CRACK DETECTION USING ELECTROSTATIC MEASUREMENTS *

MARTIN BRUHL!, MARTIN HANKE! AND MICHAEL PIDCOCK?

Abstract. In this paper we extend recent work on the detection of inclusions using electrostatic
measurements to the problem of crack detection in a two-dimensional object. As in the inclusion case
our method is based on a factorization of the difference between two Neumann-Dirichlet operators. The
factorization possible in the case of cracks is much simpler than that for inclusions and the analysis
is greatly simplified. However, the directional information carried by the crack makes the practical
implementation of our algorithm more computationally demanding.
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INTRODUCTION

In non-destructive testing an important area of research is the detection of cracks within the material being
investigated. There are a wide variety of methods that are used to solve this problem but most devices exploit
one of two basic approaches. The first type use acoustic or electromagnetic scattering data while the second
use elastostatic or electrostatic measurements made on the surface of the object.

In this work we consider the use of electrostatic measurements following in this way the landmark paper of
Friedman and Vogelius [6]: We assume that a set of electrodes is attached to the surface of an object and that
these electrodes inject a sequence of independent currents into the body. Ignoring some technical difficulties
we shall also assume that the same electrodes can be used to obtain measurements of the resulting surface
potential. In mathematical terms the potential is the solution of an elliptic boundary value problem, and
the known boundary data correspond to some partial knowledge of the Neumann-Dirichlet operator for the
associated differential operator. To detect cracks we have to determine from these data essential features of the
diffusion coefficient in the differential operator. This is an inverse boundary value problem.

Our approach to solving this inverse problem is based on the assumption that the body is homogeneously
conducting, except for the cracks, which are insulating. For ease of simplicity we restrict ourselves to two space
dimensions in which case a crack is an arc.

We propose a numerical algorithm for reconstructing the cracks from the given measurements which is non-
iterative. This is quite different from most competing schemes, see for instance [4,13,14] and the references
therein. In our algorithm we need to solve only one forward problem per boundary current, corresponding to
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a homogeneous body without cracks. While it is known that only two currents suffice to identify any finite
distribution of cracks (cf. [1,7]), our method requires a moderate number of measurements in practice. We
emphasize that the number of cracks, on the other hand, need not be known a priori.

The method itself is an extension of an algorithm from [2, 3] for an inverse problem in electrical impedance
tomography. This algorithm can be used to decide whether a given point within the body belongs to the interior
of an insulating inclusion — it will not recognize points on the boundary as being part of the inclusion. In spite
of the similarity of these two inverse problems, the crack problem causes new difficulties because cracks have
empty interior. We therefore have to modify this algorithm to see cracks.

On the other hand, the subtle difference between the two inverse problems allows an alternative way to
derive the theoretical basis of the algorithm in the crack context. This new analysis is shorter and much more
elementary than the one in [2]. Although we currently do not see how to extend this new analysis to the
impedance tomography problem we believe that the new technique deepens our understanding of the general
case.

Historically, the method in [2] followed an approach by Kirsch [8] for certain inverse scattering problems.
Kirsch’s method also fails when it comes to detecting points on the boundary of the scattering obstacle. Recently
Kirsch and Ritter [9] have therefore modified the algorithm from [8] to reconstruct cracks from the far-field
pattern of scattering data. These modifications are similar to the one that we propose here. However, the
theoretical derivation in [9] parallels the original one in [8], and is different in spirit from the one we give here.
As far as we know, our new analysis does not yet have an appropriate analog in the inverse scattering context.

1. THE FORWARD PROBLEM

Consider a bounded, simply connected domain €2 C IR? representing a homogeneously conducting object.
Let I' = 092 be the sufficiently smooth boundary of Q with outer normal v on T.
In the absence of cracks the solution u of the boundary value problem

Au =0 inQ, (1)

Ou Jf onTy,
dv. |0 onT\Iy,
is the potential resulting from a boundary current with support on I'g C I'. We may think of I'y as being the
part of the boundary covered by electrodes. In order to guarantee solvability of (1) we need to assume that

feLiTy) = {feL*Ty) : fds=0}.

T'o

We denote by
9= ulr, € L3(To) (2)

the boundary values of the potential on Iy, where we impose the normalization in (2) to enforce uniqueness of
the potential.

In the presence of insulating cracks, the boundary value problem (1) has to be modified. We define a crack
o C Q to be a compact, simple arc (not a point) which is sufficiently smooth so that we can assign for each
point = € o a unit normal vector n = n(x) varying smoothly over c. We denote by 3 C Q the collection of all
cracks and assume that Q \ ¥ is connected. If ¥ is not the empty set the same Neumann boundary condition
as above yields a potential % which solves the diffraction problem

At = in 2\ X — — = .
=0 inQ\X, 0 onT\To, o 0 on (3)

ou Jf onTy, o1
ov
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The last condition in (3) expresses the fact that no current flows across ¥, i.e., that the cracks are insulating;
see Section 4 for the modifications to the theory necessary in the presence of perfectly conducting cracks.
More rigorously speaking, the solutions u and @ of (1) and (3) are defined in the variational sense

/ gradu - grad g dz = fods for all ¢ € HL(Q), (4)
Q Lo
and

/ grad @ - grad gdz = fods for all ¢ € HL(Q\ %), (5)
Q\Z To

respectively. Here we denote by H.(f) the subspace of the standard Sobolev space H'(f2) consisting of only
those u € H(Q) with boundary values u|r, € L2(T'g). The other space H.(Q \ %) is the closure of

C={ueC>®Q\X): / | grad u|? dz < oo, uds =0}
Q\Z o

with respect to the norm

and its associated inner product
(u,v) = / gradu - gradvdz. (7)
Q\x

Note that (6) is a norm in H.(Q2) and H.(Q2\ £) due to the constraint fFo uds = 0.

A function u € HL(Q \ £) may have different traces on either side of the cracks and it belongs to H.(Q) if
and only if these traces coincide, i.e., if the jump [u]s of u across ¥ vanishes. The sign of the jump is implicitly
fixed through the direction of n such that Green’s formula becomes

/ gradv - gradwdz = /va—wds—}—/v[a—w]zdsf/ vAwdz
O\z r Ov by on oz

valid for all v € HL(Q) and all u € C with Au € L2().
We shall now investigate the orthogonal complement of H.(Q) in H.(Q2\ X).

Lemma 1.1. The orthogonal complement K of HL(Q) in HL(Q\X) with respect to the inner product (7) consists
of all harmonic functions w in Q\ X with

8_w:0 onT and Ow

Ov [%]E:O' (8)

Proof. For v € HL(Q) and a harmonic function w € H.(Q2\ X) Green’s formula yields

/Q\Egradv-gradwda: = Avg—fds+/}:v[g—:]zds, (9)

and hence w € K if w satisfies the boundary conditions (8).
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Conversely, if w € KC then
0= (v,w) = / gradv - grad wdx
o\s

for every v € H.(Q). It now follows from Weyl’s Lemma that w is harmonic in Q\ ¥, and consequently that (9)
is valid for every v € HL(Q). Hence, w satisfies the given boundary conditions on I' and ¥ in the usual weak
sense. O

2. A FACTORIZATION OF THE NEUMANN-DIRICHLET OPERATORS

The mapping A : L2(Ty) — L2(T), which takes f € LZ(Ty) in (1) onto the respective g of (2) is called the
local Neumann-Dirichlet operator associated with the Laplacian in €2, since it maps the Neumann boundary
values of a potential onto its Dirichlet values. Here the term ‘local’ refers to the fact that all information is
restricted to ['y C I'. Similarly, the operator

i L3(Tg) — LZ(To),
f '_> g = ﬂ/|rg )
is the local Neumann-Dirichlet operator associated with the boundary value problem (3).
In principle, it is possible to pursue the approach in [2] to derive a LDL*-factorization of the difference
between the two Neumann-Dirichlet operators

A~ A =LDL*, (10)

where L : LZ(¥) — L2(I'g) and D is an unbounded selfadjoint and positive semidefinite linear operator on
LZ(X); here LZ(X) is an appropriate closed subspace of L?(X). Such a factorization was a basic ingredient in [2]
in the characterization of the range of the square root operator (/1 —A)'/2. A similar factorization has also been
used in [9] in the scattering context to describe the range of the square root of the associated far field operator.

Here we shall use a different argument which evolved from the problem of finding instead of (10) a normal
equation type factorization of A — A, i.e., a factorization

A-A=K'K, (11)
where K has some natural meaning. As we shall see below, the existence of such a factorization greatly simplifies

the characterization of the range R((A — A)'/?).
For the crack problem the factorization (11) is surprisingly simple. Given an input current f € L2(Ig), define

K. {Li(ro) - HY(Q\ ), 12)
f—1—-u,

where u and @ are the potentials (1) and (3). Then we immediately have A — A = vo K, where

CJHNQ\ D) = L2(To),
v v = v, ,

is the trace operator associated with I'y. It turns out (see Theorem 2.1 below) that vy and the adjoint of K
coincide on R(K), and hence we have established (11).
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Theorem 2.1. The closure of R(K) coincides with the subspace K of Lemma 1.1, and the adjoint operator
K*:HL(Q\X) = L2(Ty) of K is given by

K*’U: YoV, UEK:,
0, veH(Q).

In particular, we have
A—A=vK=KK.

Proof. Let w € R(K); then w = K f = i — u for some input current f € L2(T'y) and corresponding potentials u
and @ of (1) and (3), respectively. From the weak formulations (4) and (5) of these boundary value problems
we obtain for arbitrary ¢ € HL(Q2) C H}(Q\ X),

/ gradw - grad g dx = / grad(@ — u) - gradgpdz = 0,
\S QD

because grad ¢ € L?(Q2) and ¥ has Lebesgue measure zero. This proves the orthogonality of R(K) and H.(Q),
and hence, R(K) C K.

Next we determine K*. Choosing v € K we obtain for any input current f € L2(I'g) and associated potentials
u € HY(R2) and @ € HL(Q\ X) of (1) and (3)

<Kf,’l)> = <’[I,*U,’U> = <ﬂ,v>7<u,v> = <’[L,’U>,

since (u,v) vanishes because of the orthogonality of K and H.(2). From the weak definition (5) of @& we therefore
obtain

(Kf,v) = [ fuds,

and since this identity holds for any f € L2(I'g) we conclude that v|r, = yov equals K*v, i.e., K* = 7o on K.
Moreover, since

HL(Q) C R(K)" = N(K™) (13)

we have K* = 0 on H.(Q).

To complete the proof we need to show that R(K) is a dense subset of K. To this end we assume that there
is a function v € K which is orthogonal to R(K). In this case we know from (13) that K*v = 0, i.e., that
v =0o0nTy. By Lemma 1.1 v also has vanishing Neumann values on I'y. The unique continuation property for
harmonic functions (cf. [11]) therefore implies that v = 0 in Q \ £, and hence, R(K) is dense in K. O

Theorem 2.2. The difference A— A : L2(T'y) — L2(T'y) of the two Neuwmann-Dirichlet operators is a selfadjoint
and positive semidefinite operator. As such, A — A has a selfadjoint and positive semidefinite square root
(A — A2, and a function g € L2(I'y) belongs to the range of this square root operator, if and only if g = yow
for some harmonic function w € H(Q\ X) with

ow ow

EZO onT and [%]E:O
Proof. By virtue of (11) A — A is selfadjoint and positive semidefinite, and following, for example, Proposi-
tion 2.18 in [5], its square root (A — A)'/? has range

R((A = A)1?) = R(K™).
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Thus, by Theorem 2.1, a function g € L2(I'g) belongs to R((A — A)/?), if and only if g = yw for some w € K.
The assertion now follows from Lemma 1.1. O

3. A TEST FOR CRACKS

Now we utilize Theorem 2.2 to search the domain (2 for cracks, similar to a reconstruction procedure suggested
by Kirsch and Ritter [9] for an inverse scattering problem.
Consider a compact, simple arc ¥y C €2 and an associated double layer potential

1 0 1
= — lo ds(y), e\, 14
o s, Inly) o= ¢(y) ds(y) \ Zo (14)

vy ()

with a smooth density ¢ which is positive except at the end points of the cracks where it vanishes Hélder
continuously. It follows from [10, Theorem 8.24] that v; € H'(Q \ ¥) and hence that we can determine a
constant ¢ such that v; —c € HL(Q\ ¥). Next we investigate the boundary value problem

81)0 - 81}1

A’UO:O an, E*@

onl. (15)

According to the divergence theorem, and using the fact that v; is harmonic in Q \ Xy, we have

O Ovy Ovq
— = A — — = — — .
/11(91/ ds /Q\EO vy dz /Eo[an]zods /Eo[an]zods

The final integral vanishes because [9v1/0n |, = 0 for the double-layer potential, cf. [10, Theorem 6.19]. This
implies that the boundary value problem (15) has a unique solution vy € H.(Q), and v = v; —vg—c € HL(Q\ Z)
solves the diffraction problem

Av=0 in Q\ X, @:0 onT, Ov

o ~0. (16)

[%]20 -
Theorem 3.1. Let v be as above, and denote by gs, = Yov its boundary values on Tg. Then gs, € R((A—A)1/?)
if and only if X9 C X.

Proof. Assume first that o C . Then 2\ 2y D Q\ ¥ and g5, belongs to the range of (A — A)'/2 by virtue of
(16) and Theorem 2.2.

On the other hand, if g € R((A — A)'/2) then it follows from Theorem 2.2 that g = yow for some harmonic
function w € HL(Q\ ) which satisfies (8). This implies that v and w have the same Neumann and Dirichlet
values on T'y, and hence v = w in 2\ (¥ U ;) according to the unique continuation property. Moreover, v can
be extended to a harmonic function in © \ . On the other hand, the double-layer potential v has a nonzero
jump across Yo, cf. [10, Theorem 6.17]. Therefore, we necessarily have ¥y C X. O

Remark 3.2. Theorem 3.1 gives rise to a constructive test whether some arc ¥, is part of ¥ or not. We
emphasize that it is not necessary to solve the boundary value problem (15) to implement this test, because
only the Dirichlet values vyyvg of vy are required for the computation. By definition, these Dirichlet values can
be obtained from the local Neumann-Dirichlet operator for the Laplacian,

0

volr, = A(Evl‘ro) :
We therefore only need to compute vy |r, and dvy/0v|r,, and then have

0
gy = Ul‘FO — A($U1|FO) —C, (17)



CRACK DETECTION USING ELECTROSTATIC MEASUREMENTS 7
where c is the constant which makes gs, € LZ(Ty).

4. PERFECTLY CONDUCTING CRACKS

Very similar results can be established when the cracks are perfectly conducting rather than insulating. In
this case, the boundary current f yields a potential @ € H<1>,2 which solves the weak problem

/ grad @ - gradq@dx = fngﬁds for all (]3 € Hi’z,
Q Lo

where H;E C HL() is the set of all functions ¢ € H<1>,E which are constant along each of the cracks in X. The

orthogonal complement K (with respect to (7)) of H; 5, in H(Q) consists of all harmonic functions w in Q\ &
with homogeneous Neumann data on I'; furthermore, instead of the flux condition (8) w satisfies

/[g—w] ds=0 for each crack 0 € X. (18)
o n 7

The results of Section 2 need some obvious modifications in the conducting case: In this case A—Ais negative
semidefinite and we have the normal equation type factorization

- . L2(T H!
A R=kk, Ko R0 s,
f=u—1a.

The range of K is dense in K and K* equals the trace operator on K. In other words, a function w belongs to
R((A — A)'/?) if and only if it is the trace of some function w € HL(Q) with homogeneous Neumann values on
I, and which is harmonic in Q \ 3.

Because of the requirement w € H.(Q) these functions are continuous across ¥, and hence, the double-layer
potential vy in (14) can no longer serve to construct test functions as in Section 3. Instead we have to use a
single-layer potential (with, e.g., piecewise constant density o) for v; in the conducting case,

1

vi(z) = o

1
/ log - p(y)ds(y), e\,
o |Z—y‘

In order to construct vy as in (15) we require that ¢ satisfies the integrability condition

(%1
0= /EO[%]EOds = /Eocpds,

where the last equality follows from the jump relation of the single-layer potential.

5. NUMERICAL EXPERIMENTS

In practice we face the problem that a given arc Xy will rarely lie exactly on an actual crack X. The best we
can hope for is that gs;, of (17) is ‘almost’ contained in R((A — A)'/?) if the test crack X is ‘close’ to X. To put
this in concrete terms, we briefly review how the test whether g € ’R,(([X — A)l/ 2) or not, has been accomplished
numerically in [3]. Since A — A is selfadjoint, positive semidefinite and compact there exists a countable set of
nonnegative eigenvalues \; and eigenfunctions v; such that

(A=20)f =D X{f,v5)v;.

j=1
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FIGURE 1. A crack phantom (thin line) and a test crack (thick line).

Equipped with these prerequisites the Picard criterion yields the equivalence

% 32
g€ R((A—-N)Y? ifand only if gL N(A—-A) and Z <g’;}J> < 00. (19)
i

Numerical computations reveal an essentially geometric decay of the terms in the series (19); therefore we use
a least squares fit to estimate a decay rate 1/p such that

<gavj>2 ~ i
Aj pi

Accordingly we conclude that g € R((A — A)!/2) if and only if p > 1, see [3] for more details.

In the sequel we present some numerical experiments based on simulated data. These were generated using
a boundary integral method which requires the solution of a system of integral equations. One of these involves
a hypersingular integral operator which can be discretized utilizing an idea of Monch [12].

Before we show any numerical reconstructions we comment on the sensitivity of p with respect to the location
of ¥y which is crucial for the performance of our algorithm. More specifically, we examine the sensitivity of p
with respect to shifts and rotations of Xy. To this end we consider the crack phantom X shown in Figure 1 (the
thin line) and a test crack ¥y C ¥ indicated by the thick line in Figure 1; we emphasize that X is not a straight
line. We move this test crack in the vertical direction, and for each position we determine the corresponding
value of p. These numbers are drawn in Figure 2 (left) versus the amount of vertical shift. The label 0 at
the horizontal axis marks the original position of the test crack, where 3y C . The sharp peak of the graph
indicates a very high sensitivity of p with respect to displacements, and only for the zero shift does the decay
rate approach the threshold p = 1.

For comparison we repeat this experiment with a ‘degenerated’ crack which consists of only one single point
and corresponds to a dipole singularity in this point. This degenerate case coincides exactly with the test for
inclusions utilized in [3]. Note that the strong singularity of the dipole prevents the boundary values of the
associated potential v from belonging to R((A — A)'/?), since v ¢ HL(Q \ ). The results of these calculations
are shown in Figure 2 (right). Apparently, the two plots are qualitatively very similar, the main difference being
that in the degenerate case the peak fails to reach the threshold p = 1, as is consistent with the theory.

A similar experiment can be used to study the dependence of p on the orientation of the test crack. To this
end we rotate Xy shown in Figure 1 around its center point. The corresponding numbers for p are displayed in
Figure 3 (left). As before, the right hand side plot corresponds to a test with a dipole on the actual crack ¥
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FIGURE 2. Decay rate p vs. vertical shift of test crack (left) and point dipole (right), respectively.
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—180° ~90° 0° 90° 180° —180° ~90° 0° 90° 180°

FIGURE 3. Decay rate p vs. rotation angle of test crack (left) and point dipole (right), respectively.

but with rotating dipole axis. Again, the two figures are very similar and exhibit the strong sensitivity of p.

These experiments show that both kinds of test functions are feasible for the localization of cracks provided
that the test is based on an appropriate threshold level for p. On the other hand, the sharp peaks in the figures
make clear that a very fine grid of test points is necessary to achieve good reconstructions.

The result of such a grid search is shown in Figure 4. In this case the grid is an equidistant square mesh with
mesh width 0.01. For each of the 3165 grid points within the disk and each of 100 equi-angled dipole axes we
compute the test function of the corresponding point dipole and its associated value p, i.e. for each grid point
we perform the same calculations as for Figure 3 (right). The maximum of these values of p is assigned to this
point as a grayscale value, and from this the plot in Figure 4 is obtained. The crack is well reconstructed by
this procedure although there occur some artefacts near the crack.

As another means of visualization Figure 5 shows the crack phantom and contains for all grid points with p >
0.75 the corresponding dipole axis for which the maximum was attained. The zoom on the right demonstrates
that these dipole axes are nicely aligned with the actual crack.

A further example shows the reconstruction of two cracks, cf. Figure 6. We emphasize that a-priori knowledge
about the number of cracks is not required in advance.
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FI1GURE 4. Reconstruction of the crack phantom.
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FIGURE 5. Points with p > 0.75 and corresponding dipole axes.

FIGURE 6. Reconstruction of two cracks.
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6. CONCLUSIONS

In this work we developed a characterization of cracks in a similar manner as in the case of inclusions [2, 3].
The use of the factorizaton (11) rather than an analog of (10) simplifies the subsequent analysis substantially.
However, the fact that a crack carries a directional information incorporates an additional dimension to the
reconstruction in the inverse problem. For this reason the numerical realization of our method is significantly
more expensive than in the case of inclusions and forms a real computational challenge.

(1]
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