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Abstract

We present our recent results on mathematical modelling and numerical simulation
of non-Newtonian flows in compliant two-dimensional domains having applications in
hemodynamics. Two models of the shear-thinning non-Newtonian fluids, the power
law Carreau model and the logarithmic Yeleswarapu model, will be considered. For
the structural model the generalized string equation for radially symmetric tubes will
be generalized to stenosed vessels and vessel bifurcations.

The arbitrary Lagrangian-Eulerian approach is used in order to take into account
moving computational domains. To represent the fluid-structure interaction we use
two different methods: the global iterative approach and the kinematical splitting. We
will show that the latter method is more efficient and stable without any additional
subiterations. The analytical result for the existence of a weak solution for the shear-
thickening power-law fluid is based on the global iteration with respect to the domain
deformation, energy estimates, compactness arguments using the semi-continuity in
time and the theory of monotone operators. The numerical part of paper contains
several experiments for the Carreau and the Yeleswarapu model, comparisons of the
non-Newtonian and Newtonian models and the results for hemodynamical wall param-
eters; the wall shear stress and the oscillatory shear index. Numerical experiments
confirm higher order accuracy and the reliability of new fluid-structure interaction
methods.

keywords: non-Newtonian fluids, fluid-structure interaction, shear-thinning flow,
hemodynamical wall parameters, stenosis, kinematical splitting, numerical stability,
weak solution

1 Introduction

In the recent years there is a growing interest in the use of mathematical models and
numerical methods arising from other fields of computational fluid dynamics in hemody-
namics, see, e.g., [6, 8, 18, 19, 21, 27, 31, 36, 37, 39, 41, 40] just to mention some of
them.

Many numerical methods used for blood flow simulations are based on the Newtonian
model using the Navier-Stokes equations. This is efficient and useful, especially if the
flow in large arteries is modeled. However, in small vessels or dealing with patients with
a cardiovascular disease more complex models for blood rheology should be considered
[31]. In capillaries blood is even not a homogenized continuum and more precise models,
for example mixture theories need to be used. But even in the intermediate-size vessels
the non-Newtonian behavior of blood has been demonstrated, see, e.g., [2], [43] and the
references therein. In fact, blood is a complex mixture showing several non-Newtonian
properties, such as the shear-thinning, viscoelasticity [48], [49] the yield stress or the stress
relaxation [43].

The aim of this overview paper is to report on our recent results on mathematical
and numerical modelling of shear-dependent flow in moving vessels. The application to
hemodynamics will be pointed out. We will address the significance of non-Newtonian
models for reliable hemodynamical modelling. In particular, we will show that the rhe-
ological properties of fluid have an influence on the wall deformation as well as on the
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hemodynamical wall parameters, such as the wall shear stress and oscillatory shear index.
Consequently these models yield a more reliable prediction of critical vessel areas, see also
our previous results [28, 29, 24].

The paper is organized as follows. In Section 2 we recall the conservation laws for
shear-dependent fluids and present typical models for non-constant blood viscosity. The
generalized string model for the vessel deformation [40] is generalized to the case of refer-
ence radius, which is dependent on longitudinal variable. The derivation of this model for
radially symmetric domains follows in Section 3.

Section 4 is devoted to two strategies to model the coupling between a fluid and a struc-
ture. The global iterative method with respect to the domain, presented in Section 4.1,
provides besides the numerical scheme also a strategy to prove the existence of a weak
solution. Mathematical analysis of the well-posedness of a coupled fluid-structure model
arising from the blood flow in a compliant vessel is of great interest. In the literature there
are already several results for the Newtonian fluid flow in time-dependent domains, see,
e.g., [4, 5, 7, 6, 9, 10, 11, 12, 13, 20, 22, 23, 33, 47, 51] and others. The well-posedness of
non-Newtonian fluids has been studied only in the fixed domains, see, e.g., [17, 34, 35, 50].
In these works the technique of monotone operators and the Lipschitz- or L∞-truncation
techniques are applied in order to control the additional nonlinearities in the diffusion
terms arising from the non-Newtonian viscosity. In this overview paper we also present
our recent result on the existence of a weak solution for the shear-thickenning fluid in
compliant vessels, cf. [25]. The proof is based on the global iterative method with respect
to the domain deformation [13, 51], theory of monotone operators as well as the techniques
for moving domains developed in [7, Chambolle, Desjarden, Esteban, Grandmont].

The second fluid-structure interaction approach, that will be presented in Section 4.2, is
the loosely-coupled fluid-structure interaction algorithm based on the kinematical splitting

[21]. This is a novel way how to avoid instabilities due to the added mass effect and the
additional stabilization through subiterations. Subsection 4.2.1 is devoted to stability
analysis of the kinematical splitting method. Further details can be found in our recent
paper [28].

Results of numerical experiments are described in Section 5. We apply both fluid-
structure interaction methods and compare domain deformations as well the hemody-
namical wall indices measuring the danger of atherosclerotic plaque caused by temporal
oscillation or low values of the wall shear stress. We use two types of data: the model data
proposed by Sequeira and Nadau [31] and the physiological data from the iliac artery and
the carotid bifurcation measurements. In the hemodynamical wall parameters the effects
due to the fluid-structure interaction as well as the blood rheology have been observed.
Finally the experimental order of convergence for a rigid as well as a moving domain for
both fluid-structure interaction methods will be investigated. In the case of kinematical
splitting method second order convergence will be confirmed.
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2 Mathematical model for shear-dependent fluids

Flow of incompressible fluid is governed by the momentum and the continuity equation

ρ
∂u

∂t
+ ρ (u · ∇)u− div [2µD(u)] +∇p = f (1)

div u = 0.

Here ρ denotes the constant density of fluid, u = (u1, u2) the velocity vector, p the
pressure, D(u) = 1

2(∇u +∇uT ) the deformation tensor and µ the viscosity of the fluid.
In the literature various non-Newtonian models for the blood flow can be found. Here we
will consider shear-dependent fluids, in particular the Carreau model and the Yeleswarapu-
viscosity model [48], see also Fig. 1. For the Carreau model the viscosity function depends
on the shear rate |D(u)| =

√
D : D =

√

tr(D2) in the following way

µ = µ(D(u)) = µ∞ + (µ0 − µ∞)(1 + |γD(u)|2)q, q =
p− 2

2
≤ 0, (2)

where q, µ0, µ∞, γ are rheological parameters. According to [48] the physiological values
for blood are µ0 = 0.56P, µ∞ = 0.0345P, γ = 3.313, q = −0.322. Note that in the
case q = 0 the model reduces to the linear Newtonian model used in the Navier-Stokes
equations. The Yeleswarapu viscosity model reads

µ = µ(D(u)) = µ∞ + (µ0 − µ∞)
ln(1 + γ|D(u)|) + 1

(1 + γ|D(u)|) . (3)

The physiological measurements give µ0 = 0.736P, µ∞ = 0.05P, γ = 14.81 [48]. Time-
dependent computational domain

Ω(η(t)) ≡ {(x1, x2) : −L < x1 < L, 0 < x2 < R0(x1) + η(x1, t)} , 0 ≤ t ≤ T

is given by a reference radius function R0(x1) and an unknown free boundary function
η(x1, t) describing the domain deformation. For simplicity we will also use a shorter
notation Ωt := Ω(η(t)). We restrict ourselves to two-dimensional domains.
In order to capture movement of a deformable computational domain and preserve the
rigidness of inflow and outflow parts, the conservation laws are rewritten using the so-called
ALE (Arbitrary Lagrangian-Eulerian) mapping At, see Fig. 3. It is a continuous
bijective mapping from the reference configuration Ωref , e.g. at time t = 0, onto the
current one Ωt = Ω(η(t)), At : Ωref → Ωt.
Introducing the so-called ALE-derivative

DAu(x, t)

Dt
:=

∂u(Y , t)

∂t

∣

∣

∣

∣

Y =A−1(x)

=
∂u(x, t)

∂t

∣

∣

∣

∣

x
+w(x, t)·5u(x, t), x ∈ Ωt, Y ∈ Ωref

(4)

and the domain velocity w(x, t) := ∂A(Y )
∂t

∣

∣

∣

Y =A−1(x)
= ∂x

∂t for x ∈ Ωt, Y ∈ Ωref we

rewrite the governing equations (1) into a formulation that takes explicitly into account
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Figure 1: Shear-thinning viscosity (2), (3) for physiological blood parameters.
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Figure 2: Computational domain geometry.

time-dependent behaviour of the domain, i.e.

ρ

[DAu

Dt
+ ((u−w) · 5)u

]

− div
[

2µ(D(u)) D(u)
]

+5p = f (5)

divu = 0 on Ω(η(t)).

Equation (5) is equipped with the initial and boundary conditions

u = u0 with divu0 = 0 on Ω0, (6)
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Figure 3: ALE-mapping At for a domain with moving boundary.

(

T(u, p)− 1

2
|u|2I

)

· n = −Pin I · n, on Γin, t ∈ (0, T ), (7)

(

T(u, p)− 1

2
|u|2I

)

· n = −Pout I · n, on Γout, t ∈ (0, T ), (8)

∂u1
∂x2

= 0, u2 = 0, on Γsym, t ∈ (0, T ). (9)

Conditions (7) and (8) are called the kinematical pressure conditions. The fluid velocity
is coupled with the velocity of wall deformation by the so-called kinematical coupling
condition

u = w :=

(

0,
∂η

∂t

)T

on Γwall, t ∈ (0, T ). (10)

3 Generalized string model for the wall deformation

In order to model biological structure several models have been proposed in literature.
For example, to model flow in a collapsible tubes a two-dimensional thin shell model
can be used, see results of Wall et al. [16]. Recently Čanic̀ et al. [6] developed a new
one-dimensional model for arterial walls, the linearly viscoelastic cylindrical Koiter shell
model, that is closed and rigorously derived by energy estimates, asymptotic analysis and
homogenization techniques. The viscous fluid dissipation imparts long-term viscoelastic
memory effects represented by higher order derivatives.

In the present work we will consider the generalized string model for vessel wall de-
formation. The original generalized string model, see [40], was valid only for radially
symmetric domains with a constant reference radius R0. In order to model stenotic occlu-
sions we will extend this model and assume that the reference radius at rest R0 depends
on the longitudinal variable.

Let us consider a three-dimensional radially symmetric domain. We assume that the
deformations are only in the radial direction and set x1 = z - longitudinal direction and
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x2 = r - radial direction. The radial wall displacement, constant with respect to the angle
θ, is defined as

η(z, t) = R(z, t)−R0(z), z ∈ (−L,L), t ∈ (0, T ),

where R(z, t) is the actual radius and R0(z) is the reference radius at rest. Since the
actual radius of the compliant tube is given by R(z, t) = R0(z) + η(z, t), the reference
radius R0 and the actual radius R coincides for fixed solid domains and are dependent
only on the spatial variable z. The assumption of radially symmetric geometry and radial
displacement allow us to approximate the length of arc in the reference configuration by
dc0 ≈ R0dθ and the length of the deformed arc as dc ≈ Rdθ, see Fig. 4 and also [40].
Further, we assume that the gradient of displacement ∂zη is small, which implies the
linear constitutive law (linear elasticity) of the vessel wall. The wall thickness is assumed
to be small and constant. Moreover we approximate the infinitesimal surface S of Γwall

in the following way S ≈ dc dl.

z

θ/2

σσ

e

e

θ

θ

z

d

θ

σz

θ

e r

z

dl
σ

dc

h

σθ

θ
_

0

R

Rer

σθ

θ/2d

θ/2d

n n
θ θ

Transversal Section

τ

n

e

σ z

 z
re

dl

dz

z*−dz/2 z*+dz/2

α
e z

Longitudinal Section 

Line
Reference

σ z

Figure 4: Small portion of vessel wall with physical characteristics [40].

The linear momentum law: Force = Mass × Acceleration is applied in the radial
direction to obtain the equation for η.

Mass = ρw~ dc dl, Acceleration =
∂2R(z, t)

∂t2
=

∂2η(z, t)

∂t2
, (11)

where ρw is the density of the wall and ~ its thickness.
Now we evaluate forces acting on the vessel wall. The tissue surrounding the vessel

wall interacts with the vessel wall by exerting a constant pressure Pw. The resulting tissue
force is f tissue = −Pwn dc dl ≈ −PwnR dθ dl .

The forces from the fluid on Γwall are represented by the normal component of the
Cauchy stress tensor f fluid = −Tn dc dl , T = −pI + 2µ(D(u))D(u). By summing the
tissue and fluid forces we get the resulting external force acting on the vessel wall along
the radial direction (f ext = f tissue + ffluid):

fext

∣

∣

∣

Γwall

= f ext

∣

∣

∣

Γwall

· er = (−T− PwI)n
∣

∣

∣

Γwall

· er dc dl,
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where er is the unit vector in the radial direction and n = 1√
1+(∂zR)2

(−∂zR, 1) the unit

outward normal to the boundary Γwall. We transform this force from the Eulerian to the
Lagrangian coordinates, see, e.g., [24] for more details.

fext

∣

∣

∣

Γ0
wall

= −(T̃+ P̃wI)ñ
∣

∣

∣

Γ0
wall

· er
R
√

1 + (∂zR)2

R0

√

1 + (∂zR0)
2
dc0 dl0,

here n(x) = ñ(x̃), x = (z,R(z, t)) ∈ Γwall, x̃ = (z,R0(z)) ∈ Γ0
wall. The term

R
√

1+(∂zR)2

R0

√
1+(∂zR0)2

arrives from the transformation to the Lagranian coordinates, in particular we have the
transformation of the curve Γwall(t) = {(z,R(z, t)), z ∈ (−L,L)} to the curve Γ0

wall =
{(z,R0(z)), z ∈ (−L,L)}.

The internal forces acting on the vessel portion are due to the circumferential stress
σθ (constant with respect to the angle) and the longitudinal stress σz. Both stresses are
directed along the normal to the surface to which they act. Let us denote σθ = σθ · n.
Further the longitudinal stress σz is parallel to tangent, i.e. σz = ±σzτ . The sign is
positive if the versus of the normal to the surface, on which σz is acting, is the same as
those chosen for τ .

We have fint = (f θ + f z) · er and

f θ · er =
[

σθ

(

θ̄ +
dθ

2

)

+ σθ

(

θ̄ − dθ

2

)]

· er~ dl = 2|σθ|cos
(π

2
+

dθ

2

)

~ dl

= −2|σθ| sin
(

dθ

2

)

~ dl ≈ −|σθ|~ dθ dl = −E
η

R0
~ dθ dl,

f z · er =
[

σz

(

z∗ +
dz

2

)

+ σz

(

z∗ − dz

2

)]

· er~ dc

=
τ (z∗ + dz

2 )− τ (z∗ − dz
2 )

dz
· er~|σz| dz dc

≈ |σz|
[dτ

dz
(z∗)

]

· er~ dz dc

≈
(

∂2η

∂z2
+

∂2R0

∂z2

)

[

1 +

(

∂R0

∂z

)2
]−1

n · er|σz|~dz dc.

Here we have used the following properties. According to the linear elasticity assumption
the stress tensor σθ is proportional to the relative circumferential prolongation, i.e.

σθ = E
2π(R −R0)

2πR0
= E

η

R0
, E is Young’s modulus of elasticity.

To evaluate the longitudinal force we have used the following result, that is a generalization
of an analogous lemma from [40].
Lemma. If ∂η

∂z is small then

dτ

dz
(z∗) ≈

(

∂2η

∂z2
+

∂2R0

∂z2

)

[

1 +

(

∂R0

∂z

)2
]−1

n.
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Proof: Let a parametric curve c be defined at each t on the plane (z, r) by

c : R → R
2, z → (c1(z), c2(z)) = (z,R(z, t)) = (z,R0(z, t) + η(z, t)),

and τ , n, κ denote the tangent, the normal and the curvature of c, respectively. Then
according to the Serret-Frenet formula [40] we have

dτ

dz
(z) =

∣

∣

∣

∣

dc

dz
(z)

∣

∣

∣

∣

κ(z)ñ(z).

Here ñ = ±n is the normal oriented towards the center of curvature. Furthermore since
we assume ∂η

∂z to be small, we have

∣

∣

∣

∣

dc

dz
(z)

∣

∣

∣

∣

=

[

1 +

(

∂R

∂z

)2
]1/2

≈
[

1 +

(

∂R0

∂z

)2
]1/2

and

κ =

∣

∣

∣

∣

dc1
dz

d2c2
dz2

− dc2
dz

d2c1
dz2

∣

∣

∣

∣

∣

∣

∣

∣

dc

dz

∣

∣

∣

∣

−3

=

∣

∣

∣

∣

∂2R

∂z2

∣

∣

∣

∣

[

1 +

(

∂R

∂z

)2
]− 3

2

≈
∣

∣

∣

∣

∂2R0 + ∂2η

∂z2

∣

∣

∣

∣

[

1 +

(

∂R0

∂z

)2
]− 3

2

.

Since the sign of ∂2R
∂z2

determines the convexity of curve, ñ = sign
(

∂2R
∂z2

)

n, we obtain the

desired result. �

Now we use the assumption of the incompressibility of material; the volume of the
infinitesimal portion remains constant under the deformation: ~dcdl = ~dc0dl0. Using
this assumption the internal forces can be expressed as

fint ≈







−E
η

RR0
+

(

∂2η

∂z2
+

∂2R0

∂z2

)

[

1 +

(

∂R0

∂z

)2
]−1

n · er|σz|
dz

dl







~ dc0dl0.

Moreover, we use the fact that n · er = 1/
√

1 + (∂zR)2 ≈ 1/
√

1 + (∂zR0)2, and

dz

dl
≈ cos(](ez, τ )) = ez · τ ≈ 1/

√

1 + (∂zR0)2,

compare Fig. 4.

Summing up all contributions of balancing forces acting on the infinitesimal portion
of Γwall we obtain from the linear momentum law (11) using the transformation to Γ0

wall










ρw~
∂2η

∂t2
− |σz|

(

∂2η
∂z2

+ ∂2R0
∂z2

)

[

1 +
(

∂R0
∂z

)2
]2~+ E~

η

R0R

+(T̃+ P̃wI)ñ · er
R

√

1 +
(∂(R0+η)

∂z

)2

R0

√

1 + (∂R0
∂z )2







R0dθ dl0 = o(dθdl0 ).
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Thus by dividing the above equation by ρw~R0 dθ dl0 and passing to the limit for
dθ → 0, dl0 → 0 we obtain the so called vibrating string model. Adding a damping term
−c∂3

tzzη (or −c∂5
tzzzzη) c > 0 at the left hand side we get the generalized string model for

radially symmetric domains with non-constant reference radius R0(z)







∂2η

∂t2
− |σz|

ρw

(

∂2η
∂z2

+ ∂2R0
∂z2

)

[

1 + (∂zR0)
2
]2 +

Eη

ρwR0(R0 + η)
− c

∂3η

∂t∂2z






(z, t) = (12)

[

−(T̃+ P̃wI)ñ
]

(z,R0(z)) · er
(R0 + η)(z, t)

R0(z)ρw~

√

1 + (∂zR0 + ∂zη)
2

√

1 + (∂zR0)
2

.

The generalized string model for structure (12) is completed with the initial and bound-
ary conditions

η = 0,
∂η

∂t
= u0|Γ0

wall
· er on Γ0

wall, (13)

η(−L, t) = η1, η(L, t) = η2, for t ∈ (0, T ). (14)

Let us point out that the coupling of fluid and structure is realized by the kinematical
and dynamical coupling conditions. The dynamical coupling is represented by the conti-
nuity of stresses, i.e. the fluid forces acting on the structure are due to fluid stress tensor
at the right hand side of the structure equation (12). The kinematical coupling represents
the continuity of velocities at the moving boundaries, which is the condition (10).

4 Fluid-structure interaction methods

In what follows we describe two numerical schemes for coupling the fluid and the structure.
The first approach, called the global iterative method, is based on the global iterations
with respect to the domain geometry. This method belongs to the strong coupling-type
methods. In the second approach, the kinematical splitting, the structure equation (12) is
splitted into two parts, which are solved consequently. Using this splitting, no additional
iterations between the fluid and the structure are necessary. The second method belongs
to the class of weakly coupled methods.

4.1 Strong coupling: global iterative method

Assume that the domain deformation η = η(k) is a given function, take η(0) = η(·, 0).
The vector (u(k+1), p(k+1), η(k+1)) is obtained as a solution of (1), (12) for all x ∈ Ω(η(k)),
x1 ∈ (−L,L) and all t ∈ (0, T ). Instead of condition (10) we use

u2(x1, x2, t) =
∂η(k)

∂t
(x1, t) = w2(x1, x2, t), u1(x1, x2, t) = 0 on Γ

(k)
wall(t), (15)
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where Γ
(k)
wall(t) = {(x1, x2); x2 = R0(x1) + η(k)(x1, t), x1 ∈ (−L,L)}, t ∈ (0, T ) and w is

the velocity of mesh movement related to smoothing the grid after moving its boundary
(we allow just movement in the x2 direction, x1 direction is neglected), see also [51].

Further we linearize the equation (12) replacing the non-linear term on its left hand side
by Eη/(ρw(R0+η(k))R0). In order to decouple (1) or (5) and (12) we evaluate the forcing
term at the right hand side of (12) at the old time step tn−1, see also Fig 6. Convergence of
this global method was verified experimentally. Our extensive numerical experiments show
fast convergence of domain deformation, two iteration of domain deformation differ about
10−4cm (for e.g., R0 = 1cm) pointwisely after few, about 5 iterations. As an example we
have depicted in Figure 3 a deformed vessel wall after 1, 2, 3 and 9 global iterations at the
same time T = 0.36s. It illustrates that the vessel wall converges to one curve and does
not change significantly already after second iteration, see Fig. 5. Theoretical proof of
the convergence η(k) → η can be obtained by means of the Schauder fixed point theorem,
cf. [25] and the following subsection.

−5 −4 −3 −2 −1 0 1 2 3 4 5
0

0.02

0.04

0.06

0.08

t=0.36 s

η 
(c

m
)

 

 
1.iteration
2.iteration
3.iteration
9.iteration

Figure 5: Several iterations of the wall deformation η at time t = 0.36s, after a few
iterations curves coincide. Computed for the Carreau model with Re = 40, cf. (49).

4.1.1 Existence of a weak solution to the coupled problem

In the recent years the well-posedness of fluid-structure interaction is being extensively
studied. In particular, the well-possedness of the mathematical model describing the
Newtonian fluid flow in compliant vessels has been studied in [6, 7, 13, 23, 25, 47], see
also [4, 5] for related results. In [47] local existence in time of strong solutions is shown,
provided the initial data are sufficiently small. Cheng, Shkoller and Coutand [9, 11]
studied coupled problem consisting of viscous incompressible fluid and elastic solid shell.
Mathematically, the shell encloses the fluid and creates a time-dependent boundary of
viscous fluid. In [9] Cheng and Shkoller proved local (in time) existence and uniqueness
of regular solutions. For three-dimensional problems in addition some smallness of shell
thickness has to be assumed. The difficulty of the coupled model lies in a parabolic-
hyperbolic coupling of viscous fluid and hyperbolic structure. A new idea presented in
their recent works [10, 11, 12] is based on introducing a functional framework that scales
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k=0,   h=η k

h=η (x,t)
k+1

(h),Ω

.

.

.

tn

t1,

t2,
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..
.

(h)
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η
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if convergence 

if not
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(x,t2)

k+1(x,t1)
k+1

k+1

k+1

k+1
k+1

η

Ω

1.deformat. problem, use 

Figure 6: The sketch of the global iterative method.

in a hyperbolic fashion and is thus driven by the elastic structure. The problem has been
reformulated in the Lagrangian coordinates.

In contrast to these local existence and uniqueness results for regular solutions we can
find already several results on global existence of weak solutions. Recently, Padula et al.
[23] showed the global existence in time of weak solutions when initial data are sufficiently
close to equilibrium. If no restriction on initial data is assumed, then weak solutions exist
as long as the elastic wall does not touch the rigid bottom [23]. In [22] uniqueness and
continuous dependence on initial data for weak solutions has been studied.

Similarly, in [7] Chambole et al. proved the global existence of weak solutions until a
contact of the viscoelastic and the rigid boundary, see also [20] for the existence result
of stationary solution and the elastic Saint-Venant-Kirchhoff material and [44] for related
results.

In [25] we have proved the existence of a weak solution of fully coupled fluid-structure
interaction problem between the non-Newtonian shear-thickening fluid and linear vis-
coelastic structure. In order to obtain enough regular η we need to regularize the structure
equation (12) with ηtxxxx instead of ηtxx.

Now, assuming that η is enough regular (see below) and taking into account the results
from [7] we can define functional spaces that give sense to the trace of velocity from
W 1,p(Ω(η(t))) and thus define the weak solution of the problem. We assume that R0 ∈
C2
0 (0, L). Note that p is the exponent of the polynomial viscosity function, see, e.g., (2).

In [25] more general non-Newtonian models with a polynomially growing potential of the
stress tensor have been analyzed as well .
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Definition 4.1 [Weak formulation]
We say that (u, η) is a weak solution of (1), (12), (10) with the initial and boundary
conditions (6), (7), (8), (9), (13), (14) on [0, T ) if the following conditions hold

- u ∈ Lp(0, T ;W 1,p(Ω(η(t)))) ∩ L∞(0, T ;L2(Ω(η(t))))

- η ∈ W 1,∞(0, T ;L2(−L,L)) ∩H1(0, T ;H2
0 (−L,L))

- divu = 0 a.e. on Ω(η(t))

- u = (0, ηt) for a.e. x ∈ Γw(t), t ∈ (0, T ),

∫ T

0

∫

Ω(η(t))







−ρu · ∂ϕ
∂t

+ 2µ(|(u)|)D(u)D(ϕ) + ρ

2
∑

i,j=1

ui
∂uj
∂xi

ϕj







dx dt

+

∫ T

0

∫ R0(L)

0

(

Pout −
ρ

2
|u1|2

)

ϕ1(L, x2, t) dx2 dt (16)

−
∫ T

0

∫ R0(0)

0

(

Pin − ρ

2
|u1|2

)

ϕ1(−L, x2, t) dx2 dt

+

∫ T

0

∫ L

−L
Pwϕ2(x1, R0(x1) + η(x1, t), t)− a

∂2R0

∂x21
ξ dx1 dt

+

∫ T

0

∫ L

−L
−∂η

∂t

∂ξ

∂t
+ c

∂3η

∂x21∂t

∂2ξ

∂x21
+ a

∂η

∂x1

∂ξ

∂x1
+ bη ξ dx1 dt = 0

for every test functions

ϕ(x1, x2, t) ∈ H1(0, T ;W 1,p(Ω(η(t)))) such that

divϕ = 0 a.e on Ω(η(t)),

ϕ2|Γw(t) ∈ H1(0, T ;H2
0 (Γw(t))) and

ξ(x1, t) = Ẽρϕ2(x1, R0(x1) + η(x1, t), t),

where Ẽ is a given constant depending on the structural material properties.

Theorem 4.1 (Existence of a weak solution [25]).
Let p ≥ 2. Assume that the boundary data fulfill Pin ∈ Lp′(0, T ;L2(0, R0(0))), Pout ∈
Lp′(0, T ;L2(0, R0(L))), Pw ∈ Lp′(0, T ;L2(−L,L)), 1

p + 1
p′ = 1. Furthermore, assume that



Shear-dependent non-Newtonian fluids in compliant vessels 14

the viscous stress tensor τ has a potential U ∈ C2(R2×2) satisfying the following conditions

∂U(η)
∂ηij

= τij(η) (17)

U(0) = ∂U(0)
∂ηij

= 0 (18)

∂2U(η)
∂ηmn∂ηrs

ξmnξrs ≥ C1 (1 + |η|)p−2|ξ|2 (19)

∣

∣

∣

∣

∂2U(η)
∂ηij∂ηkl

∣

∣

∣

∣

≤ C2(1 + |η|)p−2. (20)

Then there exists a weak solution (u, η) of the problem (1), (12), (10) with the initial
and boundary conditions (6), (7), (8), (9), (13), (14) such that

i) u ∈ Lp(0, T ;W 1,p(Ω(η(t)))) ∩ L∞(0, T ;L2(Ω(η(t)))),
η ∈ W 1,∞(0, T ;L2(−L,L)) ∩H1(0, T ;H2

0 (−L,L))
ii) u = (0, ηt) for a.e. x ∈ Γw(t), t ∈ (0, T )
iii) u satisfies the condition divu = 0 a.e on Ω(η(t)) and (16) holds.

The proof of existence is realized in several steps:

a) Approximation of the solenoidal spaces on a moving domain by the artificial com-
pressibility approach: ε - approximation

ε

(

∂pε
∂t

−∆pε

)

+ divvε = 0 in Ω(η(k)), (21)

∂pε
∂n

= 0 on ∂Ω(η(k)), ε > 0.

b) Splitting the boundary conditions (10), (12) by introducing the semi-pervious bound-
ary: κ - approximation.

[

µ(|e(v)|)
{

−
(

∂v2
∂x1

+
∂v1
∂x2

)

∂h

∂x1
+ 2

∂v2
∂x2

}

− p+ Pw

]

(x̄, t) (22)

−ρ

2
v2

(

v2(x̄, t)−
∂η(k)

∂t
(x1, t)

)

= ρκ
(∂η

∂t
(x1, t)− v2(x̄, t)

)

and

−Ẽ

[

∂2η

∂t2
− a

∂2η

∂x21
+ bη+c

∂5η

∂t∂x41
− a

∂2R0

∂x21

]

(x1, t) (23)

= κ
(∂η

∂t
(x1, t)− v2(x̄, t)

)

x̄ = (x1, η
(k)(x1, t)), x1 ∈ (−L,L)

with κ � 1. For finite κ the boundary Γw is partly permeable, but letting κ → ∞
it becomes impervious. In fact, we can prove the existence of solution if κ → ∞ and
thus we get the original boundary condition.
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c) Transformation of the weak formulation on a time dependent domain Ω(η(t)) to
a fixed reference domain D = (−L,L) × (0, 1) using a given domain deformation
η = η(k): k - approximation.

The (κ, ε)-approximated problem is defined on a moving domain depending on func-
tion h = R0 + η(k). We will transform it to a fixed rectangular domain and set

v(y1, y2, t)
def
= u(y1, h(y1, t)y2, t)

q(y1, y2, t)
def
= ρ−1p(y1, h(y1, t)y2, t) (24)

σ(y1, t)
def
=

∂η

∂t
(y1, t)

for y ∈ D = {(y1, y2); −L < y1 < L, 0 < y2 < 1}, 0 < t < T .

d) Limiting process for ε → 0, κ → ∞ and k → ∞, respectively.

We firstly show the existence of weak solutions of stationary problems obtained by
time discretization. Furthermore, we derive suitable a priori estimates for piecewise ap-
proximations in time. By using the theory of monotone operators, the Minty-Browder
theorem and the compactness arguments due to the Lions-Aubin lemma, we can show the
convergence of time approximations to its weak unsteady solution. Thus we obtain the
existence of a weak solution to the (κ, ε, k) - approximate problem. The next step are the
limiting processes for κ and ε. First of all we show the limiting process in ε → 0 since
necessary a priori estimates obtained by means of the energy method are independent on
ε. In order to realize the limiting process in κ; κ → ∞, we however need new a priori
estimates and show the semi-continuity in time. Thus, letting ε → 0 and κ → ∞ we
obtain the existence of weak solution to the k−approximate problem depending only on
the approximation of domain deformation h(x1, t) = R0(x1) + η(k)(x1, t). The final lim-
iting process with respect to the domain deformation, i.e. for k → ∞ will be realized
by the Schauder fixed point arguments for a regularized problem and consequently by
passing to the limit with the regularizing parameter. This will yield the existence of at
least one weak solution of the fully coupled unsteady fluid-structure interaction between
the non-Newtonian shear-dependent fluid and the viscoelastic string.

The existence result from [25] is the generalization of the results of Filo and Zaušková
[13] where the Newtonian fluids were considered. In [13] the generalized string equation
with a third order regularizing term was considered, but the final limiting step for k → ∞
was open.

4.2 Weak coupling: kinematical splitting algorithm

First, let us rewrite the generalized string model (12) in the following way

∂2η

∂t2
− a

∂2η

∂x21
+ bη − c

∂3η

∂t∂x21
= −(T+ Pw I) · n · er

ρw~
+ a

∂2R0

∂x21
on Γwall(t) (25)
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or

∂2η

∂t2
−a

∂2η

∂x21
+bη−c

∂3η

∂t∂x21
= −(T̃+ P̃w I) · ñ · er

ρw~

R

R0

√

1 + (∂x1R)2
√

1 + (∂x1R0)2
+a

∂2R0

∂x21
on Γ0

wall .

(26)
Here the parameters are defined as follows

a =
|σx1 |
ρw

[

1 +

(

∂R0

∂x1

)2
]−2

, b =
E

ρwR0(R0 + η)
, c =

γ

ρw~
. (27)

Recall that E is the Young modulus, ~ the thickness of the vessel wall, ρw its density,
γ is a positive viscoelastic constant and |σx1 | magnitude of the stress tensor component
in the longitudinal direction, cf. also Subsection 5.3 for typical physiological values. The
kinematical splitting algorithm is based on the kinematical coupling condition

u = w :=

(

0,
∂η

∂t

)

on Γ0
wall (28)

and special splitting of the structure equation into the hyperbolic and parabolic part. We
define the operator A that includes the fluid solver for (5) and the viscoelastic part of
structure equation

A operator (hydrodynamic)























fluid solver (u, p),

ξ := u2|Γwall
,

∂ξ

∂t
= c

∂2ξ

∂x12
+H(u, p)

(29)

and the operator B for purely elastic load of the structure

B operator (elastic)















∂η

∂t
= ξ,

∂ξ

∂t
= a

∂2η

∂x12
− bη +H(R0),

(30)

where

H(u, p) := −(T̃+ P̃wI) · ñ · er
ρw~

(R0 + η)

R0

√

1 + (∂x1R)2
√

1 + (∂x1R0)2
, H(R0) := a

∂2R0

∂x21
. (31)

Here we note that the coupling condition allowed us to rewrite the hydrodynamic part of
structure equation in the terms of wall velocity ξ. Time discretization of our problem is
done in the following way: from the fluid equation we compute new velocities un+1 and
pressures pn+1 for xn ∈ Ωn (i.e. Ωt for t = tn). Note that ũn+1 = un+1 ◦ Atn+1 ◦ A−1

tn

and p̃n+1 = pn+1 ◦ Atn+1 ◦ A−1
tn , where Atn is the ALE-mapping from a reference domain

Ωref onto Ωn. Then we continue with computing of the wall velocity ξn+
1
2 from the
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hydrodynamic part of structure equation (29). Further on we proceed with the operator
B and compute new wall displacement ηn+1 and new wall velocity ξn+1. Finally, knowing
ηn+1 the geometry is updated from Ωn to Ωn+1 and new values of fluid velocity un+1 and
pressure pn+1 are transformed onto Ωn+1. In order to update the domain Ωn we need to
define the grid velocity w. First, we set w|Γwall

= ξn+1. In order to prescribe the grid
velocity also inside Ω we can solve an auxiliary problem, cf., e.g., [15] or interpolate w.
Consequently, we get wn+1 = ∂x/∂t, x ∈ Ωn+1.

4.2.1 Stability analysis

In what follows we will briefly describe stability analysis of the semi-discrete scheme for the
kinematical coupling approach. More details on the derivation can be found in [28]. Now,
let us consider the weak formulation of the fluid equation and set for the test function u.
Integrating over Ωn and approximating the time derivative by the backward Euler method
the operator A yields the following equation for new intermediate velocities ũn+1, ξn+

1
2

∫

Ωn

ũn+1 · ũ
n+1 − un

∆t
dω +

2

ρ

∫

Ωn

µ(|D(ũn+1)|) D(ũn+1) : D(ũn+1) dω

+
1

2

∫

Ωn

|ũn+1|2div wn dω = −ρw~

∫

Γ0
wall

[

ξn+
1
2 − ξn

∆t

]

ξn+
1
2 dl0

−ρw~c

∫

Γ0
wall

[

∂ξn+
1
2

∂x1

]2

dl0 −
∫

Γn
wall

P̃w(t
n+1) ũn+1

2
√

1 + (∂x1R0)2
dl +

∫

Ωn

ũn+1 · fn+1 dω

+

∫ R0

0
Pin(t

n+1)ũn+1
1 |x1=0 dx2 −

∫ R0

0
Pout(t

n+1)ũn+1
1 |x1=L dx2. (32)

Moreover, we have div ũn+1 = 0 in Ωn. The operator B is discretized in time via the
Crank-Nicolson scheme, i.e.

ηn+1 − ηn

∆t
=

1

2

(

ξn+1 + ξn+
1
2
)

, (33)

ξn+1 − ξn+
1
2

∆t
=

a

2

(

ηn+1
x1x1

+ ηnx1x1

)

− b

2

(

ηn+1 + ηn
)

+H(R0). (34)

The discrete scheme (33)-(34) is also reported in literature as the Newmark scheme.
First we look for an energy estimate of the semi-discrete weak formulation of the

momentum equation (32). In order to control the energy of the operator A we apply the
Young, the trace and the Korn inequality for the individual terms from (32). After some
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manipulations, cf. [28], we obtain

||ũn+1||2L2(Ωn) + C∗∆t||ũn+1||p
W 1,p(Ωn)

+ρw~

[

||ξn+ 1
2 ||2L2(Γ0

wall)
− ||ξn||2L2(Γ0

wall)
+ 2∆tc ||ξn+

1
2

x1 ||2L2(Γ0
wall)

]

≤ ||un||2L2(Ωn) + αn∆t||ũn+1||2L2(Ωn) +
∆t

2ε
RHSn+1 + 2C∗κ ∆t , (35)

where κ = 0 for p ≥ 2 and κ = 1 for 1 ≤ p < 2, αn := ||div wn||L∞(Ωn),

RHSn+1 := ||Pin(t
n+1)||p′

Lp′ (Γin)
+ ||Pout(t

n+1)||p′
Lp′ (Γout)

+ ||P̃w(t
n+1)||p′

Lp′ (Γn
wall)

+||fn+1||p′
Lp′ (Ωn+1)

and C∗, Ctr, ε are positive constants. The dual argument p′ ≥ 1 satisfies 1/p + 1/p′ = 1.
In order to rewrite the term containing the norm ||ũn+1||L2(Ωn) by means of ||ũn+1||L2(Ωn+1)

and ||un||L2(Ωn) we use the so-called Geometric Conservation Law (GCL), cf. [26, 15,
36]. It requires that a numerical scheme should reproduce a constant solution, i.e.

∫

Ωn+1

dωn+1 −
∫

Ωn

dωn =

∫ tn+1

tn

∫

Ωt

div w dω dt . (36)

Applying (36) to the function |ũn+1|2 we obtain

||un+1||2L2(Ωn+1) − ||ũn+1||2L2(Ωn) =

tn+1
∫

tn

∫

Ωt

|ũ|2 div w dω dt . (37)

Taking into account the ALE-mapping, we have for t ∈ (tn, tn+1)

x = Atn,tn+1(xn), dωn = |J−1
Atn,tn+1

| dω ,

where Atn,tn+1 := Atn+1 ◦ A−1
tn denotes the ALE-mapping between two time levels, JA is

the determinant of the Jacobian matrix of the ALE mapping. The right hand side of (37)
can be further estimated in the following way

tn+1
∫

tn

∫

Ωt

|ũ|2 div w dω dt ≤ βn∆t||un||2L2(Ωn) , (38)

where βn := sup
t∈(tn,tn+1)

{

||div w · |J−1
Atn,tn+1

| ||L∞(Ωn)

}

. Inserting (38) to (37) we obtain the

desired estimate

||ũn+1||2L2(Ωn) ≥ ||un+1||2L2(Ωn+1) − βn∆t||un||2L2(Ωn) . (39)



Shear-dependent non-Newtonian fluids in compliant vessels 19

Moreover, we also obtain from (37)

αn∆t||ũn+1||2L2(Ωn) ≤ αn∆t||un+1||2L2(Ωn+1) + αnβn(∆t)2||un||2L2(Ωn). (40)

Using the inequalities (39)-(40) and summing up (35) for the first n + 1 time steps we
obtain the following estimate for the operator A

||un+1||2L2(Ωn+1) + C∗∆t

n
∑

i=0

||ũi+1||p
W 1,p(Ωi)

+ρw~
n
∑

i=0

[

||ξi+ 1
2 ||2L2(Γ0

wall)
− ||ξi||2L2(Γ0

wall)
+ 2∆tc||ξi+

1
2

x1 ||2L2(Γ0
wall)

]

≤
[

1 + ∆tβ0 + (∆t)2α0β0

]

||u0||2L2(Ω0) +∆t
n+1
∑

i=1

[

βi(1 + αi∆t) + αi−1

]

||ui||2L2(Ωi)

+
∆t

2ε

n+1
∑

i=1

RHSi + 2C∗κ T . (41)

In order to estimate of the operator B we firstly multiply the equation (33) by b(ηn+1+ηn)

and the equation (34) by (ξn+1 + ξn+
1
2 ), secondly sum up the multiplied equations and

then integrate them over Γ0
wall. Finally, after some manipulation [28], we obtain

a||ηn+1
x1

||2L2(Γ0
wall)

+
b

2
||ηn+1||2L2(Γ0

wall)
+ ||ξn+1||2L2(Γ0

wall)

≤ a||η0x1
||2L2(Γ0

wall)
+

3b

2
||η0||2L2(Γ0

wall)
+ ||ξ0||2L2(Γ0

wall)

+

n
∑

i=0

(

||ξi+ 1
2 ||2L2(Γ0

wall)
− ||ξi||2L2(Γ0

wall)

)

+
aL|Γ0

wall|
δ

. (42)

Here L :=

∥

∥

∥

∥

∂2R0

∂x21

∥

∥

∥

∥

2

L∞(Γ0
wall)

and δ is a small positive number.

Combining the estimates for the operator A, cf. (41), with the operator B, cf. (42), we
obtain

En+1 +∆t

n+1
∑

i=1

Gi ≤ E0 +Q0 +∆t

n+1
∑

i=1

P i +∆t

n+1
∑

i=1

[

βi(1 + αi∆t) + αi−1

]

Ei,

where

Ei := ||ui||2L2(Ωi) + ρs~

[

||ηix1
||2L2(Γ0

wall)
+

b

2
||ηi||2L2(Γ0

wall)
+ ||ξi||2L2(Γ0

wall)

]

,

Gi := C∗||ũi||p
W 1,p(Ωi−1)

+ 2ρw~ c||ξi−
1
2

x1 ||2L2(Γ0
wall)

,

Q0 :=
[

∆tβ0 + (∆t)2α0β0
]

||u0||2L2(Ω0) + ρw~b ||η0||2L2(Γ0
wall)

+
aL|Γ0

wall|
δ

+ 2C∗κ T,

P i :=
1

2ε
RHSi ,
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and i = 0, . . . , n+ 1. Finally, using the discrete Gronwall lemma, cf. [42], we obtain

En+1+∆t

n+1
∑

i=1

Gi ≤
[

E0+Q0+∆t

n+1
∑

i=1

P i

]

exp

{

n+1
∑

i=1

(βi(1 + αi∆t) + αi−1)∆t

1− (βi(1 + αi∆t) + αi−1)∆t

}

(43)

with the following condition on the time step

∆t ≤ 1

βi(1 + αi∆t) + αi−1
for i = 0, . . . , n + 1. (44)

We would like to point out that assuming a smooth grid movement the coefficients αi

and βi are sufficiently small and thus the condition (44) is not very restrictive. Indeed,
our estimate is more general than those obtained by Formaggia et al. [15]. The estimate

(43) states that the kinetic and the dissipative energy En+1 +∆t

n+1
∑

i=1

Gi is bounded with

the initial and boundary data as well as a small constant arising from the smooth mesh
movement.

Remark: Applying the midpoint rule for approximation of the convective ALE-term
we can derive a corresponding energy estimate of the semi-discrete scheme without any
dependence on the domain velocity w. Here, we use the fact that in two-dimensional case
the integrand on the left hand side of the geometric conservation law (37) can be exactly
computed using the midpoint integration rule, cf. [26, 15, 36], i.e.

tn+1
∫

tn

∫

Ωt

|ũn+1|2 div w dω dt = ∆t

∫

Ωn+1/2

|ûn+1|2 div wn+1/2 dω. (45)

Here ûn+1 = un+1 ◦Atn+1 ◦A−1
tn+1/2 is defined on Ωn+1/2. As a consequence, the ALE-term

will exactly balance out the integral on right hand side of (45) and the total energy at the
new time step tn+1 will be bounded only with the initial energy and the boundary data

En+1 +∆t

n+1
∑

i=1

Gi ≤ E0 + ρw~b ||η0||2L2(Γ0
wall)

+
aL|Γ0

wall|
δ

+ 2C∗κT +∆t

n+1
∑

i=1

P i . (46)

For more details on the derivation of energy estimates (43) and (46) the reader is referred
to [28].

5 Numerical study

5.1 Hemodynamical indices

Several hemodynamical indices have been proposed in literature in order to measure the
risk zones in a blood vessel. They have been introduced to describe the mechanisms
correlated to intimal thickening of vessel wall. Many observations show that one reason is
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the blood flow oscillations during the diastolic phase of every single heart beat. To identify
the occlusion risk zones the Oscillatory Shear Index is usually studied in literature, see
[41]

OSI :=
1

2

(

1−
∫ T
0 τw dt
∫ T
0 |τw| dt

)

, (47)

where (0, T ) is the time interval of a single heart beat (T ≈ 1sec) and τw is the Wall Shear
Stress (WSS) defined as

WSS := τw = −Tn · τ . (48)

Here n and τ are the unit outward normal and the unit tangential vector on the arterial
wall Γwall(t), respectively. OSI index measures the temporal oscillations of the shear
stress pointwisely without taking into account the shear stress behavior in an immediate
neighborhood of a specific point.

It is known that the typical range of WSS in a normal artery is [1.0, 7.0] Pa and in the
venous system it is [0.1, 0.6] Pa, see [30]. The regions of artery that are athero-prone, i.e.
stimulates an atherogenic phenotype, are in the range of ±0.4 Pa. On the other hand, the
WSS greater than 1.5 Pa induces an anti-proliferative and anti-thrombotic phenotype and
therefore is found to be athero-protective. In the range of [7, 10] Pa high-shear thrombosis
is likely to be found.

Since the viscosity of the non-Newtonian fluid is a function of shear rate, see Fig. 1, for
comparison with Newtonian flow we introduce the Reynolds number for non-Newtonian
models using averaged viscosity

Re =
ρV l

1
2(µ0 + µ∞)

, (49)

where ρ is the fluid density, V is the characteristic velocity (e.g. maximal inflow velocity), l
is the characteristic length (we take the diameter of a vessel). In order to take into account
also the effects of asymptotical viscosity values, we define Re0 = ρV l/µ0, Re∞ = ρV l/µ∞

and introduce them in the Table 1 below as well.

5.2 Computational geometry and parameter settings

We will present our numerical experiments for two test geometries. In the first one,
Fig. 2 or Fig. 7, the two dimensional symmetric vessel with a smooth stenosed region
is considered. Due to the symmetry we can restrict our computational domain to the
upper half of the vessel. Let Γin = {(−L, x2); x2 ∈ (0,R(−L, t))}, Γout = {(L, x2); x2 ∈
(0,R(L, t))}, Γsym = {(x1, 0); x1 ∈ (−L,L)} denote the inflow, outflow and symmetry
boundary, respectively. The impermeable moving wall Γwall(t) is modeled as a smooth
stenosed constriction given as, see [31],

R0(x1) =











R0(−L)

[

1− g

2

(

1 + cos

(

5πx1
2L

))

]

if x1 ∈ [−0.4L; 0.4L]

R0(−L) if x1 ∈ [−L;−0.4L) ∪ (0.4L;L].
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We took L = 5 cm, g = 0.3 with R(−L, t) = R(L, t) = 1 cm for experiments with model
data. These values give a stenosis with 30% area reduction which corresponds to a rel-
atively mild occlusion, leading to local small increment of the Reynolds number. When
considering physiological pulses prescribed by the iliac flow rate (Fig. 9, left) and the
physiological viscosities (Tab. 1), the radius R(−L, t) = R(L, t) = 0.6 cm and the length
L = 3 cm were chosen. This radius represents the physiological radius of an iliac artery,
i.e. a daughter artery of the abdominal aorta bifurcation, cf. [46].

The bifurcation geometry shown in Fig. 8 represents the second test domain. This
is a more complex geometry with asymmetric daughter vessels and the so-called sinus
bulb area. Indeed, it is a simplified example of a realistic carotid artery bifurcation, see
[38]. The radii of the mother vessel (i.e. common carotid artery), daughter vessels (i.e.
external and internal carotid artery) and the maximal radius of the sinus bulb area are:
r0 = 0.31 cm, r1 = 0.22 cm, r2 = 0.18 cm and rS = 0.33 cm. The branching angles for the
bifurcation in Fig. 8 are γ1 = γ2 = 25◦. We note that since the generalized string model

ΓoutΓin

Γwall

Γwall

Γsym

Figure 7: Stenotic reference geometry.
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Figure 8: Bifurcation reference geometry, see [38].

has been derived for radially symmetric domains we need to preserve the radial symmetry
of the geometry also after the bifurcation divider. For this purpose we rotate the original
coordinate system with respect to the bifurcation angle γ1 of the daughter vessel. In
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our simulations for simplicity we assume that only one part of the boundary Γwall (this
corresponds to the boundary Γm

wall in Fig. 8) is allowed to move. This is motivated by the
fact that atherogenesis occurs preferably at the outer wall of daughter vessel, in particular
in the carotid sinus, see [30]. Therefore this is the area of a special interest. Note that
we use two different reference frames. One corresponds to the mother vessel and in the
second reference frame the x1-axis coincides with the axis of symmetry of the daughter
vessel.

Boundary conditions

For Γsym the symmetry the boundary conditions ∂x2u1 = 0, u2 = 0 is prescribed, for Γout

the Neumann type boundary condition −Tn = PoutIn is used. We prescribe the pulsatile
parabolic velocity profile on the inflow boundary

u1(−L, x2) = Vmax
(R2 − x22)

R2
f(t), u2(−L, x2) = 0, (50)

where R = R(−L, t) = R0(−L) + η(−L, t) and Vmax = u1(−L, 0) is the maximal velocity
at the inflow. For temporal function modeling pulses of heart f(t) we have used two
variants: f(t) = sin2 (πt/ω) with the period ω = 1s, and f(t) coming from physiological
pulses of heart and iliac artery flow rate Q(t), depicted in Fig. 9. Indeed, the flow rate is
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Figure 9: Flow rate Q(t) in the iliac artery (left) and in a common carotid artery (right),
see [38, 46].

obtained as an integral over the inflow surface Sin, in our case

Q(t) =

∫

Sin

u1dSin = 2π

∫ R

0
x2u1(−L, x2)dx2, R = R(−L, t).
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Taking into account inflow velocity (50) we obtain that Q(t) = 1
2πVmaxR

2f(t). Conse-
quently we get the relation for temporal function f(t), which we use in (50),

f(t) =
2Q(t)

πVmaxR2(−L, t)
. (51)

Note that the mean inflow velocity and the maximal inflow velocity are defined by Ū =
Q(t)/(πR2) and Vmax = 2Q(t)/(πR2), respectively.

Parameter settings

In the first part we have chosen in analogy to Nadau and Sequeira [31], Re0 = 30 or
Re0 = 60 and µ∞ = 1

2µ0 for the Carreau model (2) as well as for the Yeleswarapu model
(3), cf. Section 5.1. For these (artificial) viscosities we will compare the hemodynamical
wall parameters and study the experimental convergence of our methods. Moreover we
test the stability and robustness of the method for physiological viscosity parameters
[48]. The viscosity parameters for experiments with model and for physiological data are
collected in Table 1 below. In order to model pulsatile flow in a vessel we use sinus pulses
introduced above. In the second part we test the stability and robustness of the method

Table 1: Parameters for numerical experiments.

Re = 34 Re = 80 Re = 40 Re = 80
Carreau model Yeleswarapu model

q = 0, −0.322, −0.2, γ = 1 γ = 14.81

µ∞ = 1.26P µ∞ = 0.63P µ∞ = 1.26P µ∞ = 0.63P
µ0 = 2.53P µ0 = 1.26P µ0 = 2.53P µ0 = 1.26P

Vmax = 38 cm/s Vmax = 38 cm/s Vmax = 38 cm/s Vmax = 38 cm/s
Re0 = 30, Re∞ = 60 Re0 = 60, Re∞ = 121 Re0 = 30, Re∞ = 60 Re0 = 60, Re∞ = 121

physiological parameters physiological parameters
q = −0.322, γ = 3.313

µ∞ = 0.0345P, µ0 = 0.56P µ∞ = 0.05P, µ0 = 0.736P
Vmax = 17cm/s Vmax = 22.3cm/s

Re = 114, Re∞ = 986 Re = 113, Re∞ = 892

for physiological viscosities [48] in some relevant physiological situations, e.g. in the iliac
artery or in the common carotid bifurcation artery.

We note than in the human circulatory system, the Reynolds number varies signif-
icantly. Over one cycle it reaches the values from 10−3 up to 6000. A typical critical
number for a normal artery is around 2300, for bifurcation it is around 600. However, the
recirculation zones start to be created already at the Reynolds number around 170. This
explains the fact that small recirculation zones appear even in healthy bifurcations. The
part of a bifurcation that is the most sensitive to the local change of flow is the so-called
sinus bulb area. This is a part of a daughter vessel, where an atherosclerosis is usually
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formed, see Fig. 8. Indeed, our analysis of the local hemodynamical parameters confirms
this fact.

In the following table we give the overview of the Reynolds numbers Re0 and Re∞
defined in Section 5.1 for physiological viscosities. The characteristic velocity V is taken
to be the mean inflow velocity Ū . In the Tab. 2 the Reynolds numbers for physiological
pulses corresponding to the iliac artery flow rate (Fig. 9, left) and common carotid artery
(Fig. 9, right) are computed. We denote by Qmean, Qmax and Qmin the mean, the maximal
and the minimal flow rate, respectively. The Newtonian viscosity corresponds here to µ∞

in the Carreau model.

Table 2: Reynolds numbers for physiological data and pulses.
Iliac artery Newtonian model Carreau model Yeleswarapu model

R(0, t) = 0.6 cm µ = 0.0345P

Qmean(t) = 6.3 ml.s−1 Re ≈ 195 Re0 ≈ 12 Re0 ≈ 9
Ū = 5.6 cm.s−1 Re∞ ≈ 195 Re∞ ≈ 134

Qmax(t) = 25.1 ml.s−1 Re ≈ 772 Re0 ≈ 48 Re0 ≈ 36
Ū = 22.2 cm.s−1 Re∞ ≈ 772 Re∞ ≈ 533

Qmin(t) = −6.0 ml.s−1 Re ≈ 185 Re0 ≈ 14 Re0 ≈ 10
Ū = −5.3 cm.s−1 Re∞ ≈ 185 Re∞ ≈ 114

Carotid artery Newtonian model Carreau model Yeleswarapu model

R(0, t) = 0.31 cm µ = 0.0345P

Qmean(t) = 5.1 ml.s−1 Re ≈ 304 Re0 ≈ 19 Re0 ≈ 14
Ū = 16.9 cm.s−1 Re∞ ≈ 304 Re∞ ≈ 210

Qmax(t) = 13.2 ml.s−1 Re ≈ 785 Re0 ≈ 48 Re0 ≈ 37
Ū = 43.7 cm.s−1 Re∞ ≈ 785 Re∞ ≈ 542

Qmin(t) = 3.9 ml.s−1 Re ≈ 232 Re0 ≈ 14 Re0 ≈ 11
Ū = 12.9 cm.s−1 Re∞ ≈ 232 Re∞ ≈ 160

5.3 Discretization methods

For the numerical approximation of (1), (12) and (10) we have used as a basis the UG
software package [1] and extended it for the shear-dependent fluids as well as by adding
the solver for the wall deformation equation (12). In the UG package the problem class
library for the Navier-Stokes equations in moving domain is based on the ALE formula-
tion, see [3]. The Euler implicit method, the Crank-Nicolson method or the second order
backward differentiation formula can be applied for time-discretization. The spatial dis-
cretization of the fluid equations (1), or (5), is realized by the finite volume method with
the pseudo-compressibility stabilization. This stabilization results in the elliptic equation
for the pressure. The non-linear convective term is linearized by the Newton or fixed point
method, see e.g., [32]. In what follows we explain the treatment of the non-linear viscous
term, which we have implemented within the UG software package.
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Linearization of the viscous term

According to Taylor’s expansion we have

µ(D(u))D(u) = µ(D(uold))D(uold) (52)

+
d [µ(D(u))D(u)]

d(∇u)
(uold)(∇u−∇uold) +O((∇u−∇uold)2),

where

d [µ(D(u))D(u)]

d(∇u)
(uold) = µ(D(uold))

1

2
(I + IT ) +

dµ(D(u))

d∇u
(uold)D(uold)

and (.)old denotes the previous iteration. Plugging the above expression for d[µ(D(u))D(u)]
d(∇u)

into (52) and neglecting the higher order term O((∇u −∇uold)2) we obtain the Newton

type iteration µ(D(u))D(u) ≈ µ(D(uold))D(u) + (∇u − ∇uold)d µ(D(u))
d∇u (uold)D(uold) .

By neglecting the term O(|∇u−∇uold|) we get the fixed point approximation

µ(D(u))D(u) ≈ µ(D(uold))D(u). (53)

We iterate with respect to u;u` ≡ uold, see (54). The fixed point iteration can be also
understood as the Newton iteration with an incomplete Jacobian matrix, since the second
part of the Jacobian matrix dµ(D(u))

d(∇u) (uold)D(uold) is neglected.
Now, we present the finite volume method used in the UG package with the fixed point

linearization for the viscous and convective terms and the Euler implicit time discretization

∫

Ωi

(

(un+1
`+1 − un)

0

)

dω +∆t

∫

Ωi

(

(divwn)un+1
`+1

0

)

dω (54)

+∆t

∫

∂Ωi

(

[(un+1
` −wn) · n]un+1

`+1 + [(un+1
`+1 − un+1

` ) · n]un+1
`

0

)

dS

+∆t

∫

∂Ωi

(

−(1/ρ)µ(D(un+1
` ))(5un+1

`+1 · n) + (1/ρ)pn+1
`+1 (I · n)

un+1
`+1 · n− h2 5 (pn+1

`+1 − pn+1
` ) · n

)

dS = 0.

In the case of the global iterative method Ωi denotes the i-th control volume at time tn+1

given from the previous iteration, i.e. Ωi = Ω
(k−1)
i (tn+1). The grid velocity wn = w(tn) is

obtained using the backward difference of the grid position wn = xn+1, (k−1)−xn

∆t . In the

case of the kinematical splitting we have Ωi = Ωi(t
n) and wn = xn−xn−1

∆t .

Discretization of structure equation

In order to approximate the structure equation we apply the finite difference method. For
the global iterative method we will rewrite the second order equation (12) as a system of
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two first order equations. Set ξ = ∂tη. Time discretization is realized by the following
scheme

ξn+1 − ξn

∆t
− aα

∂2ηn+1

∂x21
+ bαηn+1 − cα

∂2ξn+1

∂x21
(55)

= H + a(1− α)
∂2ηn

∂x21
− b(1− α)ηn + c(1− α)

∂2ξn

∂x21
ηn+1 − ηn

∆t
= αξn+1 + (1 − α)ξn,

where

a =
|σx1 |
ρw

[

1 +

(

∂R0

∂x1

)2
]−2

, b =
E

ρwR0(R0 + η)
+

(T̃+ P̃wI) · ñ · er
R0ρw~

,

c =
γ

ρw~
, H = H(u, p) +H(R0) = −(T̃+ P̃wI) · ñ · er

ρw~
+ a

∂2R0

∂x21
.

We note that in contrary to the definitions given by (27) and (31), we included a part of
the right hand side term having the factor η/R0 to the coefficient b. Moreover, due to the
linear elasticity assumption we assumed small deformation gradient ∂η/∂x1, which yields
√

1+(∂x1(R0+η))
2

√

1+(∂x1R0)
2

≈ 1.

Constants appearing in the coefficients a, b, c have typically following values, see [14]: the
Young modulus is E = 0.75× 105dyn.cm−2, the wall thickness ~ = 0.1 cm, the density of
the vessel wall tissue ρw = 1.1 g.cm−3, the viscoelasticity constant γ = 2× 104 P.s.cm−1,
|σz| = Gκ, where κ = 1 is the Timoshenko shear correction factor and G is the shear
modulus, G = E/2(1 + σ), where σ = 1/2 for incompressible materials.

If α = 0 we have an explicit scheme in time, for α = 1 we obtain an implicit scheme.
The parameter α = 1

2 yields the Newmark scheme, which is proven to be unconditionally
stable at least in the case of homogeneous Dirichlet boundary conditions, see [36].

In the case of kinematical splitting algorithm, the structure equation (26) is discretized
using the splitting approach (29)-(30). The operator A consists of (54) and (56), where

ξn+1/2 − ξn

∆t
= cα ξn+1/2

x1x1
+ c(1− α) ξnx1x1

+H(pn+1,un+1). (56)

The parameter α is chosen to be either 0.5 or 1. A new solution obtained from (54), (56)
is the velocity ũn+1 and the pressure p̃n+1 on Ωn as well as the wall velocity function
ξn+1/2 on Γn

wall. The second step is the operator B, that combines the purely elastic part
of structure equation and the kinematical coupling condition (28). This can be discretized
in an explicit or implicit way. An explicit scheme reads as follows

ηn+1 − ηn

∆t
= α1 ξn+1/2 + (1− α1) ξ

n, (57)

ξn+1 − ξn+1/2

∆t
= aα2 ηn+1

x1x1
+ a(1− α2) η

n
x1x1

− bα2 ηn+1 − b(1− α2) η
n +H(R0)
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for α1 = 0.5, α2 ∈ {0.5; 1}. An implicit scheme has the following form

ηn+1 − ηn

∆t
= α1 ξn+1 + (1− α1) ξ

n+1/2 (58)

ξn+1 − ξn+1/2

∆t
= aα2 ηn+1

x1x1
+ a(1− α2) η

n
x1x1

− bα2 ηn+1 − b(1− α2) η
n +H(R0)

for α1 = 0.5, α2 = 0.5. We note that once new values for the wall displacement ηn+1 and
the velocity ξn+1 are known, we update the fluid velocity on the moving boundary to un+1

and update the mesh. In our experiments we have used both, the explicit (57) as well as
the implicit method (58). The implicit coupling was typically more stable. In order to
combine the operators A and B we may use the first order Marchuk-Yanenko operator

splitting or the second order Strang splitting scheme. The Marchuk-Yanenko scheme

Un+1 = B4tA4t Un,

where Un is the approximate solution of the coupled fluid-structure interaction problem
at the time level tn. The second order Strang splitting yields

Un+1 = B4t/2A4tB4t/2 Un.

5.4 Numerical experiments

We start with the comparison of our two fluid-structure interaction schemes: the global
iterative method and the kinematical splitting. In Fig. 10 we can see the domain defor-
mation at two different time steps, that was obtained using the global iterative method,
cf. (55) with α = 1

2 (Newmark scheme) and the explicit kinematical splitting (56), (57)
with α = α1 = α2 =

1
2 . We can see that both methods yield analogous results.

Our next aim is to investigate differences in the behavior of Newtonian and non-
Newtonian fluids in moving domains for different viscosity data and Reynolds numbers.
Experiments presented in Section 5.4.1 as well as in the first part of Section 5.4.2 were
obtained using the global iterative method. In Section 5.4.2 experiments using the kine-
matical splitting method for the iliac artery and the carotid bifurcation will be presented.

5.4.1 Numerical experiments for model data

In this subsection we present experiments with the viscosity parameters introduced in the
first three lines of Table 1 for model data. The Reynolds number for non-Newtonian fluids
varies between two values Re0 and Re∞. In order to compare similar flow regimes, the
same Reynolds number Re = 40 for the Newtonian as well as the non-Newtonian fluids
was used. The corresponding Newtonian viscosity was chosen such that it coincides with
the averaged non-Newtonian viscosity 1

2(µ0 + µ∞), see (49).
We use the Dirichlet inflow boundary condition (50), which models pulsatile parabolic

velocity profile at the inflow. Here we took f(t) = sin2 (πt/ω) with ω = 1s. We have
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Figure 10: Comparison of the wall deformation η in a stenosed vessel for the global iterative
method and the explicit kinematical splitting, Re=40.

chosen two non-Newtonian models for the blood flow often used in the literature, the
Carreau and the Yeleswarapu model. Further, we study the influence of non-Newtonian
rheology and of fluid-structure interaction on some hemodynamical wall parameters such
as the wall shear stress WSS and the oscillatory shear index OSI. In what follows we
plot the results comparing several aspects of Newtonian and non-Newtonian flow in the
straight channel and in the channel with a stenotic occlusion.

Fig. 11 describes time evolution of the wall deformation function η at two time instances
t = 0.36s and t = 0.96s for the straight and stenotic compliant vessel and for different
non-Newtonian viscosities. Clearly, we can see effects due to the presence of stenosis in
Fig. 11. The differences in wall deformation for non-Newtonian and Newtonian fluids are
not significant.

Fig. 12, 13 describe the wall shear stress distribution WSS along the moving or fixed
(solid) wall in the straight and in stenotic vessel, respectively. We compare the WSS for
the Newtonian and non-Newtonian fluids. Analogously as before we see that the WSS
depends considerably on the geometry. In Fig. 13 peaks in the WSS due to the stenosis
can be identified clearly for both Newtonian and non-Newtonian models. Fluid rheology is
even more significant for WSS measurements; see different behaviour of WSS at t = 0.36s
in Fig. 12 and Fig. 13. Moreover, we can conclude that the WSS at t = 0.36s is in general
lower in a compliant vessel than in a solid one, see Fig. 12 for the straight and Fig. 13 for
the stenotic vessel.

Another important hemodynamical wall parameter is the oscillatory shear index OSI.
Fig. 14 describes the behavior of the OSI in the straight and stenotic vessel (both solid
and compliant case). We can see new effects due to the presence of stenosis in the OSI.
Moreover the peaks in the OSI are more dominant for the non-Newtonian models in
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Figure 11: Deformation of the compliant wall η, left: a straight vessel, right: a stenosed
vessel, Re = 40.
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Figure 12: WSS along the straight vessel with solid as well as compliant walls, the New-
tonian and the Carreau model, Re = 40, left: t = 0.36s, right: t = 0.96s.

comparison to the Newtonian flow. High OSI values indicate the areas with the large
stenotic plug danger. Fig. 14 indicates, that such areas appear at the end of stenotic
reduction. Numerical simulation with solid vessel walls indicates even higher oscillation of
the wall shear stress. Thus, simulations without fluid-structure interaction would indicate
more critical shear stress situation in vessels as they are actually present in elastic moving
vessels.

We conclude this subsection with a statement, that the fluid rheology and domain
geometry may have a considerable influence on the hemodynamical wall parameters WSS
and OSI. The fluid-structure interaction aspect plays definitely significant role in the pre-
diction of hemodynamical indices and should be involved in reliable computer simulations.
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Figure 13: WSS along the vessel wall in a stenosed compliant (top) and solid (bottom)
vessel at two time instances, Re = 40.
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Figure 14: OSI indices along the compliant and the solid vessel wall, the straight vessel
(left) and the stenosed vessel (right), Re = 40.

5.4.2 Numerical experiments for physiological data

Several results comparing the behavior of both non-Newtonian models, the Carreau and
the Yeleswarapu model with corresponding physiological viscosities from Table 1, cf. lines
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4 and 5, are presented below. We consider here pulsatile velocity profile at the inflow as
in Section 5.4.1 and zero Dirichlet boundary conditions for η.

Fig. 15 describes the velocity field, streamlines and the pressure distribution at two
time instances. We can clearly notice reversal flow areas due to pulsatile behavior of blood
flow. At time t = 0.96 s, where the inflow velocity is decreasing, we can observe vortices
in the streamlines. In what follows we compare measurements for increasing Reynolds
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Figure 15: Numerical experiment using physiological parameters: the Carreau model,
t = 0.36s (top) and t = 0.96s (bottom), from above: velocity field, streamlines and
pressure distribution.

numbers, namely for Re = 114 and Re = 182. For comparison with the Newtonian case, we
are using two values of the corresponding Newtonian viscosity. One Newtonian viscosity,
similarly as in the previous Section 5.4.1, is obtained from the averaged non-Newtonian
viscosity µ = 1

2(µ0 + µ∞). The second one is the physiological viscosity µ = 0.0345 P .
Our numerical experiments confirm, that the differences between Newtonian (both

physiological and averaged viscosity) and non-Newtonian fluids in the wall deformation,
the wall shear stress WSS as well as in the oscillatory shear index OSI are more dominant
with increasing Reynolds numbers, see Figs. 16, 17, 18. We can also observe that the
amplitude of wall displacement and wall shear stress is smaller for the physiological Newto-
nian velocity and larger for the averaged Newtonian velocity. This means that concerning
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Figure 16: Comparison of wall deformations for different Reynolds numbers, left: Re=114,
right: Re=182, at two time instances t = 0.36s, t = 0.96s.
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Figure 17: Comparison of wall shear stresses WSS for different Reynolds numbers, left:
Re=114, right: Re=182, at two time instances t = 0.36s, t = 0.96s.

physiological Newtonian viscosity (or averaged Newtonian viscosity) the hemodynamical
parameters predict more (or less) critical situation in the case of Newtonian flow than by
the non-Newtonian flow.

Concerning the oscillatory shear index OSI, see Fig. 18, the higher Reynolds number
corresponds to the higher values of OSI. It shows that increasing the Reynolds number,
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Figure 18: OSI indices for different Reynolds numbers using physiological viscosities.

the amplitude of WSS increases and the period of reversed flow prolongates.

Iliac artery and carotid bifurcation

In this part we present experiments for physiological situations, including a simplified but
realistic geometry (Figs. 7,8), physiological flow rate (Fig. 9) as well as the physiological
viscosities (Newtonian viscosity µ = 0.0345 P and non-Newtonian viscosities from Tab. 1).

Figs. 19, 20 (left) demonstrate dependence of the wall displacement on the reference
geometry. From the evolution of the wall movement for several time instances correspond-
ing to systolic maximum, systolic minimum, diastolic minimum and the final phase of
the physiological flow for the Carreau viscosity we conclude that the presence of stenosis
as well as bifurcation divider influences the compliance of the vessel wall. Comparing
the Newtonian as well as non-Newtonian rheology (Figs. 19, 20, right) we see that the
difference between them is not significant.
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Figure 19: The evolution of η along the line x2 = R0 for stenosed vessel. Left: comparison
at several time instances, right: comparison of different constitutive models at t = 0.36 s.
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Figure 20: The evolution of η along the moving boundary Γm
wall for bifurcation geometry.

Left: comparison at different time instances, right: comparison of constitutive models at
t = 0.36 s.

TheWSS distribution along the moving boundary for both types of geometry is presented
in Figs. 21, 22. We see that the peak of the WSS corresponds to the stenosed area (see
Fig. 21) and to the bifurcation divider (see Fig. 22). In the case of stenosed vessel we
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Figure 21: WSS along Γwall for the stenotic vessel geometry at several time instances.

observe one reversed vortex at t = 0.36 s and two vortices at t = 0.58 s. Moreover, at
time instances t = 0.58 s and t = 0.90 s, the WSS belongs to the athero-prone range.
Looking at the bifurcation geometry (Fig. 22), a reversed flow at all time instances around
the sinus bulb appears. Moreover, approaching the bifurcation divider lower values of the
WSS can be found. In both cases, stenotic iliac and bifurcation carotid artery, we observe
that the WSS corresponding to the non-Newtonian model gives higher extremal values.
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Figure 22: WSS along Γm
wall for the bifurcation geometry at several time instances.

In Fig. 23 the OSI index along the moving boundary for stenotic (left) and bifurcation
geometry (right) is presented. Due to the high shear flow in a stenosed region, direction-
varying WSS, in particular before and after stenosis, can be found. In the case of carotid
bifurcation, the OSI peak corresponds to the sinus bulb area. These measurements agree
with the observations from the clinical praxis, e.g. [30].
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Figure 23: OSI along Γwall. Left: stenosed geometry, right: bifurcation geometry.
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a) t = 0.27 s

b) t = 0.36 s

Figure 24: Velocity streamlines, pressure isolines, velocity vector field and horizontal
velocity isolines for the stenosed vessel at two time instances.
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a) t = 0.23 s

b) t = 0.36 s

Figure 25: Velocity streamlines, velocity vector field, pressure isolines and horizontal
velocity isolines for the bifurcation geometry at two time instances.
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Finally, Figs. 24, 25 present several snapshots for the stenotic and bifurcation geometry
depicting the velocity streamlines, velocity vector field, pressure isolines and horizontal
velocity isolines. In Fig. 24a we observe the development of recirculation zones around the
stenosed area. At the systolic minimum (Fig. 24b) we can see that the negative flow with
pressures from [−51.6, 0] Pa and horizontal velocities from [−21.5, 7.8] cm.s−1 develops. In
the case of bifurcation geometry, we observe the development of reversed flow in particular
in the sinus bulb area (Fig. 25). We note that due to the bifurcation geometry the axial
velocity profiles in daughter vessels are asymmetric. For more details on physiological
experiments, including the evolution of WSS for chosen points on moving boundary, see
[28].

5.5 Convergence study

In our numerical experiments we have used piecewise linear approximations for fluid ve-
locities and for pressure and backward Euler method for time discretization. In the case
of global iterative method the structure equation is approximated by the second order
Newmark method. For the kinematical splitting method the second order approximation
in space and time (Crank-Nicolson method) was applied. Both the first order Marchuk-
Yanenko splitting as well as the second order Strang splitting schemes have been tested.

In order to study accuracy of the coupled fluid-structure interaction problem the so-
called experimental order of convergence (EOC) is computed. The EOC in space is
defined in the following way

EOC(u) = log2
‖uh,∆t − uh

2
,∆t‖Lp/‖Ωh‖Lp

‖uh
2
,∆t − uh

4
,∆t‖Lp/‖Ωh

2
‖Lp

. (59)

To evaluate the EOC in space, the computational domain Ω(η) is consecutively divided
into 16× 2 elements (1. refinement), 32× 4 elements (2. refinement), 64× 8 elements (3.
refinement), 128 × 16 elements (4. refinement), where the element size h = (∆x,∆y) is
halved. The space errors and the EOC were computed at T = 0.8s. The constant time
step was chosen to be enough small and set to ∆t = 0.002s.

We consider here the Carreau model for non-Newtonian fluid as well as the Newtonian
fluid. The index p denotes the corresponding exponent in the power-law model used for
the non-Newtonian Carreau viscosity function, see (2). In our case we took q = −0.2,
which yields p = 1.6 as well as q = 0 (p = 2) in the Newtonian case. Note that due to
the regularity results presented in Subsection 4.1.1 we measure the errors in the Lp, or
W 1,p, norm for velocity for the non-Newtonian fluid and in the L2, or W 1,2, norm for
the Newtonian fluid. Due to the artificial compressibility regularization of the continuity
equation we can measure pressure in the L2 norm.

Let us firstly present the convergence results in space in term of the EOC values for
velocity and pressure in a rigid domain, Tab. 3. For each quantity a following notation for
the normalized Lp-error was used

Err(u) =
‖uh,∆t − uh/2,∆t‖Lp

‖Ωh‖Lp
.
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Table 3 presents convergence results in a fixed domain with the symmetry boundary

Table 3: Convergence rates in space, rigid domain.
Newtonian fluid Carreau fluid, q = −0.2

# of refin. Err(u) EOC Err(p) EOC Err(u) EOC Err(p) EOC

L2 norm Lp norm L2 norm

2/1 1.0783 3.5199 0.9083 3.7209
3/2 0.2758 1.967 0.6870 2.357 0.2494 1.865 0.7073 2.395
4/3 0.084 1.715 0.3204 1.101 0.1092 1.192 0.1577 2.165

conditions at the central line, see Fig. 26. We can notice slightly worse than second order
convergence rate in velocity for the Newtonian case. Moreover, in the non-Newtonian case
the convergence in velocity is reduced to 1. This effect can be explained by the influence
of symmetry boundary conditions coupled with the Neumann boundary conditions. On
the other hand this boundary conditions improve convergence of pressure in the non-
Newtonian case to the second order.

symmetry condition

Dirichlet u=0

Dirichlet
Neumann1 cm

Figure 26: Boundary conditions in measurements of EOC .

In the next experiment we compare the order of convergence of the kinematical splitting
algorithm, see Tab. 5 and the global iterative method, see Tab. 4. We can clearly see

Table 4: Convergence rates in space: global iterative method, the Carreau model.

# of refin. Err (u) EOC Err (η) EOC Err (p) EOC

Lp-norm L2-norm

2/1 0.9512 2.81 e-3 3.3925
3/2 0.2563 1.89 8.88 e-4 1.69 0.7113 2.25
4/3 0.1074 1.26 1.85 e-4 2.23 0.1577 2.17

the similar convergence rates in velocities, pressures and displacements that are higher
than first order for velocities and the second order for pressures and wall displacements.
We also observe decreasing convergence rate for velocity for finer meshes, which was also
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Table 5: Convergence rates in space: kinematical splitting (Marchuk-Yanenko), the Car-
reau model.

# of refin Err (u) EOC Err(∇u) EOC Err (η) EOC Err (p) EOC

Lp-norm L2-norm

2/1 0.8971 0.9682 2.62 e-4 3.1338
3/2 0.2466 1.86 0.1408 2.78 1.84 e-5 0.51 0.7026 2.16
4/3 0.1051 1.23 0.0435 1.69 0.38 e-5 2.26 0.1461 2.27

observed in the rigid domain, Table 3, and may be caused by the boundary conditions. Let
us point out that the kinematical splitting approach yields 10 times smaller relative errors
in the wall displacement than the strong coupling scheme. This weak coupling method is
also more efficient as the global iterations with respect to the domain geometry are not
needed anymore.

In the third series of experiments we compare the kinematical splitting method for
both, the Newtonian (Tab. 6) and the non-Newtonian Carreau (Tab. 5) fluid. For the
Newtonian fluid we observe again higher order convergence rate in velocity. Considering
the non-Newtonian rheology the convergence rate in pressure is of the second order. It is
typically better than in the Newtonian case. Since the convergence of η depends on the
convergence rates of ∇u and p, we see in the case of non-Newtonian rheology improvement
of the convergence order for the wall displacement, too.

Table 6: Convergence rates in space for Marchuk-Yanenko splitting, Newtonian viscosity.

# of refin. Err (u) EOC Err(∇u) EOC Err (η) EOC Err (p) EOC

L2-norm

2/1 1.0566 1.2723 1.56e-4 3.0076
3/2 0.2780 1.93 0.2171 2.55 1.94e-4 -0.32 0.7081 2.09
4/3 0.0872 1.67 0.0483 2.17 1.12e-4 0.79 0.0313 1.18

Now we compare the convergence results in space for four possible schemes of the
kinematical splitting method, i.e. explicit Marchuk-Yanenko splitting (Tab. 7), implicit
Marchuk-Yanenko splitting (Tab. 8), explicit Strang splitting (Tab. 9) and implicit Strang
splitting (Tab. 10). As it is expected there is no significant improvement in the
convergence rate in space due to the Strang splitting, however the implicit scheme improves
the convergence rate.

The last series of experiments focuses on the evaluation of the EOC in time, that is
given as follows

EOC(u) = log2

(

∑N
j=1 ||u

j
h,∆t − u

j
h,∆t/2||

p
Lp/|Ωj

h,∆t|p
)1/p

(

1/2
∑2N

j=1 ||u
j
h,∆t/2 − u

j
h,∆t/4||

p
Lp/|Ωj

h,∆t/2|p
)1/p

. (60)

Here u
j
h,∆t is the velocity at the time instance j∆t. For the EOC in time, going from one
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Table 7: Convergence rates in space; explicit Marchuk-Yanenko splitting, the Carreau
viscosity.

# of refin Err (u) EOC Err(∇u) EOC Err (η) EOC Err (p) EOC

Lp-norm L2-norm

2/1 0.8667 0.9292 1.01 e-4 3.0097
3/2 0.2338 1.89 0.1283 2.86 0.66 e-5 0.61 0.6451 2.22
4/3 0.1032 1.18 0.0437 1.55 0.25 e-5 1.37 0.1791 1.85

Table 8: Convergence rates in space; implicit Marchuk-Yanenko splitting, the Carreau
viscosity.

# of refin Err (u) EOC Err(∇u) EOC Err (η) EOC Err (p) EOC

Lp-norm L2-norm

2/1 1.0866 0.9470 1.04e-4 3.4332
3/2 0.3300 1.72 0.1626 2.54 4.26e-5 1.29 0.8190 2.07
4/3 0.1034 1.67 0.0442 1.88 2.51e-5 0.76 0.1960 2.06

Table 9: Convergence rates in space; explicit Strang splitting, the Carreau viscosity.

# of refin Err (u) EOC Err(∇u) EOC Err (η) EOC Err (p) EOC

Lp-norm L2-norm

2/1 0.8015 0.8274 9.14e-4 3.0562
3/2 0.2144 1.90 0.1170 2.82 9.77e-5 3.23 0.5403 2.50
4/3 0.1000 1.10 0.0447 1.39 8.34e-5 0.22 0.1580 1.77

Table 10: Convergence rates in space; implicit Strang splitting, the Carreau viscosity.

# of refin Err (u) EOC Err(∇u) EOC Err (η) EOC Err (p) EOC

Lp-norm L2-norm

2/1 0.8646 0.9260 1.23e-4 3.0057
3/2 0.2332 1.89 0.1280 2.86 6.11e-5 1.01 0.6420 2.23
4/3 0.1032 1.18 0.0444 1.53 2.77e-5 1.14 0.1933 1.73

time refinement to the other, the time step is halved. The time interval was t ∈ [0.2; 0.8]
and the initial time step was taken ∆t = 0.025 s. In order to evaluate the EOC in time
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we compute also the normalized relative Lp(0, T ;Lp(Ω)) error in time. This is defined by

Err(u) =
1

T

(

N
∑

j=1

∆t

(

||uj
h,∆t − u

j
h,∆t/2||Lp

|Ωj
h,∆t|

)p)1/p

, T = N∆t.

Similarly as before, we compare the explicit and implicit Marchuk-Yanenko kinematical
splitting scheme (Tabs. 11, 12) and the explicit and implicit Strang splitting scheme (Tabs.
13, 14). For the explicit kinematical splitting scheme the EOC is around first order. The
second order explicit Strang splitting improves the convergence orders in comparison to
the Marchuk-Yanenko splitting. The implicit kinematical splitting schemes yield better
convergence than the explicit kinematical splitting schemes. Finally, Tab. 14 shows con-
vergence rates for the implicit Strang splitting that are significantly improved. We can
conclude that the Strang splitting strategy gives better convergence results for both, the
explicit and the implicit schemes.

Table 11: Convergence rates in time; explicit Marchuk-Yanenko splitting, the Carreau
model.

# of refin (4t) Err (u) EOC Err(∇u) EOC Err (η) EOC Err (p) EOC

Lp(Lp)-norm L2(L2)-norm

2/1 0.0246 0.0159 0.0088 0.2905
3/2 0.0132 0.89 0.0088 0.86 0.0060 0.56 0.1422 1.03
4/3 0.0070 0.92 0.0046 0.93 0.0041 0.53 0.0697 1.03
5/4 0.0042 0.74 0.0030 0.61 0.0016 1.40 0.0336 1.05

Table 12: Convergence rates in time; implicit Marchuk-Yanenko scheme the Carreau
model.

# of refin (4t) Err (u) EOC Err(∇u) EOC Err (η) EOC Err (p) EOC

Lp(Lp)-norm L2(L2)-norm

2/1 0.1491 0.1633 0.1640 0.5616
3/2 0.1532 -0.03 0.1600 0.03 0.2706 -0.72 0.4332 0.37
4/3 0.0705 1.12 0.0747 1.10 0.2000 0.44 0.2286 0.92
5/4 0.0218 1.69 0.0234 1.67 0.0915 1.13 0.0683 1.74
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Table 13: Convergence rates in time; explicit Strang splitting, the Carreau model.

# of refin (4t) Err (u) EOC Err(∇u) EOC Err (η) EOC Err (p) EOC

Lp(Lp)-norm L2(L2)-norm

2/1 0.0564 0.0252 0.0583 0.3363
3/2 0.0195 1.53 0.0081 1.65 0.0234 1.32 0.1539 1.13
4/3 0.0077 1.34 0.0024 1.75 0.0089 1.40 0.0712 1.11
5/4 0.0044 0.83 0.0013 0.90 0.0054 0.72 0.0315 1.18

Table 14: Convergence rates in time; implicit Strang splitting, the Carreau model.

# of refin (4t) Err (u) EOC Err(∇u) EOC Err (η) EOC Err (p) EOC

Lp(Lp)-norm L2(L2)-norm

2/1 0.1826 0.1936 0.2211 0.5969
3/2 0.0578 1.66 0.0609 1.67 0.1140 0.96 0.2411 1.31
4/3 0.0241 1.26 0.0243 1.32 0.0441 1.37 0.0896 1.43
5/4 0.0088 1.44 0.0078 1.64 0.0173 1.35 0.0297 1.60

6 Concluding remarks

In this overview paper we have summarized our recent results on mathematical mod-
elling and numerical simulation of fluid-structure interaction of a shear-dependent non-
Newtonian fluid and a viscoelastic membrane. We have presented mathematical models
for both the shear-dependent fluids and the generalized string equation. Further, we have
derived two fluid-structure interaction methods, the global iterative method belonging to
the class of strongly coupled schemes, and the kinematical splitting which is a weakly
coupled method. The global iterative method has been also used in order to prove exis-
tence of a weak solution to fully coupled interactions between the shear-dependent fluids
and the viscoelastic structure. As far as we know the result presented in [25] is the first
contribution to the well-posedness of fluid-structure interaction for non-Newtonian fluids.

The kinematical splitting yields a numerical scheme that is more efficient than the
global iterative method while having typically smaller global errors. We have analysed
stability of the semi-discrete kinematical splitting method and shown that depending on
the choice of discretization for the ALE convective term we may obtain a semi-discrete
scheme that does or does not depend on a time step. Indeed, using the implicit Euler
time discretization we obtain the stability condition for time step depending on a mesh
velocity. If the midpoint rule is used in order to discretize the ALE convective term the
semi-discrete kinematical splitting is unconditionally stable, cf. also [28].

An application which is of particular interest is blood flow in elastic vessels. We have
simulated blood flow in a stenotic vessel and a carotid bifurcation and analyzed some hemo-
dynamical control quantities. We have modeled blood as a shear-thinning non-Newtonian
fluid and chosen two well-known models, the Carreau model and the Yeleswarapu model.
Comparisons with the Newtonian model are presented as well.
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Further, we have investigated the wall deformation and the hemodynamical wall pa-
rameters, the wall shear stress WSS and the oscillatory shear index OSI, for a straight
and stenotic vessel as well as for a carotid bifurcation. Numerical simulations demonstrate
a significant influence of the non-Newtonian rheology for hemodynamical wall parameters.
According to some authors [31] negative values of WSS indicates occurance of recircula-
tion zones and reversal flows around stenosis, which seems to be better predicted by the
non-Newtonian models. Further, the domain geometry has also a considerable influence
on the wall deformation as well as on the WSS and OSI. The maximum values of OSI
are larger for the Newtonian fluid. Such high OSI values at the end of stenotic occlu-
sion indicate a large oscillatory nature of the wall shear stress and could yield further to
additional stenotic plug.

Comparisons of WSS and OSI for a solid and compliant vessel showed significantly
higher oscillations of the wall shear stress for fixed solid vessels. This leads to the conclu-
sion that the fluid-structure interaction aspect is important for hemodynamical modelling
and should be involved in reliable computational models.

It would be interesting to extend mathematical models and consider the generalized
Oldroyd-B model that includes viscoelastic properties of blood as well. More realistic
models for vessel walls, see, e.g., [6], allowing deformation in both directions would be
more appropriate in order to consider more complex vessel geometries. An important point
of numerical simulation is a correct outflow boundary condition, reflecting the influence
of the rest of circulatory system. According to [45] this can be realized by the so-called
impedance condition arising from coupling the fluid equations with some less dimensional
model (1D or 0D lumped model).
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[24] Hundertmark-Zaušková A., Lukáčová-Medvid’ová M.: Numerical study of shear-
dependent non-Newtonian fluids in compliant vessels, Comput. Math. Appl. 60 (2010),
572–590.
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[34] Málek J., Nečas J., Ružička M.: On the weak solutions to a class of non-Newtonian
incompressible fluids in bounded three-dimensional domans: the case p ≥ 2, Adv.

Differ. Equat. 6(3) (2001), 257–302.
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