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A linear stabilized Lagrange—Galerkin scheme for the Oseen-type Peterlin viscoelastic model is presented.
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1 Introduction

We study numerical analysis of the Oseen-type Peterlin viscoelastic model by the stabilized Lagrange—Galerkin
method. In our previous paper [17], Part I, we have presented a nonlinear scheme for the diffusive and the non-
diffusive model. Here, in Part II, we present a linear scheme for the diffusive model and establish error estimates
with the optimal convergence order.

In the daily life we encounter many biological, industrial or geological fluids that do not satisfy the Newtonian
assumption, i.e., the linear dependence between the stress tensor and the deformation tensor. These fluids belong
to the class of the non-Newtonian fluids. In order to describe such complex fluids the stress tensor is represented
as a sum of the viscous (Newtonian) part and the extra stress due to the polymer contribution.

In the literature we can find several models that are employed to describe various aspects of complex viscoelastic
fluids. One of the well-known viscoelastic models is the Oldroyd-B model, which is derived from the Hookean
dumbbell model with a linear spring force law. The model is a system of equations for the velocity, the pressure
and the extra stress tensor, cf., e.g., [27,28].

Numerical schemes for the Oldroyd-B type models have been studied by many authors. For example, we can find
a finite difference scheme based on the reformulation of the equation for the extra stress tensor by using the log-
conformation representation in Fattal and Kupferman [11,12], free energy dissipative Lagrange—Galerkin schemes
with or without the log-conformation representation in Boyaval et al. [4], finite element schemes using the idea of
the generalized Lie derivative in Lee and Xu [15] and Lee et al. [16], and further related numerical schemes and
computations in [1,3,9,14,19,20,22,33| and references therein. To the best of our knowledge, however, there are no
results on error estimates of numerical schemes for the Oldroyd-B model. As for the simplified Oldroyd-B model
with no convection terms Picasso and Rappaz [26] and Bonito et al. [2] have given error estimates for stationary
and non-stationary problems, respectively. The development of stable and convergent numerical methods for the
Oldroyd-B type models, especially in the elasticity-dominated case, is still an active research area.

In this paper, we consider the so-called Peterlin viscoelastic model, which is derived from the dumbbell model
with a nonlinear spring force law F(R) = v(|R|?)R and the Peterlin approximation where (|R|?) is replaced by
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a function y(tr C). Here C is the so-called conformation tensor and R is the vector connecting the beads. It is
a system of the flow equations and an equation for the conformation tensor, cf. [27,28]. The diffusive Peterlin
viscoelastic model has been studied analytically in our recent paper by Lukadova-Medvidova et al. [18], where the
global existence of weak solutions and the uniqueness of regular solutions have been proved. For the details of the
derivation of the diffusive Peterlin model we refer to [18,21,29,30]. Let us mention that, even when the velocity
field is given, the equation for the conformation tensor in the Peterlin model is still nonlinear, while the Oldroyd-B
model is linear with respect to the extra stress tensor. Hence, we can say that the nonlinearity of the Peterlin
model is stronger than that of the Oldroyd-B model. As a starting point of the numerical analysis of the Peterlin
model, we consider the Oseen-type model, where the velocity of the material derivative is replaced by a known one,
in order to concentrate on the treatment of the stronger nonlinearity.

Our aim is to develop a stabilized Lagrange—Galerkin method for the Peterlin viscoelastic model. It consists of
the method of characteristics and Brezzi-Pitkiranta’s stabilization method [7] for the conforming linear elements.
The method of characteristics derives the robustness in convection-dominated flow problems, and the stabilization
method reduces the number of degrees of freedom in computation. In our recent works by Notsu and Tabata [23-25]
the stabilized Lagrange—Galerkin method has been applied successfully for the Oseen, Navier—Stokes and natural
convection problems and optimal error estimates have been proved. We extend the numerical analysis of the
stabilized Lagrange—Galerkin method to the Oseen-type Peterlin model. In this paper, a linear stabilized Lagrange—
Galerkin scheme for the diffusive Peterlin model is presented and error estimates with the optimal convergence
order are proved under a mild stability condition.

This paper is organized as follows. In Section 2 the mathematical model for the Peterlin viscoelastic fluid is de-
scribed. In Section 3 a linear stabilized Lagrange—Galerkin scheme is presented. The main result on the convergence
with optimal error estimates is stated in Section 4, and proved in Section 5.

2 The Oseen-type Peterlin viscoelastic model

The function spaces and the notation to be used throughout the paper are as follows. Let {2 be a bounded
domain in R? for d = 2 or 3, I' := 92 the boundary of 2, and T a positive constant. For m € N U {0} and
p € [1,00] we use the Sobolev spaces WP(£2), Wy (£2), H™(2) (= W™2(£2)), H}(R2) and LE(2) == {q €
L*(£2); [, q doz = 0}. Furthermore, we employ function spaces Hz, (£2) := {D € H™(2)™% D = D’} and
Cl o (2) == Cm(2)4dn H,, (£2), where the superscript T' stands for the transposition. For any normed space
S with norm | - ||s, we define function spaces H™(0,T;S) and C([0,T];S) consisting of S-valued functions in
H™(0,T) and C([0,T]), respectively. We use the same notation (-,-) to represent the L?(2) inner product for
scalar-, vector- and matrix-valued functions. The dual pairing between S and the dual space S’ is denoted by (-, -).
The norms on W™(£2) and H™({2) and their seminorms are simply denoted by || - [l and || - [|lm (= || - [|m,2) and
by |- |m,p and | - |m (= | - |m,2), respectively. The notations || - ||m.p; | - lmps || - [|m and | - |;m are employed not only
for scalar-valued functions but also for vector- and matrix-valued ones. We also denote the norm on H~1(£2)? by
|| - ||=1. For to and ¢; € R we introduce the function space,

Z™(tg,t1) 1= {1/) € H' (to,t1; H™I(2)); j=0,...,m, 1Vl zm (t0,60) < oo}
with the norm
m 1/2
ozt = {3 oo }
§=0

and set Z™ := Z™(0,T). We often omit [0, 7], {2, and the superscripts d and d x d for the vector and the matrix
if there is no confusion, e.g., we shall write C'(L>) in place of C([0,7T]; L°°(£2)?*9). For square matrices A and
B € R%*? we use the notation A : B :=tr (AB”) = > i AijBij.

We consider the system of equations describing the unsteady motion of an incompressible viscoelastic fluid,

Du

D div (2vD(u)) + Vp = div[(tr C)C] + in 2 x(0,7), (1a)
divu=0 in 2x(0,7), (1b)
% —eAC = (Vu)C + C(Vu)” — (trC)>C + (tr )T + F in 2 x(0,7), (1c)



u=0, g—: =0, on I' x (0,7T), (1d)

u=u’, C=cC" in 2, att=0, (Le)

where (u,p,C) : 2 x (0,7) — R x R x ngx,fll are the unknown velocity, pressure and conformation tensor, v > 0 is

a fluid viscosity, € > 0 is an elastic stress viscosity, (f, F) : £2 x (0,7) — R? x ngxrg is a pair of given external forces,

D(u) := (1/2)[Vu + (Vu)T] is the symmetric part of the velocity gradient, I is the identity matrix, n : I" — R% is
the outward unit normal, (u®, C°) : 2 — R? x R%X4 is a pair of given initial functions, and D/Dt is the material

sym
derivative defined by
D 0

where w : 2 x (0,7) — R? is a given velocity.

Remark 1. The model (1) is the Oseen approzimation to the fully nonlinear problem, where the material derivative

terms,

Ju oC

- -Vu, — -V)C

8t+(u Ju 8t+(u )
exist in place of % and % in equations (1a) and (1c). The existence of weak solutions and the uniqueness of
reqular solutions to the fully nonlinear model have been proved in Lukac¢ova-Medvid’ova et al. [18, Theorems 1 and
3]. The corresponding results are obtained under regularity condition on w to the model (1), which is simpler than
the fully nonlinear model. Numerical analysis of the fully nonlinear problem is a future work.

We set an assumption for the given velocity w.
Hypothesis 1. The function w satisfies w € C([0, T]; W, >°(£2)%).

Let V := Hj(2)%, Q := L§(2) and W := H},, (£2). We define the bilinear forms a,, on V x V,bon V x @, A on
(VxQ)x(VxQ)and a. on W x W by

ay (u,v) = 2(D(u), D(v)), b(u,q) := —(divu,q), A((u,p), (v, q)) = vay, (u,v) + b(u,q) + b(v, p),
a. (C,D) := (VC, VD),

respectively. We present the weak formulation of the problem (1); find (u,p,C) : (0,7) — V x Q x W such that
for t € (0,T)

(%@)N) +A((w,p)(1), (v,9)) = = (tr C(t) C(1), Vv) + (£(t), V) , (20)

(%(w,D) +¢ac(C(t), D) = 2((Vu(t))C(t), D) — ((tr C(t))*C(t), D) + (tr C(t)L, D) + (F(t), D), (2b)
V(v,q,D) €V xQ x W,

with (u(0), C(0)) = (u°, C0).

3 A linear stabilized Lagrange—Galerkin scheme

The aim of this section is to present a linear stabilized Lagrange—Galerkin scheme for the model (1).

Let At be a time increment, Np := |T/At] the total number of time steps and t" := nAt forn =0,...,Np. Let g

be a function defined in {2 x (0,7) and g™ := g(+,t"). For the approximation of the material derivative we employ

the first-order characteristics method,
Dg

B (@)=

g"(z) — (8" ' o XT) (2)
At

+ O(At), (3)

where X7 : 2 — R? is a mapping defined by

X (z) :=x — w"(x)At,



and the symbol o means the composition of functions,
(8" ! o XT)(x) == g" (X (2)).

For the details on deriving the approximation (3) of Dg/Dt, see, e.g., [24]. The point X{*(z) is called the upwind
point of z with respect to w”. The next proposition, which is a direct consequence of [31] and [32], presents sufficient
conditions to ensure that all upwind points defined by XJ* are in {2 and that its Jacobian J" := det(9X{'/0x) is
around 1.

Proposition 1. Suppose Hypothesis 1 holds. Then, we have the following for n € {0,..., Nt}.

(i) Under the condition

At|W|C(W1x) < 1, (4)

X1 02 = (2 is bijective.

(i1) Furthermore, under the condition
At|w|owrey < 1/4, (5)

the estimate 1/2 < J™ < 3/2 holds.

For the sake of simplicity we suppose that {2 is a polygonal domain. Let 7, = {K} be a triangulation of
N (= UKeTh K), hi the diameter of K € 7;, and h := maxge7;, hx the maximum element size. We consider
a regular family of subdivisions {73 }x 0 satisfying the inverse assumption [8], i.e., there exists a positive constant
g independent of h such that

h
— <ay, VK €T, Vh.
hi

We define the discrete function spaces Xp,, Vi, My, Q5 and Wy by

Xp = {vi € C(D)% vk € PL(K), VK € Th}, Vii=Xn OV,
Mh = {qhec(ﬁ)a qh|KEP1(K),VK€77L}, Qh ::Mth)
Wh = {Dh € Csym(()); DhIK € Pl(K)dXd’VK € 7;1}7

respectively, where P;(K) is the polynomial space of linear functions on K € 7.

Let &y be a small positive constant fixed arbitrarily and (-, )k the L?(K)< inner product. We define the bilinear
forms Ay, on (V x HY(£2)) x (V x HY(£2)) and S, on H(£2) x H(£2) by

An ((0,p), (v, 9)) = vay (u, v) +b(u, q) + b(v, p) = Sn(p, q); Su(p.a) =00 Y hi(Vp.Va)k.
KeTy,

Let (f,,Fy) == ({£3V7 {F}7)) € L2(2)4 x L2(2)™? and (u)), CY) € Vi, x W), be given. A linear stabilized

Lagrange—Galerkin scheme for (1) is to find (up,pp,Cp) = {(uZ,pZ,CZ)}gil C Vi x Qn x Wy, such that, for
n = 1, ey NT,

ul —u? o X7 -
(%tlvvh) + An (i, 1), (Vasan)) = —((tr G )CR™H, Vva) + (£, va), (6a)
Cn — Cn—l Xn
< h Aht o X ,Dh) +a,(CP,Dy) = 2((VUZ)CZ_1,Dh) — ((tr CZ_I )QCZ,Dh)

+ ((trC71)LDy) + (F},Dy), (6b)
Y(Vh, qn, Dp) € Vi X Qp x W

4 The main result

In this section we state the main result on error estimates with the optimal convergence order of scheme (6), which
is proved in the next section.



We use ¢ to represent a generic positive constant independent of the discretization parameters h and At. We also
use constants ¢, and ¢s independent of h and At but dependent on w and the solution (u, p, C) of (2), respectively,
and ¢ often depends on w additionally. Furthermore, ¢ may depend on v and & but neither ¢, nor c¢s; depends on
them. The symbol “/ (prime)” is sometimes used in order to distinguish two constants, e.g., ¢s and ¢, from each
other. We use the following notation for the norms and seminorms, |||y, = [y, = [Ill1; [Ilg = [Ilg, = Illo:

2 2 1/2
100, Ol 2t = {12000y + 1€ B2ty b

Nr 1/2
2
00(X) T nX’ 02(X) T nX )
[ullg (xy 7= max "] [ullzx) == AL Y [lu”]|
n=1

0, N7

1/2 Ny 1/2

pln == { > hk(Vp, VP)K} v Pl = {Atz |p"|;21} :
KeTy n=1

for X = L2(§2) or H'(§2). Da; is the backward difference operator defined by Dazu™ := (u™ — u™~1)/At.
The existence and uniqueness of the solution of scheme (6) are ensured by the following proposition, which is also

proved in the next section.

Proposition 2 (existence and uniqueness). Suppose Hypothesis 1 holds. Then, for any h and At satisfying (4)
there exists a unique solution (up,pr, Cp) C Vi X Qn X Wy of scheme (6).

We state the main results after preparing a projection and a hypothesis.

Definition 1 (Stokes—Poisson projection). For (u,p,C) € V x Q x W we define the Stokes—Poisson projection
(n, P, Cn) € Vi X Qn x Wy of (u,p, C) by

Ap ((ﬁhvﬁh)v (Vh; Qh)) + Ea’c(cha Dh) + (Chv Dh) =A ((uap)v (Vh; Qh)) + Ea’c(cv Dh) + (Cv Dh)a
V(Vhy qn, Dn) € Vi X Qp X W, (7)

The Stokes—Poisson projection derives an operator HSP VxQxW =V, xQp x Wy, defined by H,%P (u,p,C) :=
(Qn, P, Cr). We denote the i-th component of IT5F (u, p, C) by [II5F (u,p, C)]; for i = 1,2,3 and the pair of the
first and third components (i, Cr) = ([II5F (u, p, C)]1, [IT5F (u, p, C)]3) by [II5F (u, p, C)]1 3 simply.

Remark 2. The identity (7) can be decoupled into the Stokes projection and the Poisson projection. For the
simplicity of the notation we use (7) in the sequel. Since the Neumann boundary condition (1d) is imposed on C,
we use the Poisson projection corresponding to the operator —e A + I for the unique solvability.

Hypothesis 2. The solution (u,p, C) of (2) satisfies u € Z*(0,T)*NH(0,T;VNH?(2)")nC([0,T]); WhH(£2)%),
p€ HY0,T;QNHY(2)) and C € Z2(0,T)*4 N H (0, T; W N H?(§2)4%4).

We now impose the conditions
(u?l’c(])‘b) = [Hsp(u07oaco)]1,37 (fhth) = (f7F) (8)

Theorem 1 (error estimates). Suppose Hypotheses 1 and 2 hold. Then, there exist positive constants hg, co and
¢t such that, for any pair (h, At) satisfying

(L+|logh))"1/2 (d=2),
<
hG(O,hO], At_C()X{hl/Q (d:3)7 (9)
the solution (up,pp, Cp) of scheme (6) with (8) is estimated as follows.
IChlle=e (L) < [ICllewe) +1, (10)

— oC
lun, —ullgo 2y, un —ulleary, |pn = plez(gn)s 1Ch — Cllgso a1y, HDAtCh ~

< ci(At+h). (11)
£2(L?)



5 Proofs

In what follows we prove Proposition 2 and Theorem 1.

5.1 Preliminaries

Let us list lemmas employed directly in the proofs below. In the lemmas, «;, ¢ = 1,...,4, are numerical constants,
which are independent of h, At, v and € but may be dependent on 2.

Lemma 1 ( [10] ). Let £2 be a bounded domain with a Lipschitz-continuous boundary. Then, the following inequal-
ities hold.

D)o < vl < 1 D™)llo, Vv € Hy(£2)".

Let I, : C(£2) — My, be the Lagrange interpolation operator. The operators defined on C(£2)% and C(£2)?*¢ are
also denoted by the same symbol IT;,. We introduce the function

1+ |logh)'? (d=
D(h) ::{Elj/l gk Ed

2),
; (12)

))

which is used in the sequel.

Lemma 2 ( [5,8] ). The following inequalities hold.

[InD|g o < DIy, o - VD e C(2)™,
[ZIyD — D||; < azoh|D],, vD e H?(2),
[Drllg,00 < 21D(h) [[Dall;, VD;, € W,

The next lemma is obtained by combining the error estimates for the Stokes and the Poisson problems, see,
e.g., [6,8,13] for the proof.

Lemma 3. Assume (u,p,C) € (VN H2(2)?) x (QNH(2)) x (W N H*(2)%*4). Let (an, pn, Cn) € Vi x Qn x Wi
be the Stokes-Poisson projection of (u,p, C) by (7). Then, the following inequalities hold.
lan, —ully s 1Bn = pllgs 1Bn = pln < csih (W) g2 g1 ICh = Cll1 < azah||Clla.

Lemma 4 ( [24,31] ). Under Hypothesis 1 and the condition (5) the following inequalities hold for any n €
{0,..., Nz}
lg o XTllg < (1 + cao|w"|1,00A1) [|g]lo Vg € L*(02)°,
lg —go X7y < ca||w" (o, AL [|g]]; Vg € H'(2)*,

where s =d ord x d.

Proof. We prove only the former estimate, since the latter is a direct consequence of [24, Lemma 6]. Let n €
{0,..., N7} be fixed arbitrarily. By changing the variable from z to y := X}*(x), we have

n n 1 n
lso X713 = [ (X7 do = [ g0 S dy < (0w lee) gl
where J" is the Jacobian det(dy/0x). Here we have used the estimate,

1 1

< <1421 = J" <14 2w AL < (1 "1 o AL)?,

Jn — 17|17Jn| s+ | |— + C|W |11 —( +C|W |1, )

which is derived from Proposition 1-(ii) and 1/(1 — s) < 1+ 2s (s € [0,1/2]). Thus we obtain the result by
setting ayg = c. O



5.2 Proof of Proposition 2

For each time step n scheme (6) can be rewritten as

n

u _
(F2ovn) +vau(ugi,ve) +b(vipi) + (0 CRICE  Vvi) = (gvi),  Wa €V, (13a)
b(uy, qn) — Sn(ph,qn) = 0, Van € Qn,  (13b)
Cn
(A’; Dh) +¢ea. (C,Dy) — 2 (Vu)Cp ', Dy) + ((tr C; =1 )?Cr,Dy) = (G}, Dy), VDy, € Wy,  (13c)

where g} := (1/At)(u} ' o X7) + ] and G} := (1/At)(C} 1o X7) + (tr C} 1 )I + F7. Selecting specific bases of
Vi, Qn and W}, and expanding u}, p; and C} in terms of the associated basis functions, we can derive the system
of linear equations from (13). The result, i.e., existence and uniqueness, is equivalent to the invertibility of the
coefficient matrix of the system, which is obtained by proving (uy, pj, C}) = (0,0, 0) below when (g}, G}) = (0, 0).
Substituting (u}, —py, 1 (tr C' )I) into (v, gn, Dp) in (13) and adding (13b) to (13a), we have

N2 + 20 DO 2 + Solphl7 + ((0r O )CR ", Tuf) =0, (142)
S I G2 + S 19 Gy~ (V) tr O ) + 5 [l Gty 2 =0 (14b)
By the identity
(trCp)Cp !, vuy) — (tr[(Vup)Cp '], tr Cp ) = 0,

the sum of (14a) and (14b) yields
n |2 1 n— n
HuhHo+2V|‘D(uh)”0+50|ph|h+ HtrC Ho HVtrCh ||o+§ [|tr C5: 1t1”ChHoz
Hence, we have (u}, pj) = (0,0). Substituting C} into Dy, in (13c) and noting that uj) = 0, we obtain
illo =0,

1 e
~; IGhlls + e IVCRll + [[(tr G

which implies C} = 0. Thus, we get (u},pj, C}) = (0,0,0), which completes the proof. O

5.3 An estimate at each time step

In this subsection we present a proposition which is employed in the proof of Theorem 1.

Let (0, pn, Cr)(t) := ITSF (w,p, C)(t) € Vi, X Qp x Wy, for t € [0,T] and let

epi=up —0p,  q=pp-pp. Ep=Cp-Cp )= (u-w)(t), E():=(C-Cp)).

Then, from (6), (7) and (2), we have for n > 1

n—1
e —e o X7
(%ﬁl; Vh> + Ah((e27 62)7 (Vha qh)) = <r27vh>7 V(Vh, qh) € Vh x Qh’ (15&)
Er —E} "o X7
( A vh) + cao(Bf, Dy) = (R}, Dy), VD;, € Wi, (15D)
where

4 11
ry = Zrzi eV, h = ZRZ € Wy, (16)

i=1 =1

. Du'  u'—u'loXy
(has v =\ ~ At vh

1
<rh2)vh> At (77n - ,r]n_l © X{l7vh) )



[tr (B" — E})]C) 1, Vivy),

1o, Dy = ([tr (C" ! + CPH](tr "1 C™, D),
= ([tr (C™ + C" H)][tr (C" — C"~1)|C",Dy,),
i=—([tr(C"—C" '+ E" —E}"HLDy).

We note that

(e(})u E(})L) = (u%, C(})L) - (ﬁ(})w C(})L) = [HEP(Ov 7p07 0)]1,3' (17)

In the following we use the constants a; defined in Lemma 4, i = 1,...,4, and the notation H? := H?(£2)? x
HY(0) x H2(02)2%2.

Proposition 3. Suppose that Hypotheses 1 and 2 hold and assume (5). Let My be a positive constant independent
of h and At. Let (up,pn,Cp) be the solution of scheme (6) with (8). Suppose that for ann € {1,..., Np}

ICH ™ 0,00 < Mo. (18)
Then, there exist positive constants ¢1 and co, dependent on My but independent of h and At, such that
) 1 n 70 n v n n 70 n
Dae(5llehl + FIBLIR) + 5z ek + doleh: + 32 IDacmy
Lo e Y0 i Y0 i
< er(Glle™ I3 + GBI + SIERI)
1
+ C2 [At”(u, C)HQZQ(tn717tTL) + h2 (EH(U,]), C)H%_I1(tn—17tn;H2) + 1):| 5 (19)
where vy := ve/{32a3(e + 1) M3}.
For the proof we use the next lemma, which is proved in Appendix.

Lemma 5. Suppose Hypotheses 1 and 2 hold. Let n € {1,...,Np} be any fized number. Then, under the
condition (5) it holds that

[rh1llo < cwVALal z2(pn-1 4n), (20a)
cwh
[rhallo < \/—A—tH(uap)HHl(tnfl,t";Hzle), (20b)
sl =1 < es (IR o + VALIC] mren— emi2y + ), (20c)
h4all—1 = Cs h_l 0,00 Z 0 ,
[rRall—1 < eslICh™ lo,0 ([|ER 0 + 1) (20d)
[Rp1llo < cwVAL|C| z2(n-1,4m), (20e)
n cwh
”RhQHO < \/EHC”Hl(t"*l,t”;Hz)a (20f)
[RAsllo < esh, (20g)



IR7allo < 4I1CH ™ lo.00ller 1, (20h)
IR75llo < ¢slICh ™ lo,00h, (20i)
IRRsllo < cs (1B lo + VALIC g1 pn1 em,22) + 1), (20j)
IR7zllo < esCh 15 oo (IER lo + R, (20k)
IR7sllo < es(ICh ™ lo,co + DIEL ™ [lo, (201)
[Rpgllo < csh, (20m)
[RR10llo < Cs\/A_tHCHHl(t"*I,t";Lz)a (20n)
IR:llo < es(IER o + VAHIC g1 (pm-1,0m:12) + h). (200)

Proof of Proposition 3. Substituting (e}, —e}) into (v, ¢s) in (15a) and noting that

er —el 1o X1 1 _ 1 _
(=i e) 2 g (el ~ i o XPIR) 2 5 (Il = 1+ cmlw 02l ]

— 1 —
> Dac(FlleRl3) = culler ™11,

2v
An((ef,€n), (eh, —€n)) > gl\eﬁl\? +olpil7;
1

2
o 2 Y a2
(et o) < lefll-allehll < T IrR )20 + 5 llefl3
’ 4v a% ’
we have
) 1 n|2 v ni|2 n|2 O‘% n| 2 n—12
Dac(Zllerl) + =5llehlf + dolei i < TLlrflI2) + culle ™13 (21)
o v

Similarly, substituting E? and Da;E} into Dy, in (15b) and noting that

E; -E 'oxp — /1, e
(B2 ) 2 D (SIRIR) - colB2
EaC(EZaEZ) = 5|E’Z|% >0,

n n n n n 1 n
®RLER < [IREolERo0 < |R1NG + ZH [F

En _En—l OX? o . . . En—l _ En—l OX'ln o .
( h gt ,DAtEh> = (DAtEth h A’g ,DAtEh)

> [[DaBR (G = ca W™ o.0 1L~ 111D ER o,

> DRI — cull By~ {1DaBR R,
= 2IDA®BRIR — cull By
cac(E}, DaE}) > EM(;EQG),
(R} DacEy) < |RR 0| DacERlo < IRRIS + - | Dacy 2
we have the following two inequalities,
Do (G IBEIR) < IRRIR + o (BRI + B33, (222)
Diae(GIBL) + 5 IDABRIZ < IREIZ -+ collB 12 (22b)
Lemma 5, (16) and (18) imply that

n n n— 1
10712, < o (VIR + TR 2) + € [ A0, ©)Wen 1.y + 5% (R 100 2) s o gy + M3 +1) .
(23a)



n n n— 1
IR < s | MG IERIZ + (M3 + DB 18] + ¢, [AUIC 2001 0m) + 52 (ZICH 1 (-1 ity + MG + MG +1)]
+ 16 M ||e}||3. (23b)

Multiplying (22a) by 7o and (22b) by 7o/e, adding them to (21) and using (23) and 16 M3vo(e + 1)/e = v/(2a3),
we get

— 1 Yo v Y0 = 1 - 7o - Yo
D518 3 + SIERIZ) + 5z leill3 + dolehl3 + 22 IDacERIE < pa(Mo) (5 e 13 + B I1F + S IERI3)
2 2 202 2 2 2

p2(Mo) [0, ©) a1 0y + 1 (3 1082, OV 3 1 gy +1) -

where p;(€), ¢ = 1,2, are polynomials in § with non-negative coeflicients independent of h and At. By taking
¢i = pi(My), i = 1,2, we finally obtain (19). O

5.4 Proof of Theorem 1

We prove Theorem 1 through three steps, where the function D(h) defined in (12) is often used.
Step 1 (Setting ¢ and hg): From (8) and (17) we have

lefllo < fluf —u®ly + [u® — af |1 < 2as1h)|(u,p)°l| g2xm = V2erh (24)

for cr := v2az1||(u, p)°|| g2 x 1. The constants ¢; and ¢y in Proposition 3 depend on My. Now, we take My =
ICllc(re=y + 1. Then, c; and c; are fixed. Let c3 and c. be constants defined by

301T

) max{v/zzll(w, ©)llz2. e (| (@, O)ll ) + V) +e1 }.

c3 = eXp(

and ¢, 1= ¢31/2/v9. We can choose sufficiently small positive constants ¢y and hg such that

o1 [C*{Co + hoD(ho)} + (0420 + Oégg)hoD(ho)chc(Hz)} <1, (25&)
Co 1
At <) — < — 2
Co|W|1 o 1
At X)) ———— < -, 2
(Bl ) DL 2 (250)

since hD(h) and 1/D(h) tend to zero as h tends to zero.

Let (h,At) be any pair satisfying (9). Since condition (4) is satisfied, Proposition 2 ensures the existence and
uniqueness of the solution (uy, pp, Cp) = {(u}, py, C")}n 1 C Vi X Qp x Wy, of scheme (6) with (8).

Step 2 (Induction): By induction we show that the following property P(n) holds for n € {0,..., Nr},

1 n "o n v Y0 =
(a) §||eh||(2) + 3” nlIF+ FHehH?gl(Hl) + 50|€h|§g(|.|h) + 2—€||DAtEh||§g(L2)
Pln): < exp(3ernt) < el E) At?||(u, C h? 2 A
< exp(3ernAt)| 5 llen o + || nT A+ 2y AE[(w, C) | 52(0,my + 17 (1w, 2, C)llg (0,0m 52 + 1AL |
(b) ICh <|Cllewe=) +1,

where ||eh||¢3b(H1) = |€h|@ﬁ(|'|h) = ||EAtEh||Z$L(L2) =0 forn=0.

P(n)-(a) can be rewritten as

Ty + Atz yi < exp(3cinAt) (aco + At Z bi), (26)
i=1 i=1
where
Lo e v 2
oo i g1+ IBRIE = g lehl + ole 2 + 22 IDarBL I,

10



b; —CQ{AtH(u C)||Z2 i1 ) +h2( H( ap’C)Hzl(ti*l,ti;HZ)+1)}-

We firstly prove the general step in the induction. Supposing that P(n—1) holds true for an integer n € {1,..., N},
we prove that P(n) also holds. We prove P(n)-(a). Since (5) and (18) with My = ||C||¢(r~) + 1 are satisfied
from (25¢) and P(n — 1)-(b), respectively, we have (19) from Proposition 3. The inequality (19) implies that

BAtxn + Yn S Cl(xn + :Cnfl) + bnv
which leads to

Tn + Aty, < exp(3c1At)(xn—1 + Atby,) (27)

by (14 c1At)/(1 — a1 At) < (14 1 At)(1 4 2¢1At) < exp(3c1At), where ¢i At < 1/2 from (25b). From (27) and
P(n —1)-(a) we have

n—1 n—1
T, + At Z yi < exp(3c1At)(xp—1 + Atby,) + At Z yi < exp(3c1At) (:cn 1+ At Z yi + Atb )
=1 1=1 1=1
n—1
< exp(3c1 At) {exp{?)cl(n — 1)At} (aco + At Z bi) + Atbn]
i=1

< exp(3cinAt) (mo + At Z bi) .

i=1
Thus, we obtain P(n)-(a).
For the proof of P(n)-(b) we prepare the estimate of |E}||;. We have

1 Yo 1
w0 = Sllehll5 + o IERIT = 5llehll§ < c7h? (28)
2 2 2
from (24). P(n)-(a) with (28) implies that

Lo w2 "o v 2 2 Y5 2
§Heh||0 ||E I+ 27 llenllz vy + dolenliz 1.1,y + 2—€||DAtEh||eg(L2)

< exp(3erT) [e3h? + e { AL (0, ©) 122 + b (I1(, p, ©) 311y + T) }
< exp(3erT) (A2 (u, O3z + h* {2 (| (0, p, O s ey +T) + ¢}
< {es(At+h)}, (29)

which yields

2
[ER L < \/%03(At+h) = cu(At +h). (30)

We prove P(n)-(b) as follows:

Chllo,0c < 1Ck = HnC" [lo,00 + [1IhC" |[0,00 < 21 D(R)||CR — TR C"[|1 + [1I,C"
<an D) ([Ch = Chlli + |G = C™|ly + [|IC" = IT,C"|l1) + [ TT5.C™ 0,00
< a9 D(h) [c*(At + h) + azh||C*2 + agohHC"HQ] +]C™
< a1 [e{co + hoD(ho)} + (20 + as2)ho D(ho)||Cllc(m2)] + [IClle(n=)
<14 Cllers),

from (30), (9) and (25a). Therefore, P(n) holds true.

The proof of P(0) is easier than that of the general step. P(0)-(a) obviously holds with equality. P(0)-(b) is
obtained as follows:

IChllo.00 < IC} = TThCl0.00 + [HTnCll0,00 < 21 D(R)([|C)y — Cll1 + [|C° — 11, C1) + | 1T1.C°fo,

11



< a1 (20 + az2)RD(R)[|C°l2 + |C[lo,00
<1+ |Cller=)-

Thus, the induction is completed.

Step 3: Finally we derive (10) and (11). Since P(Nr) holds true, we have (10) and
Heh”eoo(LZ)ﬂéZ(Hl), |€h|g2(|,|h), HﬁAtEhHZZ(LZ) S CCS(At =+ h) (31)
from (29). Combining (31) and the estimates

lun — uHeoc(LZ) < llenllese L2y + Ml 22y < llenlles L2y + asihll(w, p)llcmz < a1y,
50”

HEAtCZ H < |IDaAtEMlo + | DatE™|lo + HDAtCn

vk 9°C
< |[DaE}lo + \/BQ—HCHHl(t" LamgH?) T V 3 H ot?

we can obtain the first and the last inequalities of (11) with a positive constant ¢; independent of h and At. The
other inequalities of (11) are similarly proved by using (30) and (31). O

LQ(tn—17tn,;L2),

6 Conclusions

In this paper we have presented a linear stabilized Lagrange—Galerkin scheme (6) for the Oseen-type diffusive
Peterlin viscoelastic model. The scheme employs the conforming linear finite elements for all unknowns, velocity,
pressure and conformation tensor, together with Brezzi—Pitkdranta’s stabilization method. In Theorem 1 we have
established error estimates with the optimal convergence order under a mild condition At = O(1/4/1 + |loghl) in
two and three space dimensions. Although we have treated the stabilized scheme to reduce the number of degrees
of freedom, the extension of the result to the combination of stable pairs for (u,p) and conventional elements for C
is straightforwards, e.g., P2/P1/P2 element. In future we will extend this work to the Peterlin viscoelastic model
with the nonlinear convective terms.

We have studied a nonlinear stabilized Lagrange—Galerkin scheme in our previous paper [17], Part I, where essen-
tially unconditional stability and error estimates with the optimal convergence order in two space dimensions are
proved including the case ¢ = 0. Numerical results by the linear and the nonlinear schemes have been presented
in [21], see also our forthcoming paper for further details.
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Appendix : Proof of Lemma 5

We prove only (20a)—(20d), (20h) and (201), since the other estimates are similarly obtained. Let t(s) := t" "' +sAt (s € [0, 1])
and y(z,s) :=z — (1 — s)w™(x)At.

We prove (20a). We have that

s (z )—{(gt+w (z )-v)u

= {(E +w"(z) ~V)u



= At/ol ds /:{(% +w"(z)- V)2u} (y(z,s1),t(s1))ds1
= At /01 31{(% +w"(x)- V)2u} (y(z,s1),t(s1))ds1,

which implies

1
0
il < 8¢ [ sif[{ (5 4 w70 9) bt s).ts0) | o < ol
0

where for the last inequality we have changed the variable from z to y and used the evaluation det(9y(z, s1)/0z) > 1/2 (Vs1 €
[0,1]) from Proposition 1-(ii).

We prove (20b). Since we have that

i = 2 [ 1)) = [ {2+ w0 9)n} st s

we also have

ieiato< ['{(% +w”<->V)n}(yc,sxt(s))Hodss/OI(H%—’Z(yc,s),t(s))Ho+cwuw(yc,s>,t<s>)H0)ds
<2 [ {[5rcaon], weatontionti o< 5 (15

/2
< Eamh(l+Cw)”(u7p)'lHl(t"'*l,tn;HZXHl)7

which implies (20b), where Proposition 1-(ii) has been used for the third inequality.
(20c), (20d) and (20h) are obtained as follows:

+ Cw ‘|v/’7HL2(t”’*1,tn;L2))

L2(t” 1 RALH LZ)

Irhall-1 < ell(tr C")(C™ = C" T+ " —Ep o < e (IC" = C" Mo + IE" " lo + 1B o)
< es (VAU Cllg1 (g1 om;12) + a2k [C"7 |2 + [ER ™ o)
< Cls(HEZﬂHO + \/A_tHCHHl(tnfl,t";Lz) + h)7
IrRall-1 < cllftr (B™ = EDICL ™ flo < el L™ lo,coltr (B™ — ER) o
el lo.ss (I1E™ o + IER o) < ellCh ™" [lo.cc (@s2hl|C™ |2 + [ EA o)
cslICh ™ lo.oo (I ER o + ),
IR74llo = 2[[(Ver)Ch ™ lo < 4lIC;

IN N IA

illo < 4ICH oo llenl1,

where in the estimate of ||Rj,||o the inequality [[AB|lo <
employed.

for A € L°(£2)*>*? and B € L?*(£2)>*? has been

Finally, (201) is proved as

IRRsllo = [l[tr (C5. ™" + Ci ™ HI(tr B~ C o < ea(||Ch 7"

NEL o < UICE lo.oo + DIER[lo,

where for the last inequality we have used the boundedness of ||C'~!||o,cc obtained by the estimate
ICE Hlo.ce < NICR™" = IC" oo + T C" ™ lo00 < @21 D(A)ICE ™ = IC" 1 + [[Clle(zo)
< anDB) (|G =€+ 1€ = IWC™ ) + IIC] oz

)
< a1 D(h) (us2h]|C™ |2 + aa0hl|C™ 7Y 2) + [Cllezoe)
< agrhD(h)(az0 + as2)[|Cllom2) + [Cllo@ee) < cs. O
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