SCHEMES

There are many possible recovery schemes, which could be used. We only prescribe
that the following conservativity property holds

PR =V forall V € SP. (30)

For our computation we choose a discontinous bilinear recovery using finite difference
approximation to derivatives, but others can be used and were tested as well.

(x — ;)

U 4h

o, = Ui + (AOQEQUH + 280:U;; + AOsz’jfl)
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(v — ) (2 — ) (y — y))
+T‘7 (AOyQiJrlj + 2A0,U;; + AOyQiﬂj) + 2 22 Aoy Aoz U

i
where Agv(z) = 5 (v(x + h) — v(x — h)) = 5 (vi1 — v;_1), an analogous notation is used
for Agy.

For the computation of fluxes through cell edges the boundary value of U has to be
determined. Instead of the exact time integration the second order midpoint rule is used.
Thus, the finite volume evolution Galerkin scheme (3) gives

n+1 n At d n+x*
k=1

where Qn+* = WTIU\ faQij EAt/QRhQndS.

Two dimensional space integrals of bilinear function R,U" with respect to 6 and cell
edges are computed exactly without any numerical quadrature and thus all of the infinitely
many directions of propagation of flow information are taken explicitly into account. Ex-
ample of stencils can be found in [7]. The above construction leads for every approximate
evolution operator given in sections 2.3 — 2.6 to the overall second order schemes. Nu-
merical experiments show that these schemes give very accurate results in regions were

the solution is smooth.

5 NUMERICAL RESULTS

Consider the initial value problem for the wave equation with the initial data
¢(z,0) = —cexp(—15x 2% — 15 % y?), u(z,0) =0 = v(z,0).

The computational domain [—3, 3] x [—3, 3] is divided into 100 x 100 cells. The solution
obtained by the second order FVEG3 scheme at different times is depicted in Figures 2-3.
We can see well resolved symmetric circular propagation of waves as time increases. This
problem can be considered as a model for a pointwise disturbance of a still water surface,
e.g. as it occurs when a stone is thrown into a lake.

Although an exact solution is not known for the initial-value problem considered, we
can study the experimental order of convergence (EOC). This is computed in the following
way using three meshes of sizes Ny, Ny := N;/2, N3 := Ny/2, respectively

1UR, — Uk, Il

U, — U llee

EOC = log

Here Uy is the approximate solution on the mesh with N x N cells. The computational
domain [—3, 3] x [—3, 3] was consecutively divided into 40 x 40, 80 x 80,...,640 x 640
cells in order to obtain the experimental order of the convergence. The CFL-number was
set to 0.45 and the final time was taken to be 7" = 1.0.

10
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Method FVEG3, Gridsize 100 x 100, T=0.2

T=0.8

T=15

Figure 2: Water wave propagation computed by the FVEG3 scheme at time 7' = 0.2,0.8 and 1.5.
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T=2.0
0.4
0.2
= 0 i
: M
024 L

T=2.5

‘%W

K

T=2.7

Figure 3: Water wave propagation computed by the FVEG3 scheme at time T = 2.0,2.5 and 2.7.
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For a comparison we also give results for other commonly used second order schemes,
namely the rotated-Richtmyer Lax-Wendroff method (LW) and the standard finite volume
flux-vector directional splitting method (FV-FVS). The finite volume flux splitting scheme
computes only fluxes in the normal directions to the cell boundary. To get the second order
a MUSCL technique is applied for the flux computation and a second order Runge-Kutta
for the time approximation.

[N/|Ux — Ux, ] [FVEGL [ FVEG2 | FVEG3 | FVEG4| LW |FV-FVS
40 0.106693 | 0.130002 | 0.105862 | 0.108216 | 0.189925 | 0.112468
80 0.074452 | 0.103183 | 0.077221 | 0.075361 | 0.148375 | 0.091892
160 0.024858 | 0.048649 | 0.027619 | 0.026062 | 0.067839 | 0.042943
320 0.004290 | 0.015035 | 0.005349 | 0.005415 | 0.020317 | 0.012923
640 0.000593 | 0.003958 | 0.000953 | 0.001110 | 0.005264 | 0.003322
EOC 2.85 1.92 2.48 2.28 1.95 1.96

Table 2: L? differences and the order of convergence.

The best accuracy is achieved with the first order approximate operator (13)-(15),
i.e. for the FVEGI1 scheme. It is actually 5 times more accurate than the finite volume
directional splitting scheme and 8 times better than the Lax-Wendroff scheme. However,
we should note that we have a stricter CFL condition than that of the Lax-Wendroff
method, rotated Richtmyer version, for which v,,, = 1.

The FVEG3 and FVEG4 have the second best behaviour in terms of accurcay. The
FVEG2 scheme, which is obtained from the second order approximate evolution operator,
has the third best accuracy. In fact, it is comparable with the accuracy of the FV direc-
tional splitting scheme. However, the computational efficiency of the FVEG algorithms is
twice as good as that of the FV-FVS since no intermediate state as in the Runge-Kutta

method is needed. Fluxes for the FVEG methods are computed only once at the point
Qn—I—At/Z.
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