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Outline

Fluids are everywhere
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Panta rhei ...

@ flow around an airplane
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Panta rhei ...

@ flow around an airplane

@ hydraulic jumps
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Panta rhei ...

@ flow around an airplane

@ hydraulic jumps

efluid.com & Gallery of Fluid Mechanics (M.S.Cramer)
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Can we find a common way to describe fluid motion ?

Yes:
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Lukacova (AG Numerik) Hyperbolic conservation laws



Can we find a common way to describe fluid motion ?

Yes: "Mathematics is the language of nature” (G. Galilei)

@ conservation of mass

@ conservation of momentum ...second Newton’s law
F=m-a

@ conservation of energy

Lukacova (AG Numerik) Hyperbolic conservation laws



Can we find a common way to describe fluid motion ?

Yes: "Mathematics is the language of nature” (G. Galilei)

@ conservation of mass

@ conservation of momentum ...second Newton’s law
F=m-a

@ conservation of energy

What are the quantities we need to consider ?
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Can we find a common way to describe fluid motion ?

Yes: "Mathematics is the language of nature” (G. Galilei)

@ conservation of mass

@ conservation of momentum ...second Newton’s law
F=m-a

@ conservation of energy

What are the quantities we need to consider ?
- density ... p(x,1)

- velocity vector ... u(x,t)

-energy ... e(x,t)
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Can we find a common way to describe fluid motion ?

Yes: "Mathematics is the language of nature” (G. Galilei)

@ conservation of mass

@ conservation of momentum ...second Newton’s law
F=m-a

@ conservation of energy

What are the quantities we need to consider ?
- density ... p(x,1)

- velocity vector ... u(x,t)

-energy ... e(x,t)

mass conservation

dp

T, (x,t)+div(pu)(x,t)=0
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Can we find a common way to describe them ?

Yes: "Mathematics is the language of nature” (G. Galilei)

@ conservation of mass
@ conservation of momentum ...second Newton’s law
F=m-a
@ conservation of energy
- density ... p(x,1)
- velocity vector ... u(x,t)
-energy ... e(x,1)

conservation of momentum: Newton’s second law

OpUx . op B N _
o (6 )+ (puu)(x, t)+a—xk(x, t) = ; % k=1,2,3

JG|U
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Can we find a common way to describe them ?

Yes: "Mathematics is the language of nature” (G. Galilei)

@ conservation of mass
@ conservation of momentum ...second Newton’s law
F=m-a
@ conservation of energy
- density ... p(x,1)
- velocity vector ... u(x,t)
-energy ... e(x, 1)

conservation of energy

oe . 3
X 1) +div((e+p)u)(x,t) = k;

OTikUk | jenT
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@ mass conservation

g’;(x 1) +div (pu)(x,t) = 0 (1)

@ conservation of momentum

3pUk 3 O
= (X iV (puju) (x, 1)+ = ZT‘ 2,3
(2)
@ energy conservation
de 3 aTgkUk
S0 +div((e+pu)(x.t) = k%_; o, AT
3)
- p(t, Xx) ... pressure
- T(t, x) ... temperature
- (Tk)3 j—yq - - - Stress tensor
Lukacova (AG Numerik)

Hyperbolic conservation laws



Outline

Compressible inviscid fluids: known results and challenges
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Compressible inviscid fluids

e negligible viscous effect —
Example: Euler equations of gas dynamics
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Compressible inviscid fluids

e negligible viscous effect —
Example: Euler equations of gas dynamics

"The world is hyperbolic.” (J. Necas)
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Outline

Mathematical properties

Lukacova (AG Numerik)

Hyperbolic conservation laws



ll. Mathematical properties

U | <~ OF
ot 1 an

where Ue RN, F,: RN — RN
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ll. Mathematical properties

ou OF
o5 T2 o (V) =0,

where Ue RN, F,: RN — RN
Defintion 1 F
Let A(U) = 2Pl N« N Jacobian matrix. The

system (4) is called hyperbolic iff
d
P(U,v) =) ucAc(U),
j=1

vUe RN, vve RY |v| =1
N real eigenvalues \{(U,v), ..., \n(U.v).
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ed=N=1..
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.scalar linear advection eq.:

ou ou
8t+8 =0, xe€R, t>0 (5)
(X7 0) = UO(X)' (6)

JGlu

Hyperbolic conservation laws



e d=N=1...scalar linear advection eq.:

ou ou

—_— _— = >
8t+aax 0, xeR t>0
u(x,0) = up(x).

charact. curve : (x(s), t(s)), s - parameter

dt(s) _ 1 dx(s)

ds " ds
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e d=N=1...scalar linear advection eq.:

ou ou

_ _— = >
8t+aax 0, xeR t>0
u(x,0) = up(x).

charact. curve : (x(s), t(s)), s - parameter

dt(s) ; dx(s)

ds " ds

Theorem 1

The function u is a solution of (5), (6) <= u is constant
along the characteristics.
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Definition 2 (weak solution)

Let Up € L} .(RY).
A function U(x, t) € L} .(RY x [0, 0)) is a weak solution of
the Cauchy problem (7)

ou 6Fk
a1 + ( U) =
U(x,O) = uo, (7)

iff Vo € Cg°(RY x [0, 00))

//R< +ZFK axk> Yo (-0) =0.
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Nonlinear Example 1: Burgers equation

@ n o(u?/2)
ot ox

=0, xeR t>0

1, x <0,
ux,0)=«¢ 1-—x, 0<x<1,
0, 1 <x.
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Nonlinear Example 1: Burgers equation

ou n o(u?/2)
ot ox

=0, xeR t>0

1, x<0
u(x,0) =4 1—x, 0<x<1,
0, 1<x.

... method of characteristics:

%x(t) =u(x(t),?)
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Nonlinear Example 1: Burgers equation

ou n o(u?/2)
ot ox

=0, xeR t>0

1, x <0,
u(x,0)=<¢ 1—x, 0<x<1,
0, 1 <x.

... method of characteristics:
d
EX(t) =u(x(t),1)

= u(x,t) is constant along each characteristic
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e solution for t < 1

u(x,t)=

Lukacova (AG Numerik)

x < t,

(1—X)/(1—t) t<x<A,

0, x>1
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e solution for t < 1

u(x,t)=

e solution for t > 1:
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x < t,

(1—X)/(1—t) t<x<A,

0, x>1

discontinuity on x = (t + 1) /2
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e solution for t < 1

x < t,

u(x, t) = (1 —X)/(1—1), t<x<t,

0, x>1
e solution for t > 1: discontinuity on x = (t+ 1) /2

1, x<t+ ],
U(X’t)_{o, X>t+ %
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Shock relations

Lukacova (AG Numerik) Hyperbolic conservation laws



Shock relations

Theorem 2: (Rankine—Hugoniot condition)

Let U: RY x (0,00) — D c RN be a piecewise-smooth
function. Then U is a weak solution in R? x (0, c0) if and
only if the following conditions hold:
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Shock relations

Theorem 2: (Rankine—Hugoniot condition)

Let U: RY x (0,00) — D c RN be a piecewise-smooth
function. Then U is a weak solution in R? x (0, c0) if and
only if the following conditions hold:

@ U is a classical solution in any domain, where U is a
C' function;
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Shock relations

Theorem 2: (Rankine—Hugoniot condition)

Let U: RY x (0,00) — D c RN be a piecewise-smooth
function. Then U is a weak solution in R? x (0, c0) if and
only if the following conditions hold:

@ U is a classical solution in any domain, where U is a
C' function;

@ jump condition: ;
(UT=U") i+ 30, (Fj(UT) —F;(U7)) nj =0,
where (ny,, ..., Ny, Nt) is an outer normal to any
hypersurface of discontinuity I
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e let us verify the Rankine-Hugoniot relation for our
example:
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e let us verify the Rankine-Hugoniot relation for our
example:

: . 1
e discontinuity ' = {(x, t);, x = t%, t> 1}
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e let us verify the Rankine-Hugoniot relation for our
example:

: . 1
e discontinuity ' = {(x, t);, x = %, t> 1}

e outer normal to the discontinuity I :

d¢ (t)

n= =(1,- h =
(nx,nt) = (1,—s), where s ot
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e let us verify the Rankine-Hugoniot relation for our
example:

: . 1
e discontinuity ' = {(x, t);, x = %, t> 1}

e outer normal to the discontinuity I :

n=(ny,n;) =(1,—8), where s = digt)

Rankine—Hugoniot condition gives:
s(ut—uT)=f(u")—f(u)

t) = (1,1) we have:

in our case at (x,
(uh) = f(u) =}

ut—u=1,f
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e let us verify the Rankine-Hugoniot relation for our
example:

. L t+1
o discontinuity I = {(x, t); x = %, t> 1}

e outer normal to the discontinuity I :

n=(ny,n;) =(1,—8), where s = digt)

Rankine—Hugoniot condition gives:

s(ut—uT)=f(u")—f(u)

t) = (1,1) we have:

ut—um =1, f(ut)—f(u)=13

in our case at (x
(

By the definition of ', s = %

= R-H conditions is satisfied.
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Nonlinear Example 2: Burgers equation

-Uniqueness ?

@ . 8(u2/2)
ot ox
0, x <0,

U(X’O):{1 x>0

=0, x€R t>0
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Nonlinear Example 2: Burgers equation

-Uniqueness ?

@ . 8(u2/2)
ot ox
0, x <0,

U(X’O):{1 x>0

=0, x€R t>0

0 x <0,
ui(x, t) =< x/t, 0<x<t,
1 x>t

)
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- Discontinuity at x = t/2: s = 1/2, F(u) = u?/2
RH: s:= (F(u") - F(u™))/(ut —u™)

0, X <t/2,
Ue(x, 1) = { 1. x> t§2.
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- Discontinuity at x = t/2: s = 1/2, F(u) = u?/2
RH: s:=(F(u")— F(u))/(u"™ —u™)

0, X <t/2,
Ue(x, 1) = { 1. x> t§2.

So what is THE right weak solution ?
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Entropy

Definition 3:

A convex function n : RV — R is said to be entropy of our
hyperbolic conservation law, if there are some

entropy fluxes ®4,...,®5: D — R, s.t.

(Vn(U)"- A/ (U)=Vo;(U), j=1,2,....d.
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Entropy

Definition 3:

A convex function n : RV — R is said to be entropy of our
hyperbolic conservation law, if there are some

entropy fluxes ®4,...,®5: D — R, s.t.

(Vn(U)"- A/ (U)=Vo;(U), j=1,2,....d.

H.W. It is easy to show that if U is a weak solution that is

smooth (i.e. C'), then the following equality holds:

© Oy d dp \
L/ <n(U)m+;¢k(U)aXK> -0
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Entropy

Definition 3:

A convex function n : RV — R is said to be entropy of our
hyperbolic conservation law, if there are some

entropy fluxes ®4,...,®5: D — R, s.t.

(Vn(U)"- A/ (U)=Vo;(U), j=1,2,....d.

H.W. It is easy to show that if U is a weak solution that is

smooth (i.e. C'), then the following equality holds:

©© Oy d dp \
L/ <n(U)m+;¢k(U)aXK> =0

Q: But what happens along discontinuities ?
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Definition 4 (Entropy solution)

Let U be a weak solution of the Cauchy problem (7), then
U is a weak entropy solution, iff

> Do | & dp
/ /R<n(U)at+k§¢k(U>8Xk>zo

W € C&°(R x (0,00)),¢ > 0,
vn, (®4,...,94) — Entropy / Entropy fluxes
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Entropy in fluid dynamics:

n - mathematical entropy,
S - physical entropy, S = ¢, In p% —

n:_psa (Dk:—PUkSa k:17
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Entropy in fluid dynamics:

n - mathematical entropy,
S - physical entropy, S = ¢, In p% —

n=—pS, &y = —puk S, k=1,...d.

e We have now a selection criterion for detecting a suitable
solution, i.e. weak entropy solution.

e For our example: uy is the right weak entropy solution;
it is a rarefaction wave
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Viscosity solution

- yet another concept of choosing a suitable physically
reasonable solution
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Viscosity solution

- yet another concept of choosing a suitable physically
reasonable solution

- the original physical problem (compressible
Navier-Stokes eqgs.) has small viscosity terms

- Is there any connection between entropy solution
and the solution of viscous problem ?
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Viscosity solution

- yet another concept of choosing a suitable physically
reasonable solution

- the original physical problem (compressible
Navier-Stokes eqgs.) has small viscosity terms

- Is there any connection between entropy solution
and the solution of viscous problem ?

= Yes!

... vanishing viscosity method (P. D. Lax (1954))
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Theorem 3 ( vanishing viscosity solution)

e n € C? (RV;R) is a convex entropy

e, c C'(RV,R), j=1,2,....d... entropy fluxes
Let U° be a sufficiently smooth solution of

= ZaFk U) = AU (12)
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Theorem 3 ( vanishing viscosity solution)

e n € C? (RV;R) is a convex entropy

e, c C'(RV,R), j=1,2,....d... entropy fluxes
Let U° be a sufficiently smooth solution of

Z 8Fk = cAUF. (12)
i) dc > O0Ve
HUEHLoo (RdX(O,OO);RS) S Ca
i)
U-U as ¢—0 ae inR?x][0,00).
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Theorem 3 ( vanishing viscosity solution)

e n € C? (RV;R) is a convex entropy

e, c C'(RV,R), j=1,2,....d... entropy fluxes
Let U° be a sufficiently smooth solution of

F
Za K(U) = eAU-. (12)
i) dc > O0Ve
HU8||Loo (RdX(O,OO);RS) S Ca
i)
U-U as ¢—0 ae inR?x][0,00).

Then U is a weak solution of our problem AND

Zax

j=1 "

in the sense of distributions on R x (0, o).
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Well-posedness of the Cauchy problem for hyperbolic
conservation laws

ou aFk

- — d +
8t+ 8X(U) 0 on R xR

U(x,0) = Uy(x) on R?
U= (Us,..., Uy

Lukacova (AG Numerik) Hyperbolic conservation laws



Well-posedness of the Cauchy problem for hyperbolic
conservation laws

e N=1 d>1... scalar equation: existence and
uniqueness of the weak entropy solution (Kruzkov '70)
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Well-posedness of the Cauchy problem for hyperbolic
conservation laws

e N=1 d>1... scalar equation: existence and
uniqueness of the weak entropy solution (Kruzkov '70)

e N>1 d=1... one-dim. system: existence and
uniqueness of the weak entropy solution in the BV space
(Lax, Glimm ’60, Bressan ’90)
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Well-posedness of the Cauchy problem for hyperbolic
conservation laws

e N=1 d>1... scalar equation: existence and
uniqueness of the weak entropy solution (Kruzkov '70)

e N>1 d=1... one-dim. system: existence and
uniqueness of the weak entropy solution in the BV space
(Lax, Glimm ’60, Bressan ’90)

eN>1, d>1
concept of monotone solutions and BV-spaces is not
simply transformable to multi-d
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Well-posedness of the Cauchy problem for hyperbolic
conservation laws

e N=1 d>1... scalar equation: existence and
uniqueness of the weak entropy solution (Kruzkov '70)

e N>1 d=1... one-dim. system: existence and
uniqueness of the weak entropy solution in the BV space
(Lax, Glimm ’60, Bressan ’90)

eN>1, d>1

concept of monotone solutions and BV-spaces is not
simply transformable to multi-d

— well-posedness OPEN PROBLEM !

= we even do not know the appropriate functional setting

JG|U
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Outline

Numerical approximation
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lll. Numerical approximation

¢ the method of choice: Finite Volume Methods (FVM)

oU  OF; OF,
ot T ox, )+ 87)(2(
-Q =;Q, Q; - finite volumes:
- triangles, quadrilateral, polygons

U)=0 (13)
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/ /fn+1 aFk(U
Q tn Jo, OXk

o
/ (U(x,1, ) — U(x, 1)) dx (14)
tn+1
/ Fk(U(X, t))n,-g,dedt =0
k= 1£eS e

S(i) :=={¢] 9Qjp := 0Q; N 0, an edge of Q;}
nj; = (N1, Njg2) - .. outer normalvector, |nj| = 1
- U(x, th)|q, = U7 p.w. constant

H

tn+1
urtt =up - Fr(U(x,t)n; «
\Q T 1€ES(I el
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FVM

UII.H-‘I Un

Lukacova (AG Numerik)
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FVM

tn+1
urtt —uyn— / Fr(U(x,1))nje k
i i |Q\ - 1@6282 oM :

Z H(Ulnv Ug7 nl'f)
£eS(i)

numerical flux function H(U}, U7, n) :

Lukacova (AG Numerik) Hyperbolic conservation laws



FVM

th1

urtt = u"—m ZZ/ Fi(U(x,t))nj «

k=1 res(i) ” OS2t

At
urtt .= un - HU?, U7, ny)

ZES(I

numerical flux function H(U}, U7, n) :
consistency

H(U,U,n) = ZFK

conservation
H(U;, Uy, njg) = H(U,, Uj, —ny;)
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- classical methods: dimensional splitting methods
e Godunov methods = 1D Riemann problem:

ou OoOF
ar E(U) =0,

_ [ u(=UD), x<0
U(x,0) = { Un(= U), x>0,
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- classical methods: dimensional splitting methods
e Godunov methods = 1D Riemann problem:

oU OF
ot T a(u) =0,
_ [ U(=U}), x <0
Ulx,0):= { Un(= UD), x> 0.
(u-a) Py T (u+a)
/ (uu,u _;\

I
1Py
VL | 1 VR

P 1w, Pr
u R u

L I R
VL VR
“.'L “'R
PL Pr
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Riemann solvers

@ Exact Riemann solver (Godunov 1959)

@ One-wave Rusanov solver (1961)

@ Roe linearised Riemann solver (1981)

@ Osher-Solomon (nonlinear) Riemann solver (1982)

@ Flux-vector splitting solver (upwinding):
Viyajasundaram (1986), van Leer (1983),
Steger-Warming (1981)
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Riemann solvers

@ Exact Riemann solver (Godunov 1959)

@ One-wave Rusanov solver (1961)

@ Roe linearised Riemann solver (1981)

@ Osher-Solomon (nonlinear) Riemann solver (1982)

@ Flux-vector splitting solver (upwinding):
Viyajasundaram (1986), van Leer (1983),
Steger-Warming (1981)

- basic idea of approximate Riemann solvers: split flux into
"positive" and "negative" part

F(U)=F"(U)+F(U),
where corresponding Jacobians have either (only) positive
or negative eigenvalues
DF* ___DF~

+_ 2 _ =2
A - DU’ A DU
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Riemann solvers

@ Exact Riemann solver (Godunov 1959)

@ One-wave Rusanov solver (1961)

@ Roe linearised Riemann solver (1981)

@ Osher-Solomon (nonlinear) Riemann solver (1982)

@ Flux-vector splitting solver (upwinding):
Viyajasundaram (1986), van Leer (1983),
Steger-Warming (1981)

- basic idea of approximate Riemann solvers: split flux into
"positive" and "negative" part

F(U)=F"(U)+F(U),
where corresponding Jacobians have either (only) positive
or negative eigenvalues
DF* ___DF~

+—7 = —
A - DU’ A DU

Fii12=HU], U} y) = AT()U; + A" () Ui
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Central Schemes

e central finite difference approximation of fluxes
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Central Schemes

e central finite difference approximation of fluxes
¢ Lax-Friedrichs method (1960) (in 1D)
a typical representative, first order accurate

At
urtt = up- Ax (Fiz12— Fiz1)2)
1 1 Ax
Fivijz = 5 (F(U]) + F(ULLs)) = 517 (Uit —

Lukacova (AG Numerik) Hyperbolic conservation laws
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Central Schemes

e central finite difference approximation of fluxes
¢ Lax-Friedrichs method (1960) (in 1D)
a typical representative, first order accurate

At
urtt = uf - ~x (Fivi2 = Fio1p2)
1 1 Ax
Fii10 = 3 (F(U!) + F(U,y)) - CUNA 1

@ Lax-Wendroff method (1964) ... second order
accurate

@ Nessyahu-Tadmor scheme (1990)
@ FORCE flux schmes of Toro (1996)
@ Kurganov-Tadmor scheme (2000), ...

Lukacova (AG Numerik) Hyperbolic conservation laws
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