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ABSTRACT. We consider the boundary value problem of calculating the
electrostatic potential for a homogeneous conductor containing finitely
many small insulating inclusions. We give a new proof of the asymp-
totic expansion of the electrostatic potential in terms of the background
potential, the location of the inhomogeneities and their geometry, as the
size of the inhomogeneities tends to zero. Such asymptotic expansions
have already been used to design direct (i.e. non-iterative) reconstruc-
tion algorithms for the determination of the location of the small inclu-
sions from electrostatic measurements on the boundary, e.g. MUSIC-
type methods. Our derivation of the asymptotic formulas is based on
integral equation methods. It demonstrates the strong relation between
factorization methods and MUSIC-type methods for the solution of this
inverse problem.

1. INTRODUCTION

Inverse boundary value problems for partial differential equations, in prin-
ciple, are difficult to solve since they are both nonlinear and ill-posed. Re-
cently new solution methods such as linear sampling methods and factor-
ization methods have been developed which avoid the issue of nonlinearity.
Basically, these methods make use of some sort of symmetric or self-adjoint
factorization

M = LFL*

of some (measurement) operator M. Then the idea, introduced first by
Colton and Kirsch [20] (sampling method) and by Kirsch [29] (factorization
method) in the context of inverse obstacle scattering problems, is to char-
acterize the support of an obstacle by the range of some operator related
to M. These methods have since then been applied to a variety of dif-
ferent applications, cf., e.g., the papers [17-19,26] (sampling method) and
[25,28,30,31,33] (factorization method), and the many references therein.
In order to handle the ill-posedness it is generally advisable to incorporate
all available a-priori knowledge about the unknown parameter and to try to
determine very specific features. Embarking on this strategy the purpose
could be to determine the location and size of diametrically small inclusions
inside a homogeneous background. This situation arises for example in mine-
detection and non-destructive testing. For this special case reconstruction
methods for inverse boundary value problems, which make use of asymptotic
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expansions of the solutions of the corresponding direct problems, have been
developed during the last years. Among these, MUSIC-type algorithms,
introduced by Devaney [23], seem to be very stable and therefore particularly
useful for noisy data.

In this paper we consider an inverse boundary value problem for the
Laplace equation as discussed in [5,9,12,15,24] in the case of small insu-
lating inclusions. We prove an asymptotic expansion of the corresponding
measurement operator similar to the asymptotic formulas in [24] but in a
more functional analytic setting. Our proof is based on a factorization of the
measurement operator developed in [11] and on layer potential techniques.
We expand the three operators occurring in the factorization separately and
use these expansions to calculate the leading order term in the asymptotic
formula for the measurement operator. This way of proving the asymp-
totic expansion points out the strong relation between MUSIC-type algo-
rithms and linear sampling methods explicitely (cf. also [16]). Moreover,
this method should be applicable to other inverse boundary value problems,
where a factorization of the measurement operator is already available, cf.
e.g. [26].

For closely related works concerning asymptotic expansions and recon-
struction algorithms for inverse boundary value problems with diametrically
small inclusions based on such expansions cf., e.g., [1-4,7-10,13, 14, 36], the
monograph [6] and the many references therein.

The outline of this paper is as follows. In Section 2 we introduce our no-
tation and review the factorization of our measurement operator, i.e. of the
difference of two Neumann-to-Dirichlet operators. Here and in the following
three sections we restrict our derivations to the case of a single inclusion.
Preliminary results concerning surface potentials are investigated in Section
3. In order to establish the asymptotic expansion we require some technical
estimates and identities; these are found in Section 4. Then, in Section 5, we
derive our main result on the asymptotic factorization in the case of a single
inclusion in Theorem 5.9 and its corollary. The case of multiple inclusions
is treated in Section 6.

2. FACTORIZATION OF THE NEUMANN-TO-DIRICHLET OPERATOR

Let Q ¢ R d > 2, denote a bounded simply connected domain with
boundary 02 of class C1®, 0 < a < 1. Suppose € contains a small inclu-
sion D, := z 4+ €B, where B is a bounded simply connected C'® domain
containing the origin. Here, the point z € () determines the location of the
inclusion and B describes its relative shape. The inhomogeneity size is spec-
ified by the parameter € > 0 which is assumed to be small. We suppose that
the domain D, is well separated from the boundary, i.e. dist(z,0) > ¢
for some constant ¢y > 0 and ¢ is sufficiently small. Let v denote the unit
outward normal to the boundaries 92, 9B and 0D., relative to 2, B and
D., respectively.

In this section several results are stated without proof; these can be found
in [11] or references therein.
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Given a conductivity distribution of the form

(2) 0, forzx e D,,
g, = -
: 1, forz € Q\ D¢,

and a prescribed boundary current

fe H2(09) = {¢ e H12(60) ) [ 6 do= 0},

let u. denote the electrostatic potential in presence of the inclusion D., i.e.
the unique solution

Ue GHi,aQ(Q\E) = {ue HY(Q\ D) ‘ /(mu dO’ZO}

to

(2.1a) Au, =0, in Q\ D.,
Ou,

(2.1b) E f on 012,
Oue

(2.1c) = 0, on 0D,.

The background potential ug is the electrostatic potential for the same input
current f but without inclusions. That is, ug denotes the unique solution

ug € HX(Q) := {uEHl(Q) ‘ /mzu d(r:O}

to
(2.2a) Aug =0, in €,
(2.2b) % = f, on 9.

The relations between the applied boundary current f and the boundary
voltages uc|an and ug|go define two linear mappings

A HyV2(00) — HY(09),  f e uclon
and
Aot Hy Y2(09) — HY*09),  f uoloq,

called the Neumann-to-Dirichlet operators associated with the two boundary
value problems (2.1) and (2.2), respectively. Here,

2000) = {¢ e HY2(50) ( ¢ do = o}.
o0
These mappings are in fact isomorphisms between these spaces.

In the following we want to examine the difference of the Neumann-to-
Dirichlet operators A, —Ag. Therefore we introduce two additional boundary
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value problems and a diffraction problem: First consider the boundary value
problem

(2.3a) Av, =0, in Q\ D.,
0ve

(23b) E = 0, on 89,
v

(2.3c) 8—1/5 = ¢, on 0D,

which for ¢ € Hgl/Q(aDa) has a unique solution v, € Hi@Q(Q \ D). Thus,
we may define

(2.4) L.: Hy Y*(0D.) — H*(09), ¢ — veloq,

which is a bounded linear operator that takes Neumann data on 0D, and

maps them onto the associated Dirichlet values on 0€2. Recalling (2.1) and
e} e 0 _

(2.2) we see that La(_%b[)g) = LE(%; oD, — %‘8D5) = (ue — up)|oq-

A short computation reveals that the dual operator L} of L. is defined

via the solution of the problem

(2.5a) Avt =0, in Q\ De,
2.5b Ove = —1, on 0N},
ov
(2.5¢) %”8 — 0, on D,
1%

which for ¢ € Hy Y 2(8(2) has a unique solution

o € Hop, @\ D2 = {ue HY@\D) | [ wdo=o},
0D,
through
(2.6) Lr: HY%(09) — HY*(0D.), ¢ vZ|op..

Note that (2.5) coincides with the boundary value problem (2.1), and hence
Lif = —uclop. + (1/[0D¢|) [5p, ue do, where |0D,| denotes the surface
measure of 0D;.

Next consider the following diffraction problem with inhomogeneous jump
condition:

(2.7a) Aw, =0, in Q\ 0D,
ow:
(2.7b) 5 0, on 01},
(27C) [wa]BDE = X7
(2.7d) [8“’5} —0,
o |sp

which for y € Hi/z(ﬁDE) possesses a unique solution w. with wE|Q\[Ts S
Hg,BQ(Q \ D.) and w.|p. € HY(D.). Here, [-]op. denotes the difference
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between the respective traces from outside and inside the inner boundary
0D.. Because of (2.7d),

Ow,

(2.8) F.: HY*0D.) — H, Y*(0D.), x+— — o lop.”

is a well-defined bounded linear operator. Especially for x := —u.|op. +
(1/10D¢|) [5p, ue do the function

. o | TUe U0, in Q\ D¢,
: uo — (1/10D¢|) [yp_ ue do, in D,

is the solution to (2.7). Thus F(—ue|op. +(1/|0D|) [,p ue do)=—2| .

Altogether we obtain the following lemma from [11]:

Lemma 2.1. With L., L} and F;. defined by (2.4), (2.6) and (2.8), respec-
tively, the difference of the Neumann-to-Dirichlet maps can be factorized
as

(2.9) Ac— Ao = L.F.L*.

Moreover, we find that the factorization yields the following mapping
sequence:

Y (00) 2 BY?(0D.) £ BV (0D.) L HY?(00)
with

L*
£ ulon, + (1/\31)5;)/ e do 5

€

_Ou0) L )|
v aD. £ 0)1002-

3. SURFACE POTENTIALS

Throughout we denote by |z| the Euclidean norm of a point = € R¢, by
(x,7) the scalar product of two vectors x,y € R? and by wy the area of the
(d — 1)-dimensional unit sphere. The function

1
—2—10g]33—y], for d =2,
Oz —y)=q “M
(d — 2)wd
is called fundamental solution for the Laplace equation.
Let N denote the Neumann function for A in Q, i.e. for all y € Q, N(-,y)
is the unique solution to
ApN(z,y) = =0y, for x € Q,
ON (2.9) 1
T,Y) = —
av(z) Y T Tleal
with the normalization [, N(z,y) do(z) = 0. Then N is symmetric in its
arguments in (2 x Q) \ diag(2 x Q), i.e. N(z,y) = N(y,xz) for (z,y) €
(2 x Q) \ diag(2 x Q), cf. [6]. For each y € Q and d > 2, the Neumann
function N(z,y) has the form

(3.1) N(z,y) = ®(z —y) + R(z,y),

|z —y>~¢, ford>3,

for x € 09,
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where R(-,y) is the unique solution of the boundary value problem

AzR(z,y) =0, for x € Q,
OR 1 1 (z—y,v(x))
v = - — f Q2
e R R P oo
with [y, R(z,y) do(z) = — [5, ®(z — y) do(z). Since ® is symmetric, it

follows that R is symmetric in its arguments in Q x . As a consequence,
R(z,-) is a harmonic function on €2 for all x € Q.

Given a bounded C™® domain D C R?, we denote the single layer poten-
tial and the double layer potential of a function ¢ € C'(9D) by

(Sp)a) = [ @@ =)o) doty). for & € B,
and
(Dpo)(x) :== - %@y)qﬁ((y) do(y), for z € R\ &D.
Then we have the following trace formulas (cf. e.g. [32]):
0 + 1
(3.2) %SD(JS‘QD(:L‘) = << F 5] + ICB)qb) (x), for x € 0D,
+ 1
(3.3) Dqu‘aD(a:) - <( £+ ICD>¢)> (z), for = € D,

where Kp is defined by
ooy = [ Ty ao) = - [ EEEED o) doty

op Ov(y) W |z =yl
for x € 9D and K7, is the adjoint of Kp, i.e.

0P (z —y) 1 / (y —z,v(z))
KHo)(x) = / _— d = — =~ 7~/ d
for x € 0D.
Sp, Dp, Kp and K7}, have continuous extensions
Sp : HY2(dD) — H} (RY),
Dpl,, : H/*(0D) — H' (D),
Dplgap : HY/?(0D) — Hpo(R4\ D),
Kp: HY?(D) — HY?(8D),
K% H-Y2(0D) — H~Y?(0D),

and the jump formulas (3.2), (3.3) remain valid for these operators, cf. [21,

34]. Moreover, Kp as well as K, is compact [35] and —%1 + Kp has trivial

nullspace in H'/2(dD) [6]. Hence, by the Fredholm alternative, —3I+Kp

is invertible on H'/2(9D) and — 31+ K3, is invertible on H~1'/2(dD).
Since Kpl = —%, we get for each ¢ € H~1/2(dD),

1
/ (—51 +Kp)p do = — ¢ do.
oD oD
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Thus, —31 + K}, maps H<>_1/2(6D) onto H<>_1/2(8D).

Next we consider the following modified surface potentials: Let now D
be a bounded C1* domain compactly contained in §2. For a function ¢ €
C(0D) define

(Sp o) (= / N(z,y)o(y) do(y), for x € Q,
(DD¢)($) : /dD %?’)y)qb(y) do(y), for z € Q\ 0D.

According to (3.1) we obtain the following trace formulas:

seshel 0 = ((F51+kp)0) @+ [ 20800 asty)

pjo], o) = (257 +k0)o) @)+ [ Z0CD05) aoty),

for x € 0D. Define
B (Roo)e) = [

and let

OR(z,y)

. T@)Cb(y) do(y), for z € dD,

KNé :=Kpd + Rpo.
Then we obtain

(3.5) %SMED(Q;) - (( ¥ %I + (icg)*)qb) (), for z € 9D,
(3.6) ngﬁ‘:D(x) _ (( 4 %I + /cg)¢) (@), for € OD,

where (KN)* is the adjoint of KJ.
Recalling (3.1) and the mapping properties of the boundary integral op-
erators above we find that the operators

SN H™Y2(HD) — HY(Q),
DN| : HY?(0D) — H' (D),
DN+ : HY?(D) — H'(Q\ D)

b
o5
are continuous and the jump relations (3.5), (3.6) remain valid for these
extensions. The kernel of the integral operator R p is continuous, so

Rp : HY?(@D) — HY/*(dD)
and the corresponding dual operator
Ry : H-Y2(0D) — H™'/?(D)
are compact. Therefore the operators
KN - HY2(0D) — HY*(0D),
(KB)*: H-V*(8D) — H?(aD)
are compact, too.

Lemma 3.1. The operators —31 + KN and —31 + (KJ)* have trivial null-
space in H'Y/2(OD) and H=Y?(0D), respectively.
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Proof. Let ¢ € H~'/2(dD) be a solution to the homogeneous equation
(=3I + (K})*)¢ = 0 and define v := SN ¢. Then by (3.5)

ov|+ 1 Nw) o
%‘aD_ <_§I+(KD> >¢—07

and v is a solution to the Neumann problem

— ov v
Av=0 inQ\D — = — =
Y in A\ D, v loa ’ ovlep 7
where C' := —ﬁ faD ¢ do is constant. From the Divergence Theorem we

obtain C' = 0. Thus we find that v is constant in Q \ D and therefore on
0D. Since Av = 0 in D we obtain that v is constant in D. From (3.5) we

ov + ov 1 N\*
see that ¢ = —5” b + 3 op 0. Hence, ker(—51 + (Kp)*) = {0}.
By the Fredholm alternative it follows that also ker(—37 +K¥) = {0} in
H'Y2(dD). O

Applying the Fredholm alternative and Lemma 3.1 we find that — %I —HCg
is invertible on H'/2(0D) and —31I + (K¥)* is invertible on H~1/2(0D).
Since, for all z € Q, R(z,-) is harmonic in D, it follows that

OR(-y)
Kp Kpl+Rp Kpl+ )

1
dO'(y) = _57

and we get as above, that —17 + (K¥)* maps Hgl/Q(aD) onto H§1/2(8D).
Also as a consequence of this harmonicity, we find that the subspace of con-
stant functions in H'/2(9D) is contained in the nullspace of Rp. Moreover,

applying the harmonicity of Rp(-,y) for all y € §, we see that R}, maps
H~Y2(0D) into H, Y 2(8D). Therefore, in the following we may consider
Rp and R}, as dual operators from Hi/Q(ﬁD) to H'/2(dD) and H'/2(dD)

to Ho_l/z(@D), respectively.

4. FIRST ESTIMATES

In the following sections we often have to deal with changes of coordinates.
Therefore we introduce some notation: Given ¢ € L?(9D.) and ¢ € L*(0B)

we define ¢, (¢)" € L%(0B) and v, (1)¥ € L*(dD,) by
(4.1a) (@)™€) :
(4.1Db) (¥) (@) :

q@(ﬁ) = p(e€ + 2) for a.e. £ € 0B,
D) = (==

. ) for a.e. z € 0D,
respectively. The same notation will also be used for functions in H'/2(9D,)
or H-Y/2(dD.) and H'/?(0B) or H~'/2(9B), respectively. This makes sense,
since the corresponding Sobolev spaces on R?~! are invariant under such
regular changes of coordinates (cf. [34]). Moreover, we apply the notation
to functions in H!(D.) and H'(B) in the same way.

In our estimates we shall use a generic constant C.
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For bounded ' domains D C R? we use the following norm on H'/2(dD)
(cf. e.g. [27]):

ol g2 opy = uegllf(D) |ullgipy.  for all ¢ € HY?(OD).
ulap=¢

The dual space H1/2 (0D) shall be equipped with the corresponding dual
norm:

[lgoriopy = swp D goral e HY2(0D),
d€H/2(dD) ”@Z)HHl/Q(aD)
670

where (-,-)gp denotes the duality pairing between H/2(0D) and H~'/2(dD).
The following lemma examines the scaling properties of these norms under
changes of coordinates as in (4.1):

Lemma 4.1. There exist constants ¢ and C independent of € such that for
cach ¢ € HY'*(9D.) and v € Hy /*(0D.),

d—2 |+ a2
4.2) e 2 dlolmrzen < 19lav2opy <€ 2 9lmz@s),

d - d -
(4.3) e2|[llg-120m) < 1Vl g-1/200p.) < €2CIN0l 172098y

Proof. Let ¢ € Hi/Q(aDE) and ¢ € H;”Z(apg). By change of coordinates,
€ := =%, we observe that for all u € HJ(D.),

s ) = /D (lu(@)? + Vau(@)) de

€

ed/B (yu(ag+z)\2+ Elg\vgu(agﬂ)y?) a¢
[ (108 + SIveioR) ac

Thus,
d—2| ~
lalZ o, < 2Nl g,
since € is assumed to be small, and therefore
d—2 A
16l 1200,y <€ 2 9lm29m)-

The Poincaré inequality, cf. [22, Chapter IV, Section 7, Proposition 2],
implies that there exists a constant ¢ independent of £ such that for all
u € HY(D,),

d—2 |5 d— .
e 2elalip ) < € PIIVeillzap) = IVaulzap,) < llullfp,).
Hence,

H ~
e 2 c|oll g2 om) < N0l gr2op,)-
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For the dual norm we obtain by change of coordinates, applying (4.2),

¢’¢> 0D Edil '(7;7(2) 0B
loaep, = sup  eorBoDe 5o g, £ W0)
ver 200, 1911200, ~ serr2on.) €7 1|0l 1205,
$#0 ¢#£0

% <1Z]7 QZA)>8B
sup —_—
er/20B) (9l mrz@n)
$#0

é A~
=c = EQHwHH*U?(aB)

and in the same way

do1
€ <¢7¢>BB
|WHH—1/2(3DE)§ sup iz | -
¢>€H;Z((]8Ds)€ 2 ||l grr2am)

_1 d ’(Z)’qg 0B d N
=cle2  sup # =e2C|Y| g-1720m)-
der/20B) [0l mr2om)
$70
Here we put C := ¢ L. U

In the next lemma we investigate the scaling properties of the integral
operators Kp, and K7, :

Lemma 4.2. Let ¢ € HY/2(9D.) and 1 € H-'/2(dD,). Then
Kp.¢ = (Kpp)”  and  Kp.é = (Kpd)".

Proof. By change of variables, { := #== and n := ==, we see that for a.c.
x € 0D,
1 (IE - Y V(y))
Kp.o(x) = — g ¢y) do(y
PO =5y Jop, eyt W AT
1 (e —en,v(n)) d—1
= — ——————=¢(en+ 2)e* " do
wa Jop  |e€ —enl (en+2) )
1 (€ —n,v(n) -
=— | =S———=0¢(n) do(n
wa Jop € —nl () do ()
= Kpo(§).
The second identity follows in the same way. O

Next we will estimate the norm of the operator Rp. € L( o 2(({)DE)7
HY2(0D.)).

Lemma 4.3. There exists a constant C independent of € such that for each
¢ € HY*(0D.),

IR D8l m1/2(00.) < €*Clléllr2op.)-

Proof. Let ¢ € Hi/Q(('“)DE). By 7€DE¢ we denote the extension of Rp_¢ to
H'(D.) which is obtained canonically via (3.4). Then, since R and VR are
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uniformly bounded near the centres of the inclusions,
2

9 . 5 2
IR0 bl nony = | nf Wl | < IRo.dlinm,)

ulop. =Rp. ¢

= /D /8De %Zc’)y)ﬁﬁ(y) do(y) 2 da
+ / 5 Ve b, aR((y;g )¢(y) do(y) 2 da
:
<J (L (5
+ |72 ) dotw) [ 1ot do<y>> dr

< sd_chqﬁuiz(aDg) /D Ldr < 62d_1C”¢H%Q(aDs)

with a constant C that is independent of €. Moreover, applying the Sobolev
Imbedding Theorem and Lemma 4.1, we find

o122 op.) = 5d71H¢3H%2(aB) < 5d710”€5\|§p/2(33) < ECWH?p/z(aDE)

with a constant C that is independent of €. Combining these two estimates
yields the assertion. O
Therefore, we have Rp, = O(c?) and
1 1 1
—§I+lcg€ = —5I+Kp. +Rp. = =51 +Kp, + O(e?)

in £( 1/2(8D ), HY/2(0D.)), as € — 0, where the remainder estimate O(¢%)

is in terms of the operator norm in £( 1/2(8DE), H'Y2(0D,)). By duality
we find that also Ry, = O(e 4) and

1 1 1
(4.4) —5 1+ (KD = —5 T+ Kp, +Rp, = =51+ Kp, + O(e?),

in C(H~Y2(0D,), Hy /*(dD.)). This latter result holds in £(H, /*(D.),
H<>_1/2(8D5)), too.

In the following we consider —31 + Kp. and —3I+ (IC%S)* as operators
in £(Hy?(0D.), Hy "*(dD.)). From Lemma 4.2 we obtain for all ¢ €
H;%(8D.) that

Lk - L) ’
(gt )e=( (-5t +x5) )

1 -1 1 -1
(b)) o= ((hress) o)

and
v
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Therefore, applying Lemma 4.1 and Lemma 4.2, we find that
1 *
|(=az-+5)" o]

1 —1
H ( ol KEe) - sup H1/2(5De)
2 OD:  ypeH;*(D.) ”M’H—I/Q(BDE)
w0
d 1 + \—1
520H<(—§I+ICDE) b H
—1/2
< sup _ H-1/2(8B)
weHs 1/2(6D) e2[|Yllg-120m)
1 *
AR I P
=C sup _
JeH, '/*(9B) 191l 17208
)#0
1 -1
(),
2 0B
where || - |lop. and || - ||gp denote the operator norm on L( _1/2(8Da),

_1/2(8D )) and L( _1/2(83) _1/2(0B)), respectively, and the constant
C' is independent of €.

From this estimate follows that || (—%I—i—lC*Ds)_l llop. < C, with a constant
C that is independent of . Together with (4.4) and a Neumann series
argument, cf. e.g. [32], we thus obtain

1 N \* ! 1 * -
with Pp, = O(e?) in L(H; *(0D.), Hy “/*(0D.)).

5. ASYMPTOTIC EXPANSION

Now we consider the boundary value problem (2.3) and the operator L.
from (2.4). For ¢ € H§1/2(8D5) we define v, € Hi,BQ(Q \ D.) by

1 -1
Ve 1= 81575 <—2I+ (ICgJ*) @.

Then v, is a solution to (2.3) and on 92 we have

wlon = [ N (=57 (68)7) ) 1) dot)

-/ N(,y) (( — %I + IC}BE> ¢>> (y) do(y)

+ N(-y) (Pp.#) (y) do(y).

0D,
Using the Taylor expansion we obtain for x € 92, z € Q and € 9B as

e — 0,
o

1 .
N(z,en+2) = Z ﬁs‘]‘ﬁg/N(l‘,z)nﬂ
lg1=0"
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Thus, recalling Lemma 4.2 and the fact that —31 + (K3.)* and Pp, map
Hy'? (0D;) into Hy 1/2 (0D.), we obtain the following asymptotic formula:

welon = [ Noena2) (= 57 +K5,) o) en+2) doln) + 0e)

= eV, N(-,2) - /

0B

1 N\l
0((=57+K3) '6) @) dota) + O,
The remainder term is bounded by Céd“H(ﬁHHq/z(aB) in HY?(99), where
the constant C is independent of € and ¢.

Definition 5.1. Define
(5.1) L:H;"*0B)— HY?*09),

Lo vyN(.,z)-/8

(=57 +Kk5) ) ) dot

Then L is a bounded linear operator and we have shown the following
asymptotic formula:

Proposition 5.2. For all ¢ € H§1/2(8D5),
(5.2) L.¢ =L+ EL,

as € — 0, where the operator Ej is bounded by Ce i the morm of
E(H§1/2((9B), <1/2(89)), and the constant C' is independent of .

d+1

Remark 5.3. By duality, the adjoint operator E} is O(e4*1) in E(lr-.i’<>_1/2 (0Q),
2(0B)).

Next we return to the diffraction problem (2.7) and the operator F. from
(2.8). Given x € Hi/Q(o“?DE) we define

We 1= Dgax.

Then w; is a solution to (2.7) and from (3.6) we obtain
_ 1
Welp, = <—§I+Kgs> X-

For ¢ € HY?(0D,) we consider the interior Dirichlet problem

(5.3) Aw =0 in D, w=¢ ondDg,
and the corresponding interior Dirichlet-to-Neumann operator,
_ ow
Te: HY3(0D2) - Ho'(0D.), Tep =7 | .

Since w, solves the diffraction problem (2.7), we obtain
ow,

1
=Y. —=T+ KN ).
ov lop. — ° ( ' T DS) X

We define the interior Dirichlet-to-Neumann operator Y : H'Y/2(dB) —

oy 2(8B) on 0B in the same way as Y.. These Dirichlet-to-Neumann
maps are bounded linear operators. Next we take a closer look at the scal-
ing properties of ..
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Lemma 5.4. Let ¢ € H'/2(0D.). Then
e! (T¢)v =T.p.

Proof. Suppose w is a solution to (5.3). By change of variables, { := ==,
we find that w satisfies

Agd(€) = 2 Agw(x) =0 for a.e. £ € B,
ow ow
G &) = gay(x) (x) for a.e. £ € 0B,
w(€) = w(x) for a.e. £ € 0B.
Hence,
T B ow B ow  (Towl,
(Vilon)(©) = 5155 6) = g (@) = e(Xewlon, (o).

for a.e. £€ 0B and x = e+ z € 0D.. O

Lemma 5.5. There exists a constant C independent of € such that for each
¢ € HY*D.),

H(TERDE ) ”H 1/2(33) CHQO||H1/2(BB)

Proof. Let ¢ € Hi/ 2(8DE). Using Lemma 5.4, the continuity of T, Lemma
4.1 and Lemma 4.3 we obtain

I(TeRp.0) Ma-12(0m) = € ITRD. A 1720

< 5_1C'||RDE‘PHH1/2(GB)
1 2-d

<e 02 |Rp. ¢l gz op.)
_d

<e 200l grr2op,)
4, d=2,

<ez2Ce 2 ||9]lg2(om)
d* A

= e 1CNPl /2 (o)

and the constant C' is independent of € and . =
Note, that from the previous Lemma and (4.3) it also follows that

ITeRp Xl -12(5p.) < € E CNR N 2 om).

with a constant C that is independent of ¢ and x. Therefore, applying
Lemma 5.4 and Lemma 4.2, we can calculate

Owe

ov

oo, = T( =T HEB )
(

1
=1 (- —I+ICDE>X+T Rb.X

2

(T ( _ %I+ /CDE)X> A>v +O@EE
(

\2
T ——I+ICB> ) +OEE .

M= M=
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The remainder term is bounded by Ce3 -1 X[ 1729 In H; 2 (0D.), where
the constant C' is independent of € and .

Definition 5.6. Define

(54) F: HY*0B)— H,*0B), Fp:=-T (—%I + ICB) @

Then F' is a bounded linear operator and using Lemma 4.1 we obtain the
following asymptotic formula:

Proposition 5.7. For all x € Hi/2(8DE),
(5.5) Fox=e(FR)" + (BrY)”,

as € — 0, where the operator Ep is bounded by Ce® ! in the norm of
L( <1/2(6B) _1/2(83)), and the constant C' is independent of .

Next we consider the asymptotic behaviour of the operator L} from (2.6).
Let ¢ € Hy /*(0D,) and v € Hy *(9Q). For X € {Q, B, D.} we denote
by (-,-)ox the duality pairing between Hi/Q(aX) and Hgl/Q(aX) and use
Proposition 5.2 to calculate

(&, Le)op, = (Leds V) o
<a—:dL¢ + B v)
= (bl + Bfw)

- <¢,5<L*w> + L))

ap.’

where L* : H<>_1/2(8Q) — <1/2(83) is the dual operator of L.
Recalling Remark 5.3 we obtain the following asymptotic formula:

Proposition 5.8. For all ¢ € Hgl/Q(OQ),
(5.6) Ly = (L))" + e~ (Efy)Y,

as € — 0, where the operator E7 is bounded by Ce in the norm of
L( <>_1/2(8Q), 1/2(83)), and the constant C' is independent of .

d+1

Now we calculate the operator L* explicitly. Let again ¢ € H, Y 2(83)

and 1 € H§1/2(OQ). Recalling the definition of the operator L from (5.1)
it follows that

(L6, ¥
[ v ([ n((-5+ /C};)‘%b) ) da<n>> ¥(z) dofz)
- (/aQVyN(w,z)w(x) da(x)) -/BBW (( _ —I+ICB ) ) do(n)

— < VN (z, 2)¢(x) da(x)) -/E)qu(g) (( — —I+ ICB) 1n> (&) do(§).

o0
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Note that in the last line of this computation 7 is the surface variable on 0B
and therefore (—3/+/Kp) 17 is defined componentwise for this vector-valued
function. Since N is the solution operator for the Neumann problem

) ov
(5.7) Av=0 1in Q, 3 Y on 0N,
with [, v do = 0, we have that
Vou(z) = VyN(z,2)Y(x) do(z),

o0

i.e. that
1 -1

(5.8) L' = Vu(z) <( — 51+ Kp) 77) ,

where v is the corresponding solution of (5.7).
Now we put our results together and obtain the main result of this paper:

Theorem 5.9. Let f € Hgl/z(aﬂ), then

(Ac = Ao) f = "LFL*f + O(e*H)
n Hi/z(ﬁﬁ), as € — 0. More precisely, the remainder term is bounded by
Ced+1||f||H71/2(8Q), where the constant C is independent of € and f.

Proof. From Proposition 5.8 we obtain
Lif =e(L*f)Y + &7 (BL)".
So by Proposition 5.7,

F.LLf = (FL*f)" + e(BpL* f)" + e YFELf)" + ' " UErELf)".
With the help of Proposition 5.2, we find for the factorization of (A: — Ag) f
of Lemma 2.1 that

(Ac = Ao)f = L.F.L'f = LFL*f + ELFL*f + e\ LEpL* f
+eELEpL f + LFE} f+ ¢ YELFE} f +eLEpE} f + ' "*E EpE} f.
Now the assertion follows from the estimates in Proposition 5.2, Proposition

5.7, Proposition 5.8 and the continuity of the operators L, F' and L*. O

Figure 1 illustrates the factorization A, — A9 = L F.L} from Lemma 2.1
and the leading order term LFL* in the corresponding asymptotic factor-
ization A; — Ag = e?LFL* + O(¢%*1) from Theorem 5.9.

Finally let f € HQI/Z(aﬂ) and let up be the solution to (2.2). We want to
calculate LF'L* f explicitely: Since (2.2) and (5.7) coincide, we obtain from
(5.8) that

1 ~1
L*f = Vug(2) <( - §I+ICB> n) .
Thus, by applying (5.4),
FL*f = =Vug(z) - Tn = —=Vue(z) - v(n),
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FIGURE 1. Sketch of the factorization A, — Ay = L. F. L} (above)
and of the leading order term LFL* in the corresponding asymp-
totic factorization A, — Ag = e?LFL* 4+ O(e?*1) (below).

where v denotes the unit outward normal to 0B, because n; is the unique
harmonic function on B with Dirichlet data n;|sp for 1 < i < d. We deduce
from (5.1) that

LFL*f

= _V,N(,2)- /c’)Bn (( - %I + /C’jg)_l(u : Vuo(z))) (n) do(n)

= —VyN(', Z) : MVUO(Z)7

where the matrix M € R%? is given by M := (Mij)?,j:1 with

My o= [ (=514 55) ) 0 aoti)

for i,7 = 1,...,d. M is the so-called polarization tensor of Pélya-Szego
corresponding to the insulating inhomogeneity D, = z + eB. It is a sym-
metric and negative definite matrix that depends on the relative shape of
the inhomogeneity D, cf. [6,24].

We obtain the following corollary:

Corollary 5.10. Let f € H<>_1/2(8Q) and let ug be the solution to (2.2).
Then,

(Ac — ) f = =€V N(-, 2) - MVug(2) + O(e*)



18 H. AMMARI, R. GRIESMAIER, AND M. HANKE

m Hi/2(8ﬂ), as € — 0. More precisely, the remainder term s bounded by
CEd+1||f”H—1/2(aQ)7 where the constant C' is independent of € and f.

This is exactly the formula derived in [24], cf. also [5,6].

Remark 5.11. Note that our way of writing the polarisation tensor M differs
from that in [24]. But the two expressions are equivalent except that their
sign is different, as we will show next: In [24] Friedman and Vogelius define

functions ¥, j = 1,...,d, which are the unique solutions to the exterior
problems
AY; =0, in R\ B,
oV
(5.9) a_y] = —vj, on 0B,
W,(n) — 0, as [n| — oo.

Then they define the polarisation tensor M := (Mij);'i,j:1 by

Ny = / vi(n) (ny + ;) do (i),
0B

fori,j=1,...,d.

Now let 1 < i,j < d. If we define ¢; := (—3 + /CB)fl n; and u; := Dpe;,
we obtain from the jump relation (3.3) that u;|;; = n; and u;| g is the unique
solution to

Au=0 in B, ulyp = ;-

Ouj Ouj |~
Therefore, uj|p = 1; and we have 2 = 51

8B7 ov

o vj on 0B. Thus,
—Uj|ga\ 5 solves (5.9), and from the uniqueness of solutions to (5.9) we get
Ujlga\g = —¥;. Again from (3.3) we obtain that ¢; = ujlip — uilyp =
—nj — V;|pp. This gives

W= [ o o+ 50) dotn) = = [ iy ) doto

oB

1 -1
—— [ wi@ (- 51+xa) w) © aste
oB
1 Nl
= _/ nj << - §I+’CB) Vi> (n) do(n) = —Mj; = —M;j,
oB
where we used the symmetry of M. Thus M = — M.

6. MULTIPLE INCLUSIONS

In this section we extend our results to the practically important case
of finitely many well separated small inclusions. By that we understand
cavities D, ; 1= z; + €B;, where B; is a bounded simply connected ot
domain containing the origin, and 1 < ¢ < m. The total collection of
inclusions thus takes the form D, := [J",(z + €B;). The points z; € Q,
1 <4 < m, that determine the location of the inclusions, are assumed to
satisfy

|zi —zj| >co Vi#]j and dist(z;, 0Q2) > ¢



ASYMPTOTIC FACTORIZATION 19

for some constant cg > 0, and the value of € > 0 is assumed to be sufficiently
small. The piecewise constant conductivity distribution is again given by

() 0, forx e D,
g = -
: 1, forz e Q\D..

Basically the results and their proofs for a single inclusion from the pre-
vious sections can be adopted with few minor modifications which we will
comment on now.

The factorization of the Neumann-to-Dirichlet operator from Lemma 2.1
can be generalized as described in [11]. Therefore, it is convenient to set
0D, = 0D X -+ x 0D, and to interpret the relevant Sobolev spaces

accordingly as product spaces, e.g. Hfl/Z((?DE) = Héﬂ/Q((")DE,l) X e X
<>i1/2(8D57m). Then the operator L. is again defined by (2.3) and (2.4),

where the inner Neumann boundary condition should be understood com-
ponentwise, i.e. %ff =¢;on 0D, ;, for 1 <i < mand ¢ = (¢1,...,0m) €

H, 1/2 (0D;). For the corresponding dual operator L} we consider again the
boundary value problem (2.5), whose solution v} is unique up to an addi-
tive constant. If we fix an arbitrary solution v} and, for 1 < ¢ < m, define
ci = fape U2 dJ/|0D€,i|, then the dual operator of L. is given by

Lt Hy (00) — H*(0D:), ¢ (vlop., — 1, Elop..,. — em).

The definition of the operator F. remains unchanged if the boundary con-
ditions on 0D, are interpreted componentwise. Then the factorization of
A. — Ag stated in Lemma 2.1 holds true in the case of multiple inclusions,
cf. [11].

Now we generalize the asymptotic expansions from Section 5 to the case
of multiple inclusions. First we consider again the operator L. from (2.4).

For ¢ = (¢1,...,0m) € Hgl/2(8D5) we define v, € Hi,aQ(Q \ D.) by

m
Ve 1= SDE,iai’
=1

—1/2 .
where a := (ay,...,ay) € H, / (0D.) solves the system of integral equa-
tions
1 N\ d oN 9 oN
_EI + (,CDs,l) mSDEQ aD ESDE,WL ’8D
g,1 e,1 al ¢1
9 oN 1 N \x 8 oN
95D |y, o1 +(Kp.,) o Dg,m‘aDE’2 az |_| &2
........................................ . 5
0 ¢N 9 QN 1 N * m m
ov Ds,l 8Dz m ov De,2 8D< m 21+(’C a,m)
=:A

Since the small inclusions are assumed to be well separated from each
other and from the boundary 0f2, we can estimate the non-diagonal entries of
the matrix A, using the regularity of S gﬁ pi away from 0D, ;, for 1 <i < m.
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Lemma 6.1. There exists a constant C independent of € such that for each
p= gol,...,gom)EHol/(8D)and1<z7éj<m

Proof. Let ¢ = (¥1,--.,0m) € H§1/2(8D5) and 1 < i # 7 < m. Using
Lemma 4.1 and the regularity of Sgg .pi away from 0D, ; we obtain

)"
0D ;

< EdilCHQOiHHfl/Q(@Dg,i)‘
H-1/2(0D. ;)

b,

2 2

<o o

i
v Dc; oD, ;IlH-1/2(0D, ;) H=1/2(0B;))

P A2
< ocl(2st0],,, )
=i aD” L2(8B;)
=<0l 58,0
~ oy 5D, i oD ;llL2(0D. )

=< 0D ; }/8D“ 8]8\7Vx y (y) da(y)r dU(iL')

<eC do(x)

2
oD, ; H HHl/2 oD, ”spiHH_lm(aDE,i)

< €C€d 2”@1 ’8D€z| < 52d ZCH(pz

HW [

Here (-)" denotes the usual transformation from (4.1) applied to the j-th
inhomogeneity D ;. O

Therefore, 28} = O(%1) in L(Hy (0D, ), Hy (0D, ;)), for
1<i#j<m. We deduce that

5L+ (KB_)* 0 0
A 0 —3I+ (KD, 0 Lo
..... OO—%I+(ICNm)
=B

with respect to the maximum row sum of £( 0_1/2(8Dw~), 0_1/2(8D€7j))—

norms, 1 < i, j < m. Thus we obtain that A~! exists, and A~! = B~ +
O(e%1) with respect to the same norm.

Now, calculating along the lines of Section 5, we obtain the following
asymptotic formula:

”Elan =& Z VyN(, Zi)'/
i=1

0B;

0((= 57+ K5) o) dotm+oiet).

Here again, (-)" denotes the transformation from (4.1) applied to the i-th in-
clusion D, ;. The remainder term is bounded by Cedtt hax ||¢:\ | H-1/2(8B;)
<i<m 4

in HY/? (02), where the constant C' is independent of ¢ and ¢. Therefore, if
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we define

(6.1) L:H,"20By) x - x Hy '"*(8B,,) — HY?(09),

Ly:= gvym-,zn (=51 xm) ) 0 asta

Proposition 5.2 remains valid in the case of finitely many well separated
small inclusions.

Now we return to the diffraction problem (2.7) and the operator F from
(2.8). For x = (X1,---,Xm) € Hi/Q(aDE) we define w, := Y ;" DgEiXi-
Then, for 1 <i < m, ’

1 N - N
8D5,i = Tszi <§I + ICDE,Z') Xl + T€7i ]Z:l (DDEJXJ) ‘8Ds,i’

J#
where Y. ; is the interior Dirichlet-to-Neumann operator on 0D, ;. As in
Lemma 5.5 and Lemma 4.3 we can estimate

m Ai
| (Ts’i (Dgw'xf') ‘aD )

i=1
i

ow,
ov

H—1/2(8Bi)

N
(DDEJX]) ‘aD ,

d m
<e 20 E
j=1 HY2(dDe ;)
J#
d—1 A
e C max J .
1555 1B% ||H1/2(8B])’

IN

where the constant C' is independent of € and x. Therefore, if we define

(6.2)
F:HY*0B)) x - x HY?(0Bw) — Hy Y*(0By) x - x Hy Y*(9B,,),

1 1
F(gpl,.. . v@m):: <_T1 (_§I+K31> P15 - - 7_Tm (_§I+’CBm> (Pm> )

where T; is the interior Dirichlet-to-Neumann operator on 0B;, 1 < i < m,
Proposition 5.7 remains valid in the case of finitely many well separated
small inclusions.

Calculating along the lines of Section 5 we find that Proposition 5.8 re-
mains valid in the case of finitely many well separated small inclusions, too,
and that the adjoint operator

L HV%00) — HY*(0B)) x - - x HY*(0B,y)

of L is given by
(6.3)

L= <VU(21)- (( - %1 +K,) 177) V() <( - %1 +Kp,.) 1n>) ,

where v is the corresponding solution of (5.7).
Thus we obtain:
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Proposition 6.2. Theorem 5.9 holds true in the case of finitely many well
separated small inclusions, if L, F' and L* are given as in (6.1), (6.2) and
(6.3), respectively.

For 1 < i < m let M? denote the polarization tensor corresponding to the
i-th inclusion D, ; = z; + €B;. In the case of finitely many small inclusions
Corollary 5.10 reads as follows:

Corollary 6.3. Let f € HQ_I/Q(GQ) and let ug be the solution to (2.2).

Then,

(Ac — Ag) f = —&¢ i VyN (-, 2) - M'Vug(z;) + O(e™)
=1

m Hi/2(8Q), as € — 0. More precisely, the remainder term is bounded by

C’Ed+1||fHH71/2(8Q), where the constant C' is independent of € and f.
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