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Abstract� This contribution deals with the genuinely multidimensional numerical schemes
for hyperbolic equations� After presenting results for the �rst order evolution Galerkin
schemes we will describe their higher order version using �nite volumes� These meth�
ods couple a �nite volume formulation with approximate evolution Galerkin operators
constructed using bicharacteristics� Numerical experiments and comparisons with other
commonly used schemes are given�

�



M� Luk�a�cov�a � Medvid�ov�a� K�W� Morton� and G� Warnecke

	 INTRODUCTION

Evolution Galerkin methods �EG�methods� were proposed to approximate evolution�
ary problems for systems of partial di�erential equations� see� e�g�� ���� ���� ���� ��	�� In
Ostkamp ���� as well as Luk�a�cov�a� Morton and Warnecke ������� the EG schemes for the
wave equation systems and the Euler equations of gas dynamics in two space dimensions
were derived and analyzed� In this survey paper we summarize the known results for EG
methods and point out some open questions�

It is our belief that the most satisfying methods for approximating evolutionary PDE�s
are based on approximating the corresponding evolutionary operator� In order to con�
struct a genuinely multidimensional numerical scheme for hyperbolic conservation laws all
of the in�nitely many directions of propagation of bicharacteristics have to be taken into
account� This is the basic idea of the evolution Galerkin methods� which can be described
in the following way�

Consider a general hyperbolic conservation law in d space dimensions

U t �
dX

k��

�F k�U��xk � 	� x � �x�� � � � � xd�
T � IRd� ���

where F k � F k�U�� k � �� � � � � d represent given physical �ux functions and the conser�
vative variables are U � �u�� � � � � um�T � IRm� Let us denote by E�s� � �Hk�IRd��m �
�Hk�IRd��m the exact evolution operator associated with a time step s acting on Sobolev
spaces for the system ���� i�e�

U��� t � s� � E�s�U��� t�� ���

We suppose that Sp
h is a �nite element space consisting of piecewise polynomials of

order p � 	� Let Un be an approximation in the space Sp
h to the exact solution U��� tn� at

a time tn � 	 and take E� � Sr
h � �Hk�IRd��m to be a suitable approximation to the exact

evolution operator E���� r � 	� We denote by Ph � �Hk�IRd��m � Sp
h an L��projection

onto cells� and by Rh � Sp
h � Sr

h a recovery operator� r � p � 	 � In the present paper we
shall limit our considerations to cases of constant time step �t� i�e� tn � n�t� and of a
uniform mesh consisting of d�dimensional cubes with a uniform mesh size h�

De
nition 	�	 �EG methods� Starting from some initial value U� at time t � 	� the
evolution Galerkin scheme �EG� is recursively de�ned by means of

Un�� � PhE�RhU
n�

For simple linear hyperbolic systems� such as the wave equation system or the Maxwell
equations� this approach has been fully exploited� It was shown that using the theoretical
background of bicharacteristics for hyperbolic systems accurate approximate evolution
operators can be constructed� Using only a projection onto piecewise constant functions
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with no recovery step �rst order schemes are derived� The accuracy of the methods
can be increased by increasing the order of the approximation space and the accuracy
of the approximate evolution operator� However� this approach is expensive because all
integrals that appear in the formulation of the scheme have to be computed over each
mesh cell exactly� We use an alternative approach� where the �nite volume formulation
is coupled with an approximate evolution Galerkin operator� More precisely� the �nite
volume evolution Galerkin methods are de�ned as follows�

De
nition 	�
 �FVEG methods�

Un�� � Un �
�

h

Z �t

�

dX
k��

�xkF k�U
n����t� d�� ���

where the central di�erence v�x�h����v�x�h��� is denoted by �xv�x� and �xkF k�U
n����t�

represents an approximation to the edge 	ux di�erence at intermediate time levels tn �
� � � � �	��t�� The cell boundary 	ux Fk

�
Un����t

�
is evolved using the approximate

evolution operator E� to tn � � and averaged along the cell boundary� i�e� e�g� for U itself

Un����t �
X
i�j�ZZ

�
�

j��ijj

Z
��ij

E�RhU
ndSd�

�
�
ij� ���

where �
ij is the characteristic function of ��ij �

In the �nite volume methods typically some one�dimensional Riemann solver is used to
compute �uxes through cell edges� Here we will use instead multidimensional approximate
evolution operators using bicharacteristics� Combining this with a piecewise linear recov�
ery stage yields very accurate second order schemes even with the �rst order approximate
evolution operators�

In the second section we will describe several approximate evolution operators E� for
the wave equation system in two space dimensions� Let us mention that the wave equation
system can be considered as a linearized prototype of the nonlinear Euler equations of gas
dynamics for the gas at rest� Therefore the approximate evolution operators derived for
the wave equation system can be generalized further and used also for the Euler equations�
In Section � we present results of error analysis and discuss the von Neumann stability�
Construction of the second order �nite volume evolution Galerkin method is described in
Section �� Some results of numerical experimets and comparisons with other commonly
used methods are given in Section ��


 APPROXIMATE EVOLUTION OPERATORS FOR THE WAVE EQUA�
TION

Denote by 	� u� v the unknown functions of the wave equation system

�
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	t � c�ux � vy� � 	�

ut � c	x � 	�

vt � c	y � 	� ���

Consider a cone with the apex P � �x� y� t � �t� and the base points Q � Q�
� � �x �
c�t cos 
� y � c�t sin 
� t� parametrized by the angle 
 � �	� ���� Denote by P � � �x� y� t�
the center of the base of the cone� The lines from Q�
� to P generating the mantle of the
so�called bicharacteristic cone are called bicharacteristics�
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Figure �	 Bicharacteristic along the Mach cone through P and Q
��

Using the theory of bicharacteristics it can be shown� that the solution �	� u� v� at
the point P is determined by its values on the base as well as on the mantle of the
characteristic cone and the exact evolution formulae has been derived see� e�g� ���� �����
���� For the sake of completeness we write down two equivalent formulations of the exact
integral equations� which give the basis for further numerical approximations�


�	 Exact integral equations E	

	P �
�

��

Z ��

�

�	Q � uQ cos 
 � vQ sin 
�d


�
�

��

Z t��t

t

Z ��

�

S�!t� 
�d
d!t� �
�

uP �
�

�

Z ��

�

��	Q cos 
 � uQ cos� 
 � vQ sin 
 cos 
�d


�
�

�

Z t��t

t

Z ��

�

S�!t� 
� cos 
d
d!t� ���

�



M� Luk�a�cov�a � Medvid�ov�a� K�W� Morton� and G� Warnecke

vP �
�

�

Z ��

�

��	Q sin 
 � uQ sin 
 cos 
 � vQ sin� 
�d


�
�

�

Z t��t

t

Z ��

�

S�!t� 
� sin 
d
d!t� �"�

with the source term S given as

S�!t� 
� � c�ux�!x� !y� !t� sin� 
 � �uy�!x� !y� !t� � vx�!x� !y� !t�� sin 
 cos 
 � vy�!x� !y� !t� cos� 
�� ���

where �!x� !y� � �x � c�t � �t� !t� cos 
� y � c�t � �t� !t� sin 
� and !t � �t� t � �t��


�
 Exact integral equations E


	P �
�

��

Z ��

�

�	Q � uQ cos 
 � vQ sin 
� d


�
�

��

Z t��t

t

Z ��

�

S�!t� 
� d
 d!t� ��	�

uP �
�

��

Z ��

�

��	Q cos 
 � uQ cos� 
 � vQ sin 
 cos 
� d


�
�

�
uP � �

�

��

Z t��t

t

Z ��

�

S�!t� 
� cos 
 d
 d!t

�
�

�
c
Z t��t

t
	x�x� y� !t� d!t� ����

vP �
�

��

Z ��

�

��	Q sin 
 � uQ cos 
 sin 
 � vQ sin� 
� d


�
�

�
v�Q�� �

�

��

Z t��t

t

Z ��

�

S�!t� 
� sin 
 d
 d!t

�
�

�
c
Z t��t

t
	y�x� y� !t� d!t� ����

where S�!t� 
� is given by ���� The fact� that the above two integral equations are equivalent
can be easily veri�ed by integrating the second and third equations of ��� from P � to P �

Di�erent time integral approximations in the E� as well as in the E� lead to various
approximate evolution operators� Thus� using for example the rectangle rule in the E�
and the E� gives the approximate evolution operators for the EG� and the EG� scheme�
respectively whereas applying the trapezoidal rule for time integration in the E� gives
the approximate evolution operator for the EG� scheme� In �"� the authors have derived
integral equations for the wave equation system in three space dimensions� which can be
considered as a generalization of the E� operator� Taking a projection onto two space di�
mensions a new approximate evolution operator for the so�called EG� scheme is obtained�
In what follows we give a list of approximate evolution operators for the wave equation
system for more details on their derivations see ���� �"��

�
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�� Approximate evolution operator for the EG	 scheme

	P �
�

��

Z ��

�

	Q � �uQ cos 
 � �vQ sin 
d
 � O��t�� ����

uP �
�

�

Z ��

�

�	Q cos 
 � uQ�� cos� 
 � �� � �vQ sin 
 cos 
d
 � O��t�� ����

vP �
�

�

Z ��

�

�	Q sin 
 � �uQ sin 
 cos 
 � vQ�� sin� 
 � ��d
 � O��t�� ����


�� Approximate evolution operator for the EG
 scheme

	P �
�

�

Z ��

�

	Q � uQ cos 
 � vQ sin 
d
 � 	P � � O��t�� ��
�

uP �
�

�

Z ��

�

�	Q cos 
 � uQ�� cos� 
 � �

�
� � �vQ sin 
 cos 
d
 � O��t�� ����

vP �
�

�

Z ��

�

�	Q sin 
 � �uQ sin 
 cos 
 � vQ�� sin� 
 � �

�
�d
 � O��t�� ��"�


�� Approximate evolution operator for the EG� scheme

	P �
�

��

Z ��

�

	Q � �uQ cos 
 � �vQ sin 
d
 � O��t�� ����

uP �
�

�
uP � �

�

��

Z ��

�

��	Q cos 
 � uQ�� cos� 
 � �� � �vQ sin 
 cos 
d


� O��t�� ��	�

vP �
�

�
vP � �

�

��

Z ��

�

��	Q sin 
 � �uQ sin 
 cos 
 � vQ�� sin� 
 � ��d


� O��t�� ����
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�� Approximate evolution operator for the EG� scheme

	P �
�

��

Z ��

�

	Q � �uQ cos 
 � �vQ sin 
d
 � O��t��� ����

uP �
�

��

Z ��

�

��	Q cos 
 � �uQ cos� 
 � �vQ sin 
 cos 
d
 � O��t���

����

vP �
�

��

Z ��

�

��	Q sin 
 � �uQ sin 
 cos 
 � �vQ sin� 
d
 � O��t���

����

Denote by Ph an L� � projection onto a space of piecewise constant functions S�h�
Applying Ph onto the approximate evolution operators ���������� ��
����"�� ����������
��������� yields �rst order schemes Un�� � PhE�U

n� which are in ��� and �"� referred to
as the EG�� EG�� EG� and EG� schemes� Space integrals coming from the projection
step are computed exactly� i�e� no numerical quadrature is used� The �nite di�erence
formulation can be found in ���� �"�� where the coe#cients of the EG schemes in �nite
di�erence formulation are given explicitly�

� STABILITY AND ERROR ANALYSIS

The aim of this section is to sketch the error analysis and discuss the strong stability of
the EG� $ EG� methods� The global error between the exact solution and the approximate
solution Un is de�ned as

en �� U�tn�� Un�

The error can be decomposed into a projection error � and an evolutionary error 
�

en � �U�tn��QU�tn�� � �QU�tn�� Un� � �n � 
n� ����

where Q � L� � S�h is a suitable projection onto S�h� possibly di�erent from Ph� In our
case we work with a projection Q � �L��IRd��m � S�h given by point evaluation� i�e�

QU�tn� ��
X
k�l�ZZ

U�xk� yl� tn� �
kl U � �L��IRd��m�

where xk � kh� yl � lh is the midpoint of the square cell �kl� Clearly� k�nk � O�h��
We derive an evolution estimate for 
 by introducing the term PhE�QU as follows�


n � �QU�tn�� PhE�QU�tn���� � �PhE�QU�tn���� PhE�U
n���� ��
�

�
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If the operator PhE� is strongly stable� i�e�

kPhE�k � �� ����

the last term is bounded by k
n��k� so that the evolutionary error 
n is determined by
the truncation error

T n ��
�

�t
�QU�tn�� PhE�QU�tn����� ��"�

through the recurrence relation k
nk � �tkT nk� k
n��k�
Generally� to obtain an order of accuracy p� we need both the projection error �n and

the truncation error T n to be of this order� But we have a free choice of the projection Q
to ensure that this holds� Therefore� it remains to establish the strong stability of PhE�

and compute the order of the truncation error�

In ��� the following results for the EG�� EG� and EG� schemes were proved� Moreover�
it can be shown analogously that the same results hold also for the EG� scheme�

Lemma ��	 �strong stability� Each of the di�erence operators representing EG
� EG��
EG� and EG
 is strongly stable in some positive interval 	 � � � �max for the CFL num�
ber ��

Lemma ��
 �truncation error� The truncation error T n of the evolution Galerkin
schemes EG
� EG�� EG� and EG
 is of �rst order� i�e� kT nk � O�h� for �t�h � � �xed�

Theorem ��	 �error estimate� The evolution Galerkin schemes EG
� EG�� EG� and
EG
 are of �rst order for 	 � � � �max� where �max � �	� ��� Suppose we are interested
in the approximation at time t � T and n � T��t� Then there exists a constant C � 	�
such that

kenk � Ch� ����

Due to the linearity of the problem it is possible� and most convenient� to use Fourier
analysis to establish the stability of the EG schemes� It should be pointed out that this is
nontrivial because of the approximations to the evolution operator that have been made�
if it were possible to use the exact evolution operator unconditional stability would follow
immediately� As stated in Lemma ��� we are able to prove that the interval of stability
�	� �max� is nonempty� however analytical formulae for �max are still unknown for the
general �D case�

Neverthless� for practical purposes we are able to estimate the interval of stability
with the aid of numerical computations� The methods are strongly stable on a particular
grid if ��T �
� ��� � � for all 
 and �� where � is the spectral radius and T �
� �� is the
ampli�cation matrix� We can test the stability of methods by computing max��	 ��T �
� ���
over a discrete set of points 
�� in �	� ���	 �	� ���� Doing this for di�erent values of � and

"
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max��	 ��T ��� ���

� EG� EG� EG� EG�

�	�� �	����� �	����� �	����� �	�����

�	�� �	����� �	����� �	����� �	�����

�	�� �	����� �	����� �	����� �	�����

�	�� �	����� �	����� �	����� �	�����

�	
� �	����� �	����� �	����� �	�����

�	
� �	����� �	����� �	����� �	�����

�	
� �	����� �	����� �	����� �	�����

�	
� �	����� ������� �	����� �	�����

�	
� �	����� �	����� �	����� �	�����

�	
� �	����� �	����� ������� �	�����

�	�� �	����� �	����� �	���

 �	�����

�	�� �	����� �	��
�� �	����
 �	�����

�	�� �	����� �	�
��� �	����
 �������

�	�� �	����� �	����� �	����
 �	���
�

�	�� ������� �	����� �	��

� �	�����

�	�� �	����� �	���
� �	����� �	����


Table �	 Ampli�cation factors for the �rst order EG�schemes� Calculation by Y� Zahaykah�

observing at which point the maximum exceeds �� it is possible to estimate the stability
limit �max�

Note that the EG� scheme has the best stability� namely it is stable up to the CFL
number � � 	��"� On the other hand� this scheme still has a signi�cant numerical dis�
sipation compared to the EG� scheme� which gives the best results in term of accuracy�
see ���� ���� Therefore� to achieve better approximation of the solution it is necessary to
construct higher order schemes� In the next section we describe a construction of the
second order schemes using the �nite volume formulation�

� SECOND ORDER FINITE VOLUME EVOLUTION GALERKIN
SCHEMES

There are many possible recovery schemes� which could be used� We only prescribe
that the following conservativity property holds

PhRhV � V for all V � Sp
h� ��	�

For our computation we choose a discontinous bilinear recovery using �nite di�erence
approximation to derivatives� but others can be used and were tested as well�

RhU j�ij
� U ij �

�x� xi�

�h

�
��xU ij�� � ���xU ij � ��xU ij��

�

�
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�
�y � yj�

�h

�
��yU i��j � ���yU ij � ��yU i��j

�
�

�x� xi��y � yj�

h�
��y��xU ij�

where ��xv�x� � �

�
�v�x � h�� v�x� h�� � �

�
�vi�� � vi���� an analogous notation is used

for ��y�
For the computation of �uxes through cell edges the boundary value of U has to be

determined� Instead of the exact time integration the second order midpoint rule is used�
Thus� the �nite volume evolution Galerkin scheme ��� gives

Un�� � Un �
�t

h

dX
k��

�xkF k�U
n���� ����

where Un�� � �

j��ij j

R
��ij

E�t��RhU
ndS�

Two dimensional space integrals of bilinear function RhU
n with respect to 
 and cell

edges are computed exactly without any numerical quadrature and thus all of the in�nitely
many directions of propagation of �ow information are taken explicitly into account� Ex�
ample of stencils can be found in ���� The above construction leads for every approximate
evolution operator given in sections ��� $ ��
 to the overall second order schemes� Nu�
merical experiments show that these schemes give very accurate results in regions were
the solution is smooth�

� NUMERICAL RESULTS

Consider the initial value problem for the wave equation with the initial data

	�x� 	� � �c exp���� 
 x� � �� 
 y��� u�x� 	� � 	 � v�x� 	��

The computational domain ���� ��	 ���� �� is divided into �			�		 cells� The solution
obtained by the second order FVEG� scheme at di�erent times is depicted in Figures ����
We can see well resolved symmetric circular propagation of waves as time increases� This
problem can be considered as a model for a pointwise disturbance of a still water surface�
e�g� as it occurs when a stone is thrown into a lake�

Although an exact solution is not known for the initial�value problem considered� we
can study the experimental order of convergence �EOC�� This is computed in the following
way using three meshes of sizes N�� N� �� N���� N� �� N���� respectively

EOC � log�
kUn

N�
� Un

N�
kL�

kUn
N�
� Un

N�
kL�

�

Here Un
N is the approximate solution on the mesh with N 	N cells� The computational

domain ���� �� 	 ���� �� was consecutively divided into �	 	 �	� "	 	 "	� � � � � 
�	 	 
�	
cells in order to obtain the experimental order of the convergence� The CFL�number was
set to 	��� and the �nal time was taken to be T � ��	�

�	
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Figure 
	 Water wave propagation computed by the FVEG� scheme at time T � ��
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For a comparison we also give results for other commonly used second order schemes�
namely the rotated�Richtmyer Lax�Wendro� method �LW� and the standard �nite volume
�ux�vector directional splitting method �FV�FVS�� The �nite volume �ux splitting scheme
computes only �uxes in the normal directions to the cell boundary� To get the second order
a MUSCL technique is applied for the �ux computation and a second order Runge�Kutta
for the time approximation�

N�kUn
N � Un

N��k FVEG	 FVEG
 FVEG� FVEG� LW FV�FVS

�	 	��	

�� 	���			� 	��	�"
� 	��	"��
 	��"���� 	�����
"
"	 	�	����� 	��	��"� 	�	����� 	�	���
� 	���"��� 	�	��"��
�
	 	�	��"�" 	�	�"
�� 	�	��
�� 	�	�
	
� 	�	
�"�� 	�	�����
��	 	�		���	 	�	��	�� 	�		���� 	�		���� 	�	�	��� 	�	�����

�	 	�			��� 	�		���" 	�			��� 	�		���	 	�		��
� 	�		����
EOC ��"� ���� ���" ���" ���� ���


Table 
	 L� di�erences and the order of convergence�

The best accuracy is achieved with the �rst order approximate operator ����������
i�e� for the FVEG� scheme� It is actually � times more accurate than the �nite volume
directional splitting scheme and " times better than the Lax�Wendro� scheme� However�
we should note that we have a stricter CFL condition than that of the Lax�Wendro�
method� rotated Richtmyer version� for which �max � ��

The FVEG� and FVEG� have the second best behaviour in terms of accurcay� The
FVEG� scheme� which is obtained from the second order approximate evolution operator�
has the third best accuracy� In fact� it is comparable with the accuracy of the FV direc�
tional splitting scheme� However� the computational e#ciency of the FVEG algorithms is
twice as good as that of the FV�FVS since no intermediate state as in the Runge�Kutta
method is needed� Fluxes for the FVEG methods are computed only once at the point
Un��t���
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