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Abstract

We present a nonlinear stabilized Lagrange—Galerkin scheme for the Oseen-type Peterlin viscoelastic model.
Our scheme is a combination of the method of characteristics and Brezzi—Pitkiranta’s stabilization method for
the conforming linear elements, which yields an efficient computation with a small number of degrees of freedom.
We prove error estimates with the optimal convergence order without any relation between the time increment
and the mesh size. The result is valid for both the diffusive and non-diffusive models for the conformation
tensor in two space dimensions. We introduce an additional term that yields a suitable structural property and
allows us to obtain required energy estimate. The theoretical convergence orders are confirmed by numerical
experiments.

In a forthcoming paper, Part 11, a linear scheme is proposed and the corresponding error estimates are proved
in two and three space dimensions for the diffusive model.
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Introduction

In the daily life we encounter many biological, industrial or geological fluids that do not satisfy the Newtonian
assumption, i.e., the linear dependence between the stress tensor and the deformation tensor. These fluids belong
to the class of the non-Newtonian fluids. In order to describe such complex fluids the stress tensor is represented
as a sum of the viscous (Newtonian) part and the extra stress due to the polymer contribution.

In literature we can find several models that are employed to describe various aspects of complex viscoelastic fluids.
One of the well-known viscoelastic models is the Oldroyd-B model, which is derived from the Hookean dumbbell
model with a linear spring force law. The model is a system of equations for the velocity, the pressure and the
extra stress tensor, cf., e.g., [31,32].

Numerical schemes for the Oldroyd-B type models have been studied by many authors. For example, we can find
a finite difference scheme based on the reformulation of the equation for the extra stress tensor by using the log-
conformation representation in Fattal and Kupferman [12,13], free energy dissipative Lagrange—Galerkin schemes
with or without the log-conformation representation in Boyaval et al. [5], finite element schemes using the idea of
the generalized Lie derivative in Lee and Xu [15] and Lee et al. [16], and further related numerical schemes and
computations in [1,4,11,14,20, 22,24, 39] and references therein. To the best of our knowledge, however, there are
no results on error estimates of numerical schemes for the Oldroyd-B model. As for the simplified Oldroyd-B model
with no convection terms Picasso and Rappaz [30] and Bonito et al. [3] have given error estimates for stationary
and non-stationary problems, respectively. The development of stable and convergent numerical methods for the
Oldroyd-B type models, especially in the elasticity-dominated case, is still an active research area.
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In this paper, Part I, and the forthcoming paper [18], Part II, we consider the so-called Peterlin viscoelastic model,
which is a system of the flow equations and an equation for the conformation tensor, cf. [31,32]. In [29] Peterlin
proposed a mean-field closure according to which the average of the elastic force over thermal fluctuations is
replaced by the value of the force at the mean-squared polymer extension. More precisely, instead of the nonlinear
spring force law F(R) = v(|R|?)R that acts in polymer dumbbells the Peterlin approximation F(R) ~ v({|R|*))R
is applied, where R is the vector connecting the dumbbell beads and ~ is the spring constant. That means, that
the length of the spring in the spring constant « is replaced by the average length of the spring (|R|?) = tr C.
Consequently, we can derive an evolution equation for the conformation tensor C, which is in a closed form,
cf. [19,23,31,32,34]. Note that in literature one can also find the Peterlin approximation in the context of finitely
extensible nonlinear elastic (FENE) dumbbell model, which was subsequently termed the FENE-P model, cf. [2].
In this model the denominator of the FENE force of the corresponding kinetic model is replaced by the mean
value of the elongation yielding the macroscopic FENE-P model. On the other hand, Renardy recently proposed
a general macroscopic constitutive model, that is motivated by Peterlin dumbbell theories with a nonlinear spring
law for an infinitely extensible spring, see Renardy [33,34] and a recent paper by Lukadova-Medvidova et al. [21],
where the global existence of weak solutions has been obtained. The diffusive Peterlin viscoelatisc model studied
in the present paper has been obtained by a particular choice of these general constitutive functions. This model
has been studied analytically by Luka¢ova-Medvidova et al. [19], where the global existence of weak solutions and
the uniqueness of regular solutions have been proved. Let us mention that, even when the velocity field is given,
the equation for the conformation tensor in the Peterlin model is still nonlinear, while the Oldroyd-B model is
linear with respect to the extra stress tensor. Hence, we can say that the nonlinearity of the Peterlin model is
stronger than that of the Oldroyd-B model. As a starting point of the numerical analysis of the Peterlin model, we
consider the Oseen-type model, where the velocity of the material derivative is replaced by a known one, in order
to concentrate on the treatment of nonlinear terms arising from the elastic stress.

Our aim is to develop a stabilized Lagrange—Galerkin method for the Peterlin viscoelastic model. It consists of
the method of characteristics and Brezzi-Pitkdranta’s stabilization method [8] for the conforming linear elements.
The method of characteristics yields the robustness in convection-dominated flow problems, and the stabilization
method reduces the number of degrees of freedom in computation. In our recent works by Notsu and Tabata [26-28]
the stabilized Lagrange—Galerkin method has been applied successfully for the Oseen, Navier—Stokes and natural
convection problems and optimal error estimates have been proved.

We establish the numerical analysis of the stabilized Lagrange—Galerkin method for the Oseen-type Peterlin model
in this paper, Part I, and the forthcoming paper [18], Part II. The results of the two papers are summarized in
Tables 1 and 2, where ¢ is the diffusion coefficient in the equation for the conformation tensor, d is the spatial
dimension, A is the representative mesh size and At is the time increment.

In Part I, a nonlinear stabilized Lagrange-Galerkin scheme for the diffusive (¢ > 0) and the non-diffusive (¢ = 0)
Peterlin model is presented and error estimates with the optimal convergence order are proved without any relation
between discretization parameters At and h in two dimensions. For the proof we rely on a key lemma, cf. Lemma 5,
in which a special structural property using an additional term (div uy (C})#, D) is shown. However, this property
does not hold in three-dimensional case. This is the reason why the convergence result is shown only in two space
dimensions. The theoretical convergence orders are confirmed by numerical experiments. Since the scheme is
nonlinear, the existence and uniqueness of the scheme are studied additionally, and we show that the scheme
has a solution without any relation between h and At and that the solution is unique for the diffusive and the
non-diffusive cases under the conditions At = O(1/(1 + |log h|)?) and At = O(h), respectively, in two dimensions.

In Part IT a linear scheme for the diffusive model is presented and optimal error estimates are proved under
mild stability conditions, At = O(1/4/1 + |logh|) and At = O(v/h), in two and three dimensions, respectively.
Moreover, the existence and uniqueness of its numerical solution are shown as well. The theoretical convergence
orders are again confirmed by numerical experiments.

Let us summarize that in both papers, Part I (nonlinear scheme) and Part II (linear scheme), we present the results
for optimal error estimates (i) for the non-diffusive case (¢ = 0) in two space dimensions and (ii) for the diffusive
case (¢ > 0) in three space dimensions, respectively.

As mentioned in Boyaval et al. [5], the positive definiteness of the conformation tensor is important in the anal-
ysis of numerical schemes for the Oldroyd-B model and has been overcome by using, e.g., the log-conformation
representation in Fattal and Kupferman [12,13]. While some schemes preserving the positive definiteness have
been developed, there are, as far as we know, no convergence results of such schemes. In our papers, Part I and
Part II, we have obtained the convergence results without any assumption on the positive definiteness. This is an



Table 1: Summary of our results in Part I and Part II. (¢ is the diffusion coefficient for the conformation tensor
and d is the spatial dimension.)

Part I Part 11

Scheme Nonlinear Linear
€ >0 >0

d 2 2 and 3

Table 2: Conditions on the time increment A¢ with respect to the mesh size h. (& means that no condition is
required.)

Part I, d=2 Part II, >0
Existence 1%} 1%}
e>0 e=0
Uniqueness ((1 - llog h|)2) O(h) I}
Optimal d=2 d=3
es‘zlllrl(;l‘;es 7 (\/ﬁ) O(‘/E )

additional feature of our proof.

The paper is organized as follows. In Section 2 the mathematical formulation of the Oseen-type Peterlin viscoelastic
model is described. In Section 3 a nonlinear stabilized Lagrange—Galerkin scheme is presented. The main result on
the convergence with optimal error estimates is stated in Section 4, and proved in Section 5. In Section 6 uniqueness
of the numerical solution is shown. Theoretical order of convergence is confirmed by numerical experiments in
Section 7.

2 The Oseen-type Peterlin viscoelastic model

The function spaces and the notation to be used throughout the paper are as follows. Let {2 be a bounded domain
in R2, I" := 942 the boundary of {2, and T a positive constant. For m € NU {0} and p € [1, 0] we use the Sobolev
spaces WP (1), Wy ™ (2), H™(2) (= W™2(2)), H}(2) and L(2) := {q € L*(2); [,, ¢dz = 0}. Furthermore,
we employ function spaces H, (£2) := {D € H™(£2)**?; D = D"} and C7,,.(2) := C™(2)***NH,, (£2), where
the superscript T stands for the transposition. For any normed space S with norm || - || s, we define function spaces
H™(0,T;S5) and C([0,T]; S) consisting of S-valued functions in H™(0,7T) and C([0,T]), respectively. We use the
same notation (-,-) to represent the L?(2) inner product for scalar-, vector- and matrix-valued functions. The
dual pairing between S and the dual space S’ is denoted by (-,-). The norms on W™ P(2) and H™((2) and their

seminorms are simply denoted by || - ||m,p and || - |m (= || - |lm,2) and by |- |m,p and | - |;m (= | - |m,2), respectively.
The notations || - ||lm,p; | lm,ps || - |lm and | - |, are employed not only for scalar-valued functions but also for vector-
and matrix-valued ones. We also denote the norm on H~1(£2)2 by || - ||-1. For ¢y and #; € R we introduce the

function space,

Z™(to, tr) == {0 € H(to,t;; H™ 7 (£2)); j=0,...,m, ||¥]lzm(10,4) < 0}



with the norm

m 1/2
[z (t0,80) = {Z |¢||§11(t0,t1;Hm:‘(9))} ’

Jj=0

and set Z™ := Z™(0,T). We often omit [0, 7], {2, and the superscripts 2 and 2 x 2 for the vector and the matrix
if there is no confusion, e.g., we shall write C(L*) in place of C([0,T]; L°>°(£2)?*?). For square matrices A and
B € R?*2 we use the notation A : B = E” A;;Bi;.

We consider the system of equations describing the unsteady motion of an incompressible viscoelastic fluid,

D
D—‘t" — div (2vD(u)) + Vp = div [(tr C)C] + f in 2 x (0,7), (1a)
diva =0 in 2 % (0,7), (1b)
D
D_(tj —eAC = (Vu)C+ C(Vu)" — (trC)*C + (tr C)I + F in 2% (0,7), (1c)
u=0, Eg—g =0, on I' x (0,T), (1d)
u=u’, C=C° in 2, att=0, (Le)

where (u,p,C) : 2% (0,T) = R? xR x ngﬁi are the unknown velocity, pressure and conformation tensor, v > 0 is a

fluid viscosity, € € [0, 1] is an elastic stress viscosity, (f,F) : 2x (0,T) — R? xR?*? is a pair of given external forces,
Vu is the (matrix-valued) velocity gradient defined by (Vu);; := du;/dz; (i,j = 1,2), D(u) := (1/2)[Vu+ (Vu)7T]
is the symmetric part of the velocity gradient, I is the identity matrix, n : I" — R? is the outward unit normal,
(u®,C% : 2 — R? x R2X2 is a pair of given initial functions, and D/Dt is the material derivative defined by

sym

D 0

—_— = — w -V

Di o VY
where w : 2 x (0,T) — R? is a given velocity.
Remark 1. (i) In this paper we pay attention to the dependency on € to include the degenerate case € = 0. The
upper bound 1 of € is not essential but replaced by any positive constant €g, i.e., € € [0,e0]. The upper bound is
needed in choosing the constants hg, Aty and c; independent of € in Theorem 1 below, where it is used for the
estimate (17g) in Lemma 8.

(i) When e > 0, under regularity condition on w the global existence of a weak solution of (2) below can be proved
in a similar way to the fully nonlinear case [19].

(i1i) When € = 0, there is neither the diffusion term in (1c) nor the boundary condition on C in (1d). Because
of the loss of the ellipticity, C(t) does not belong to H'(§2)2*? in general. If there exists a solution satisfying
Hypothesis 2 below, then we can show the convergence of the finite element solution to the exact one in Theorem 1.
We formulate an assumption for the given velocity w.

Hypothesis 1. The function w satisfies w € C([0,T]; Wy ™ (£2)?).

Let V := Hg(2)?, Q := L§(£2) and W := H],,, (£2). We define the bilinear forms a,, on V' x V, bon V x Q, A on
(VxQ)x(VxQ)and a. on W x W by

ay (0,v) :=2(D(u),D(v)),  b(u,q) :=—(divu,q), A((w,p),(v,q)) := va, (u,v)+b(u,q) + b(v,p),
a.(C,D) := (VC, VD),

respectively. We present the weak formulation of the problem (1); find (u,p,C) : (0,7) — V x @ x W such that
for t € (0,T)

(%?(t),v) + A((u,p)(t), (v,q)) = — (tr C(t) C(t), Vv) + (£(t),v), (2a)
(%(t% D> +ea.(C(t),D) = 2((Vu(t))C(t), D) — ((tr C(t))*C(t),D) + (tr C(t)I, D) + (F(¢),D),  (2b)
V(v,q,D) €V xQ x W,

with (u(0), C(0)) = (u°, C0).



3 A nonlinear stabilized Lagrange—Galerkin scheme

The aim of this section is to present a nonlinear stabilized Lagrange-Galerkin scheme for (1).

Let At be a time increment, Np := |T/At] the total number of time steps and t" := nAt forn =0,...,Np. Let g
be a function defined in {2 x (0,7) and g™ := g(+,t"). For the approximation of the material derivative we employ
the first-order characteristics method,

g"(z) — (8" ' o XT) (2)
At

Dg
—_— tn =
Dt (,2%)

+ O(A¢), (3)
where X7' : 2 — R? is a mapping defined by
X (z) :=x — w"(x)At,
and the symbol o means the composition of functions,
(8" o XT)(x) = g" T (X] (@)

For the details on deriving the approximation (3) of Dg/Dt, see, e.g., [27]. The point X{*(z) is called the upwind
point of 2 with respect to w™. The next proposition, which is a direct consequence of [35] and [37], presents sufficient
conditions to ensure that all upwind points defined by X" are in {2 and that its Jacobian J" := det(0X]"/0x) is
around 1.

Proposition 1. Suppose Hypothesis 1 holds. Then, we have the following for n € {0,..., Nr}.
(i) Under the condition At|w|cwi.y <1, X{*: 2 — 2 is bijective.

(ii) Furthermore, under the condition
At|W|C(W1,oo) < 1/4, (4)

the estimate 1/2 < J™ < 3/2 holds.

For the sake of simplicity we suppose that {2 is a polygonal domain. Let 7, = {K} be a triangulation of

0 (= UKeTh K), hi the diameter of K € Tj, and h := maxge7, hx the maximum element size. We consider
a regular family of subdivisions {7 }r 0 satisfying the inverse assumption [9], i.e., there exists a positive constant
ap independent of h such that

h
— < g, VK €T, Vh
hx

We define the discrete function spaces Xy, Vi, My, Qp and Wy by
Xp = {VhGC(Q)2; Vh|K€P1(K)2,VK€771}, Vii=Xp,NV,

Mh = {thC(Q)7 qh‘KePI(K)aVKEE}’ Qh ::MhﬂQa
Wh = {Dh € Csym(Q); Dh\K € Pl(K)2X2’VK € 7;1}’

respectively, where P;(K) is the polynomial space of linear functions on K € Tj,.
Let &y be a small positive constant fixed arbitrarily and (-,-)x the L?(K)? inner product. We define the bilinear
forms Ay, on (V x HY(2)) x (V x HY(2)) and S, on H(£2) x H'(£2) by

An ((w,p), (v,q)) :=vay (u,v) +b(u, q) + b(v,p) — Sn(p, q), Su(p,q) =060 Y h5(Vp,Vo)x.
KeTh,

For D € R2%2 let D# € R2X2 be the adjugate matrix of D defined by

sym sym
Dy —Dqo

D# = .

< —D12  Dn )



Let (£, Fp) == ({£2 3107 AFPNT ) € L2(02)% x L2(£2)2%2 and (1), CY) € Vj, x W), be given. A nonlinear stabilized
Lagrange—Galerkin scheme for (1) is to find (up,pn, Cp) = {(uZ,pZ,CZ)}ivil C Vi x @Qn x Wy, such that, for
n = 1, ey NT,

ul —u? o X7
(hg—tlvvh) + Ah((uZapZ)v (Vhaqh)) = 7((‘51‘ CZ)CZ,VVh) + (f}?vvh)a (5&)
Ccr—Ccrloxy
( — . ,Dh) +ea. (C,Dy) = 2((Vup)Cp, Dy) + (divuj (C})*,Dy) — ((tr C})*Cj, Dy)

+ ((tr CHI,Dy,) + (F1, D), (5b)
V(Vh, qn, Dr) € Vi X Qn X W,

In Remark 4 below we show that an additional term, the second term on the right-hand side of (5b), is added in
order to derive a desired energy inequality.

4 The main result

In this section we present the main result on error estimates with the optimal convergence order of scheme (5).

We use ¢ to represent a generic positive constant independent of the discretization parameters h and At. We also
use constants ¢, and ¢s independent of h and At but dependent on w and the solution (u, p, C) of (2), respectively,
and ¢, often depends on w additionally. ¢, ¢,, and c¢s may be dependent on v but are independent of . The symbol

“s (prime)” is sometimes used in order to distinguish two constants, e.g., ¢ and ¢, from each other. We use the
following notation for the norms and seminorms, |-l = [lly, = [Il[1; [Illg = [Ilg, = IIllo;
. 2 2 -
100, Ol 21,00y = {0000 + 1€ 0t | ey = _maxu”l

Nr 1/2 Nr 1/2
77/2 . n
Il = {Atz Ju |X} , ey = {AtZ u |§(} ,
n=1 n=1
1/2 Nr 1/2
|p|h:{zh%((Vp,vp>K} , |p|ez(.h):{m2|p"|,%} ,
n=1

KeTy
for X = L2(£2) or H(§2). Da; is the backward difference operator defined by Dasu™ := (u™ — u™~1)/At.

The existence of the solution of scheme (5) is guaranteed by the next proposition whose proof is given in the next
section.

Proposition 2 (existence). Suppose Hypothesis 1 holds. Then for any h > 0 and At € (0,1/2) satisfying (4),
there exists a solution (up,pp, Cp) C Vi, X Qn X Wy, of scheme (5).
We state the main result after preparing a projection and a hypothesis.
Definition 1 (Stokes projection). For (u,p) € V x Q we define the Stokes projection (p,pr) € Vi X Qp of (u,p)
by

Ap ((Qn, Br),s (Vi qn)) = A((w,p), (Vi qn) s Y(Va,gn) € Vi X Qn. (6)
The Stokes projection derives an operator H,? :VxQ — V, x Qy defined by H,?(u,p) := (Op, pr). The first

component 0y, of I3 (u,p) is denoted by [II7(u,p)];. Let II, : L?(2) — M be the Clément interpolation
operator [10]. The Clément operators on L?(£2)? and L?(£2)?*? are denoted by the same symbol I7},.

Remark 2. The Clément operator is defined for functions from_LQ(.Q). When a function belongs to C(£2), we can
replace the Clément operator by the Lagrange operator HhL : C(02) = M.

Hypothesis 2. The solution (u,p,C) of (2) satisfies u € Z2(0,T)*NH(0,T; VNH?(2))NC([0,T); W1>°(£2)?),
p € HY0,T;QN HY($)) and
c Z*0,7)**N L*0,T; W) N C([0,T]; H*(£2)**%) (e > 0),
€
Z2(0,T)*2 N L*(0,T; W) N C([0,T]; L=(£2)**%) (¢ = 0).



We now impose the conditions
(u%,C%) = ([UE(HO,O)]l,HhCO), (fhth) = (f’F)' (7)

Theorem 1 (error estimates). Suppose Hypotheses 1 and 2 hold. Then, there exist positive constants hg, Aty and
¢t independent of € such that, for any pair (h, At) satisfying

h € (0,ho], Ate€ (0,Atp], (8)
and any solution (up, pn, Cr) of scheme (5) with (7), it holds that

lup — ullge 2y, VV[un — ey, [P — ple),)

||Ch_C||Zoo(L2), \/E|Ch—C|g2(H1), Htr(Ch—C)(Ch—C SCT(h—I—At). 9)

ez ey
Remark 3. (i) The estimates (9) hold even for e = 0. Then, of course, the fifth term of the left-hand side of (9)

vanishes.

(ii) Here we do not need uniqueness of the solution of scheme (5). Uniqueness of the numerical solution will be
discussed later in Proposition 3.

(iii) The positive definiteness of the exact and numerical solutions is not required for the above error estimates.

5 Proofs

In what follows we prove Proposition 2 and Theorem 1.

5.1 Preliminaries

Let us list lemmas directly employed below in the proofs. In the lemmas, «;, i = 1,...,4, are numerical constants.
They are independent of h, At, v and ¢ but may depend on 2.

Lemma 1 ( [25] ). Let 2 be a bounded domain with a Lipschitz-continuous boundary. Then, the following inequal-
ities hold.

IDW)llo < IIvlly < aalD(V)[lo, Vv € Hy(£2)%.
We introduce the function
D(h) := (1+ |logh|)'/?, (10)

which is used in the sequel.

Lemma 2 ( [6,9,10] ). The following inequalities hold.

111800 < lI8llo, o0 - Vg € L>=(02)%, (11)
HIn8 11,00 < 20 1811100 - vg e Wh(2)°,
[11ng — glly < a21h]lgll; Vg € H'(2)° N L>(2)°,
[1Ing — gll; < azzh|gll,, Vg € H?(2)°,
Ignllo,c0 < a2sh™ llgnlly vgn € Sh,
Igrllg,00 < @24 D(h) |15 - Vgn € Sh,
lgnlli 0 < a2sh™ llgnll; Vgn € Sh,
lgnll, < assh™" llgally, Vg € Sh,

where s =2 or 2 x 2 and S, = Vi, or Wy,



Lemma 3 ([7] ). Assume (u,p) € (VN H?*(2)?) x (QNHY($2)). Let (n,pn) € Vi x Qn be the Stokes projection
of (u,p) by (6). Then, the following inequalities hold,

[an —ully, MBn —pllo, 1B —pla < ash|[(w,p)ll g2y g -
Lemma 4 ( [18] ). Under Hypothesis 1 and the condition (4) the following inequality holds for any n € {0,..., Nr}
lgoXT'llp < (1 + as|w"|1,00At) lIglly , vg € L} (1)’
where s =2 or 2 x 2.

We present a key lemma in order to deal with the nonlinear terms.
Lemma 5. For E € R?*2 and D € R2%2 it holds that

sym
1
(trD)D:E—ED:D—§(trE)D#:D:O. (12)
Proof. The direct calculation yields the result, see also Remark 4. o

Remark 4. Let (u,p, C) be a solution of (1). Multiplying (1a) and (1c) by u and C/2, respectively, and adding
them, we can obtain an energy inequality on (u, C) since the term derived from the nonlinear terms of (1a) and (1c)
vanishes,

(div [(tr C)C], u) + %((vu)c +C(Vu),C) = 0. (13)

Identity (13) is proved as follows. The left-hand side is equal to
— ((tr C)C Vu) + ((Vu)C,C) = (Vu,CCT — (trC)C)

/ Z auz Z sz]k - Ckkc’bj)

1,7=1 ]kl

8u1 a’u,g 1 .
= [ (B2 + 22) i - uC) do =~ ((@ivm)C¥, ) (14)

Since divu = 0, (14) implies (13). In the approzimate solution (uy,pp, Cyp) the exact incompressibility divuy, = 0
does not hold. Hence, (13) is not true, in general, for (up, Cyp). On the other hand, (14) is always valid regardless
of the property of u. Therefore, by adding the second term of the right-hand side in (5b), (divull(CP)#,Dy,), we
can obtain the corresponding equation to (13) for (u}},C}),

n n n n n n 1 : n n n
—((tr Cp)Cp, Vuy) + ((Vuy)Cy, Cp) + §(dlvuh(ch)#a Ch) =0,

which plays a key role in the following stability analysis. Identity (12) is proved similarly to (14) by replacing C
and Vu by D and E, respectively.

Remark 5. (i) Lemma 5 does not hold in three-dimensional case. This is the reason why we consider two-
dimensional case in this paper.

(ii) By virtue of the term (divup(C})#,Dy,) in scheme (5), we can prove the error estimates for € = 0, which is
an advantage of the nonlinear scheme. In Part II, we propose a linear scheme for the model (1) and prove error
estimates for e > 0, where the presence of AC in (1lc) is essentially employed. It is, therefore, not easy to show
error estimates of the linear scheme in a similar way for € = 0. On the other hand, the linear scheme has an
advantage that the proof of the error estimates can be extended to three-dimensional problems.

Lemma 6 ( [36] ). Let a;, i = 1,2, be non-negative number, At a positive number, and {x"}n>0, {y"}n>1 and
{b"}n>1 non-negative sequences. Assume At € (0,1/(2ao)] for ag # 0. Suppose

D™ + y" < agx™ + apx™ 4+ b, Vn>1.
Then, it holds that

"+ Atz y" < exp[(2a0 + a1)nAt] <:L'O + Atz bi) , VYn>1.
i=1 i—
Lemma 7 ( [38, Chap. II, Lemma 1.4], [17, Chap. I, Lemme 4.3] ). Let X be a finite dimensional Hilbert space with

inner product (-,-)x and norm ||-||x and let P be a continuous mapping from X into itself such that (P(§),&)x >0
for ||€llx = po > 0. Then, there exists £ € X, ||€|lx < po, such that P(§) =0



5.2 Proof of Proposition 2

We apply Lemma 7 for the proof. Let n € {1,..

, N7} be a fixed number and (u} ™!, C;'~ ') € Vj, x W), a pair of given

functions. We set p := (1 — 2A¢)/2 > 0. We deﬁne a finite dimensional inner product space X =V}, x Qp x W,

equipped with the inner product,

((ah;prs Ch), (Y, qn, Dn)) o

- Ait(uh,vh) +4v(D(un), D(vh))

+200 Y hic(pn an)x + B2 (Cy. D) +£(VCy, VD)),
KeTy At

which induces the norm || - || x for any € > 0. Let P : Vj, X Qp X Wi, = Vi, X Qp X W), be a mapping defined by

(P(Uh,ph, Ch)a (Vh7 dh, Dh))

o

u, —u) o X7

w) + A ((an, pr), (v, —an)) + ((tr Ci)Ch, Vvi)

At
= (£, va) + 5 (Ch - CA"t LoXxp Dh) + gac(ch,Dh) — ((Vuz)Ch, Dy)
_ %((divuh)C#,Dh) + %((trCh)QCh,Dh) _ %((trCh)LDh)
- %(FZ,D;L), V(un, P, Chn), (Vi qn, Di) € Vi X Qp X W, (15)

Obviously P is continuous. Substituting (up, pn, Cr) into (va, gn, Dp) in (15) and using the inequality |[tr Cpllo <

V2||Chllo, we have

(P(uhapha Ch)7 (uhapha Ch))X
o X7

n—1
up 7uh 1
( At th
n—1 n
n l Cp—C) oX
2 At
(”uhHo = [luy”

(”ChHo

Bo

— Bollunll3 -

B2
2v||D 246 P
+ 20[D(un) I3 + dolpnl} — |
1
>
— 2At

Lo - o X713 -

L jup-
20 AL

for any 8; > 0. Choosing Sy = 2 = 1/2 and (5

(P(uhapfﬂ Ch)a (uhapha Ch))X

N =

where

1
1,qj SCuf; + 5 (i GGl -
chfloX?mmchM)

=y

up|lg —

1 1
> 5| { g8 + DG + 25l +

>+wmmw%+m%ﬁ<wmm

1 n
St Cull3 — 5(F5.C)

"o X{loflunllo) + 2v/ID(un) I3 + dolpn i — 1€ lollun o

€ 1 . .
+ §|Ch|f - ||Ch|\g — §H TollCrllo (by Schwarz’ inequality)

— n 1 n— n
1oxn%+ncm%—ﬁmcm%—1—wch1oxuﬁ}

IChllg —

At 5
212 + =|CpI% — C
262||h|‘°+2| hl1 2Atll wll§ — ﬁ3|\ rllo

(by ab < §a2 + %lﬂ)

S 12— B0 — Ba) lwallf + ufﬁeamf&maﬁ}+wwmw%+%mﬁ

S5, AtHC o X5 - ﬂ2||fh|‘g_%”FhH(2) (by Lemma 4)

= f3 = pio/2, we get

Ho
RNl + <l
2t o X7 | [0 X713 AtFp3

{

(1. pns C)I = 2]

+ 24 £115 +

ICh " o XTI

g {7506

t

+ 2At]|£7|2 +

At|Fp|2
2M0At 2



The right-hand side is, therefore, positive on the sphere of radius pg = B« + 1. From Lemma 7 there exists an
element (uy, pp, Cp) € Vi, x Qp, x Wy, such that P(up, pr, Cpn) = 0, which is nothing but a solution of equations (5).
O

5.3 A system of equations for the error and the estimate of remainder terms

In this subsection we prepare a system of equations for the error and a lemma for the estimate of remainder terms
in the system before starting the proof of Theorem 1.

Let (G, pn)(t) := II3 (0, p)(t) € Vi, x Qp and Cp(t) := II,C(t) € W, for ¢ € [0,T] and let

epi=up—wy,  e=pp -y, Epi=Ci-Ch ()= (u-)@t), B():=(C-Cy)

Then, from (5), (6) and (2), we have for n > 1

n—1
el —e o X7
( h hAt 1 ,Vh) + An((e, ), (i, an)) = —((tr ER)ER, Vvi) 4 v (th, Vi), (16a)
EZ — E’Zil o Xin n n\n : n n\# n
N , Dy | +cac(By, Dy) = 2((Vep)ER, Dp) + ((divep)(ER)™, Dr) + wy (Ry, Da)w,,  (16b)
Y(Vh, qn, Dp) € Vi X Qn x W,
where
4
rp, ::ZrZiEVI{a Z::ZRZiEW}IN
(x ) i Du®” u"—u"loX7}
Thi: Vi) =\ Tpy At Vh
1 - n
(tha,va) i= 27 (0" =" o XT,wa)
v (Ths, vy, == —((tr C}E} + (tr Ef)C}, Vvy),

vy (Cha, Vi)v, = ((tr CMHE™ + (tr E")C",Vvh),
DC? cn — Cn—l o X1
D) = — LD

( hl> h) ( Dt At ) h) )
1 r—m
ai (B
w; <R237Dh>Wh = Eac(h‘ aDh)a

(Rjig, D) = 2((Vap)Ef + (Vep,)Cr, Dy),

(RZQ;Dh) = =" OXl,Dh)

[1

(R, D) := —2((V;)E" + (Vn")C", Dy),

(R Dn) == ((div &) (ER)* + (dive};)(Ch)*, Dy),
(R, Dp) == —((diva)(E")* + (dive™)(C")*, Dy),
(Rjs, D) = —([tr (B}, + C})I’Ej, Dy),

(Rho, D) := —([tr (B} + 2C})](tr E})C}, D),

(Rij10, D) = ((tr C})*E" + [tr (C" + C})](tr E")C", Dyy),
(Rpy11, D) == ([tr (B — E")]L, Da)

The remainder terms are evaluated by the next lemma.

Lemma 8. Suppose Hypotheses 1 and 2 hold. Let n € {1,...,Nr} be any fized number. Then, under the
condition (4) it holds that

[7illo < cw VA ] z2(gnn eny, (17a)
" cwh
Iefallo < S e sy (170)

10



[hsll-1 < eslIEg o,
[rRall-1 < esh,

Riiillo < cwVAL|C| z2(en-1,m),

c
H ZZHO < \/%||CHHl(tnfl,t”;Hl)mLZ(tnfl,tn;Hﬂ,

3
_|E7}Z|% + CShQa

I A

1
n ,_En>
W;L< h32 9= [y,
[RR4llo
IR%5l0

IR 7llo
Rz llo

1
n ,_En)
( h8 92 h

(‘3

s(llerll + 1Ex o)

ﬁ

(‘3

lehll1 + 1Bk o),

ININ N DA
o

IN

oh,
sl
h,
3
8

— e ER)ER 5 + cs[1BR 5,

n 1 n n n n
(R 5B1) < 5l BRBRIE + e[ BLJE,

||R210H0 < ¢sh,
[RR11llo < es(1ER[lo + R),

where ¢, and cs are the constants given in the beginning of Section 4.

Proof. Let t(s) :=t""1 4+ sAt (s € [0,1]) and y(z,s) =z — (1 — s)w"(z)At.

We prove (17a). We have that

a) = { (o W @) )b t7) — 3 [aly(r,9),1))]

A
(G oo |
—Aﬁ/(u/‘ at+w z)-V

)
= At/o 31{(% +w"(z) - V)2u}(y(x,sl),t(51))d51,

which implies

1
e llo < At / 5
0

((rw0-5) o e < ol

where for the last inequality we have changed the variable from z to y and used the evaluation det(9y(z, s1)/0x) >

1/2 (Vs1 € ]0,1]) from Proposition 1-(ii).
We prove (17b). From the equalities,

rio = [0 6)] = [ {0 9)m ot as,

we have
Iefallo < /1H (5 %0 9ot | s < /ol(Ha_n
<8 [ {2 )|, + collwnteo o < 2 (|22

/

s)) Ho + cw ||V (y (-, s), t(s)) ||O)ds

LZ(t‘n 1 tn L‘Z

w0l a1 s

/ c,h
< At0431h(1+0w)||( W, )| 1 (-1 2 x 1) < \/—H( W, )| 1 (en=1 4 2 X HY) 5

11



which leads to (17b), where Proposition 1-(ii) has been used for the third inequality.
From Lemmas 2 and 3, (17¢) and (17d) are obtained as follows:

[rhsll-1 < [[(tr CER + (tr ER)Chllo < cl|Chllo.cclER o < el Cllew=)IExllo < cslEflo,
[ehall—1 < [I(tr CR)E" + (tr E")C"[lo < ¢l|Cllo,c0lERllo < el Cllc(zyea bl Cllor) < ¢sh.

[

The estimate (17e) is obtained by replacing u with C in the proof of (17a).

We prove (17f). Replacing  with 2 in the estimate of ||r},||o above, we have

2 o=

IRl <\ 5 (| 5
2

<\ (@2t lCllr s miars) + Cwal| Gl i) )

/
c,h

< E||CHHI(tnfl,tn;Hl)mLZ(tnfl,tn;m),

-
+ ul|VEl oo g 1))

L2(tn—17t‘n,;L2)

which implies (17f).
The estimate (17g) is obtained from

1
n,_En> <
W/< h3 9 [y, =

h

7 n € n T
[E"L[ERh < Z(IEhlf +[E"R) (by ab < (a® +b%)/2)

=l m DM

< Z(ER + a3h?(ICl1E ar2)) <

9
> Zl Zﬁ +esh?.

In order to prove estimates (17h)—(17k) we prepare the boundedness of |VQ}|0,0o. Let 0y (t) := (IIpu)(t) for
t € [0,T]. We have

1oo < 0 — 0|1 .00 4 [0} ]|1,00 < cvash™ |G} — 0|1 + azol[u”l1,00

[Vag{lo,co < [[05]
< agsh™ (o —u”[ly + [u™ —af{1) + azollu™|1,00
< aosh™ (ashl|(w, p)™ || g2 i1 + 22h][u™||2) + azollu” |10

< ags (g + a3)||(u, p) oz x a1y + azollullcwre) < c. (18)

We prove (17h)—(17k) by using (18) and (11) as follows.

IR0 < 2((Vai)Exllo + 1(Ver)Crllo) < c(esllEllo + ICllcw I Verllo) < c(lleqll + [IER]lo),
[Rpsllo < 2([(VER)E™[lo + [[((VR™)C"[lo) < c(IVyllo,c[E"lo + [[Cllcz=)Vn"[l0)

< (I [lo + In" 1) < esh(aai[[Clloy + asl (0, p)lomzx ) < sh,
IRAsllo < Va7 ]l0.00IER 0 + [Chllo.colleqills < csllEfllo + ICllcwllerll < ¢ (I1ER o + llek 1),
[Rhz7llo < IVaR]lo,00l[E™lo + [[C™ [lo,c0In™ I+ < es(IIE™ lo + [[m"™[|1)

< esh(aa||Clle) + asll(w,p)lo@z < m1)) < csh.

The remainder estimates (171)—(170) are obtained from

n 1 n 1 n n ~n ~n n n
(Rits 3B7) = =5 (e ER)? + 2(r ER) (1 CF) + (0r C})? ., Ef)

IN

1 n n n n ~n n
—§H(trEh) nllo = (trER)ER, (tr CH)ET)
1 n n 1 n n el n
< S I ERER]G + gl (tr ER) mllg + 21 (tr CRER|IS
3 n\En n 3 n\En n
—gltrER) mlls + cllClE (=) I1ERIE < —gltrER) nll + eI ER 115 (by (11)),

IN

1 1 . . .
(Rito, 5B#) = —5 (W ER)Cy. ( B)ER) — (0 G (e B} G Ef)

12



1 1
< gl EDERS +cl|Clig ) IBRIE < 5l (r EDERIE + csl| BRI,
IR71oll0 < e[ICHIZ o0 + 1€ 0,00 (1€ .00 + [ Ctllo,0) ]I o

< NClle=) (1 + ICllcw=))IE" llo (by (11))
< csl|Eo < esaaih||CM 1 < cih,
IRinllo < c(Exllo +[1E"[l0) < c(IBxllo + 21l Cllen)) < es(IExllo + h). m

5.4 Proof of Theorem 1

The constant hg can be chosen arbitrarily, say, hg = 1. We fix Aty by

Atozmin{; ! } (19)

4|W|C(W1,oc) ’ 2_65

where ¢ is the constant appearing in (23) below. We consider any pair (h, At) satisfying (8) and any solu-
tion (up,pn, Cp) of scheme (5) with (7). We return to the argument in the previous subsection. Substitut-
ing (e}, —€, sEF) into (vi, g, Dy) in (16) and noting that

n n—1 n
(eh —ey o X]

1 _ — 1 _
L ) > oo [leflld = (1 + auw" 1o A0 3] = Diae(FllerF) = cullei I3 (20)

2A¢
(by (b—a)b > (b®> —a?)/2 and Lemma 4),
An((ef. €h), (el —€r)) = 2v[D(ep)|[§ + doler]i > gHeh”% +dolenln (by Lemma 1),
1

vi(riseiv < IIeill-allerlls < lIrhli2y + —lerl (by ab < (B/4)a® + (1/8)b%),
1

EP—E'‘toXxp 1\ — /1, e
(B2 380 > Dar (FIBRIR) - cullB 2 (ef. (20)).

Eac<Eh, iEh) = §|Eh|i
and Lemma 5, we have
D) 1 n 1 n v n n € n
DAt(§||ehHg + Z”Eh”%) + a_%”eh”% + dolenln + §|Eh|%
< n—1)2 4 Ign-1)2 aF a2 n 1En
< colef I3+ WBR D) + ekl + (RESBR), (21)
Since the condition (4) is satisfied, Lemma 8 implies that
n n 1
w7121 < ealBR I + ol [ AthuZnos ) + 02 (1P s ey + 1) s (222)
Wé< hs §Eh>Wh < ol ER (15 + QTZ%HG}LH% + ZlEhﬁ - ZH(UE}L) nlg
1
+ [ AHICI Gz -1y + B2 (S ICI ety + 1) (22b)
Combining (22) with (21), we obtain
) 1 n 1 n v n n € n 1 n n
D56kl + FUBRIS) + soalloll? + dollf + SIBRE + § I BB IR
1, . 1, 1
< e (G lep™ I + ZIER 13 + FIERIZ)
1
4 [ A, Oy + 12 { 5 (10D e sy + IC s ) + 1] (23)
From (8) and (19) it holds that At € (0,1/(2¢s)]. As for the initial value we have
(e}, Ef) = (up, C}) — (1}, C) = (I3(0, —p°)]1,0) = ([(I — 11;})(0,°)]1, 0),

13



which derives the estimates,
lenllo < ashl|(0,p°)| a2 wmr = ashlpllogy,  [Exllo = 0. (24)
By applying Lemma 6 to (23) with

1 1 v £ 1
2" = Slletl3+ FIERIZ,  u" = sy llehl + Goleh i + SR + 1| (rEDERIZ a0 = a1 =c.,
1

" 1
b = L[ A0, ©) e s gy 0] 5 (1D s ) + 1€ .my) + 1}
and (24), there exists a positive constant

& = cexp(3esT/2)[Ipllcemny + Ve (1w, ©)llz2 + [, p)l| s (12 1) + V)]
independent of & such that
lenlle=(z2), vVVlenllezcany, lenlezqnys 1 Erllgsor2y s VEER|e2mm), H(trEh)Ehng(Lz) < éi(h+ At). (25)
Hence, we obtain (9) from (25) and the estimates,
[up, —u[[x < llepllk + [I0"[lx < [lefllx + ashll(w, p)llcmzxmr),
i —P"|n < l€ln + [Py — 2" |n < lepln + ashl|(w,p)llcmzxmr),
ICh = C"llx < IER Ik + IE" [ < IER]Ik + 20641 RICllc ey,
[[tr (C; — C")(CR, — C")lo = [Itr (B} — E")(E —E")llo
< [(tr ER)ER[[o + [[(tr E")ER o + [[((r ER)E™ [0 + || (tr E™)E" [|o
< [(tr ER)ER o + csh(|ER o + 1),

for k=0 and 1.

When e = 0, (9) is still valid, since R}; vanishes and ¢; is independent of €. O

6 Uniqueness of the solution

In this section we present and prove the result on the uniqueness of the solution of scheme (5). Let us remind that
the function D(h) has been defined in (10).

Proposition 3 (uniqueness). Suppose Hypotheses 1 and 2 hold. Then, for any pair (h, At) satisfying the following
condition (26) or (27), the solution of scheme (5) with (7) is unique.
(i) When € >0,

h e (0,h, At<D(h)™2 (26)

where the constant hy is defined by (39) below.
(i) When e =0,

h e (0,h,], At<Eéh, (27)
where the constants h, and ¢, are defined by (40) and (43) below.

The proof is given after preparing the next lemma.

Lemma 9. Suppose Hypotheses 1 and 2 hold. Then, for any pair (h, At) satisfying the following condition (29)
or (30), any solution (up,pn, Cr) of scheme (5) with (7) satisfies

IChIleo (1) < e, lur e (roy < cu, (28)

where ¢, and ¢, are positive constants independent of h and At defined just below.
(i) When € >0,

h e (0,hi], At<D(h)™?, (29)

14



where hy is defined by (31d) below. Furthermore, cc = ¢t and ¢, = cty, which are defined by (31le) and (31f).
(i) When € =0,

he(0,ht], At<h, (30)
where h; is defined by (31a) below. Furthermore, c. = €. and ¢, = Gy, which are defined by (31b) and (31c).

Proof. Let n € {0, ..., Np} be fixed arbitrarily, and let hg, Aty and & be the positive constants in the statement
of Theorem 1 and in (25). We fix a positive constant hq € (0, 1] such that

hi < D(hy)™% < At

We prepare the following constants to be used in the proof:

hi := min{ho, Aty }, (31a)
Cre 1= 20236t + || Cllor), (31b)
Ctu 1= a3 [2¢1 + (21 + a3)|| (W, p) oz x )] + lulloe), (31c)
c1 =G max{l, (T + 571)1/2, 1/71/2},

hi :=min{hy, b1}, (31d)
cte 1= max{2az4ct + || Cllenoe), Ce ) (31e)
ctu := max{az[2c1 + (22 + a3)[|(w,p) | omz )] + [l oze), Eu}- (31f)

Firstly, we prove (28) in case (ii). Since condition (30) implies (8), Theorem 1 ensures (25). Then, the boundedness
of ||CTo,00 is obtained as follows:

ICx]

0,00 < [IERlo,00 + IChll0,00 < c23h™ M |IE} o + [ICllc(e)
< agsh™ & (At + h) + [|Cllo(peey < 20236 + ||Clle(r)

= Cic-

Let uy(t) := (Ipu)(t) for t € [0,T]. The boundedness of ||u}}|lo,c0 is obtained as follows:

[uhllo.0c < llehllo,co + 185 — @3 llo,00 + 105 llo.0c < azsh™ [lefllo + 14} — ajllo] + llullez=)

< agsh ™ [|lejflo + 8 —u[lo + [[u” — o] + [ullcz=)

< agsh M [ (At + h) + ash||(w,p)|cazxm) + aaiblallcgny] + [alle@e

< g3 (261 + (a21 + @3)||(w, p) ez )] + ulloze

= Ctu-
Secondly, we prove (28) in case (i). Since condition (29) implies (8), the estimates (25) and the definition of ¢; lead
to

lenlle=(z2), llenllexcmrys [[Enllee L2y, [[Enlleary < co(At+ h).
When At < h, we have ||[C}|lo,00 < Gte < ¢te and [[u} 0,00 < Gtu < ¢4y from the proof in case (ii) above. When
(D(h)?h? <) h < At < D(h)~2, we have
ICH 0,00 < 1ERll0,00 + [ICllo(zoe) < a2aD(WER 1 +ICllew) < azaD() At Enllz2aty + IClle o)
< agaer D(R)(AY? + At™2h) + || Clo(r) < 2a01¢1 + [|Cllo(n)

< Cie,
[uillo,co < ll€Rllo,00 + 05 — @3 llo,00 + [ llo,00 < a2aD(R)[llef [l + 07 — gll1] + [ulloze)
< D(B) [A 2 lenll 2y + 107 — w1+ 0™ — ax [1] + [Jufl ez
< g D(h)[er (A2 + At7V2R) + (22 + as)b|| (0, p)ll ez xmm)] + [allewe
< agq (201 + (a2 + @3)||(w, p) oz« an)] + [ullene
< Ciu-
Thus, we obtain (28). O
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Proof of Proposition 3. The definitions (39), (40) and (43) below of the constants h,, h. and ¢, imply h, < hs,
hs < h; and ¢, < 1. Hence any pair of (h, At) in Proposition 3 satisfies the assumptions of Lemma 9 for ¢ > 0.

Suppose (@, pr, Cp,) and (uy, pr, Cp) are any two solutions of scheme (5) with (7). Let (&, €, E.) := (s, pn, Crn)—
(up, pn, Cp) be the difference. Since both of (@, pr, Cr) and (up, pr, Cp) satisfy scheme (5) with (7), we have

(W,%) + A (&5, &), (vhoan)) = — (e EPER, Vva) + v (51, va)vi, (32a)
E} —E! o X7 - B e .
( A ,Dh) +ca.(E}, Dy) = 2((VER)E}, D) + ((diver)(Ep)*,Dy) + w; (Ry, Dp)w,,  (32b)
Y(Vh, qn, Dp) € Vi X Qn x W,
where
5
I eV, ~Z::ZR21'€W/”
vi (B, Vi), == —((tr CRE} (tr E;)Cp,Vvh),
(Ri1. D) := 2((Vup)Ej; + (Ve})Cjr, Dy),
(R, Dp) = ((divup)(Ef)# + (dive)(Ch)#, Da),
(Rji3, D) := —([tr (B}, + C})I°E}, Dy),
(Rjiy, Di) == —([tr (B} + 2C})](tr E))CR, D),
(Ry5,Dy) == ((tr E})I, Dy,),

and (&82,E9) = (0,0). Substituting (&, —&?, 3E?) into (vi,qn, Dp) in (32) and using Lemma 5 and similar
estimates in the derivation of (21), we have

— 1 B } ) -
DAt(§||ehHg ||E o ) 2||eh|\f+50|€h|i+§|Eh|§
ag
~n—1 cn—11(2 CY% —n 112 ~ 1~n
<Cw(H ||O+HEh |‘O)+E||rh||_1+ ( h’§Eh)- (33)

The following estimates are obtained for the functionals ¥ and R}

L (R (34)
(Riv 5ER). (Ria 3ER) < clBrllo( i), (350)
(Riar 5B1) <~ (6r BYBLIE + | CHIR o IBRIR. (35D)

(Rhu, 3B1) < ol (r BBR 3 (35¢)

IRl < cllExlo (35d)

We note that the estimates (35a) are proved by the integration by parts,
s 10 1~n n\n ~n n @n n ‘ALCR AL ~n n @n
( 1> §Eh) = ((Vup)E} E}) + ((VeR)Cr, Ey) = —(up, V(ELER)) + ((VéR)Chr, Ey)
c(llufllo,ooIER 0| ER 11+ ICT 0,0 €111 I EF: o))
D" 1 L 1 : n\(En on 1 s AN n on
(R 3BR ) = 5 ((divey) (B Bp) + 5 ((diver) (Ci)#, Ef)

= —%(“W(E’W# Ej}) - 5((E") upVE}) + %((divég)(cg)#,ﬁg)

IN

< c(|[uhllo.cc B L IER o + 1C llo,0 €5 11 E7 lo))

and that the other estimates (34), (35b), (35¢) and (35d) are obtained similarly to (17c), (171), (17m) and (170),
respectively. Applying Lemma 9 to (34), we have

[E5 -1 < ccel|ERlo- (36)
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We consider case (i). The estimates (35) and Lemma 9 lead to
D" 1 on € 2 2 |2 Vo jan2 n\fn |2
(R 2B7) < S+ 2+ DIBRIE + 52 18018 + SIBRE — S BRI 1)
2 € 207
Combining (36) and (37) with (33), we have
— 1. . v ~ ~ N\ TN
Do (51713 + FIBRIR) + s8R + SolehI3 + SIBRR + (o BRYER 3
a7
< S+ &+ 1)(FIBRIZ) + cw (31813 + T1BR13). (38)
= ghe u 4 0 2 h 0 4 h 0
Let Aty := ¢/[2¢(c? + 2 +1)], and we fix a positive constant hy € (0, 1] such that D(hy)~2 < At,. We define h, by

hy :=min{h, ho}. (39)

Condition (26) implies At < D(ha)~2 < g/[2¢(c? + 2 +1)] (= At,). Applying Lemma 6 to (38) with

n L. 1 LN n v ~ ~n 1 LN\
o' = S |enlls + TIERE, V=52 15113 + doler 7 + |E T+ It EDERIG,
2 4 2 4
_ € 2 2 _ ~n—1 Losn—1)2
ap = E(cc+cu+1)’ a1 =0, "= cy H ||O+ZHEh ”O )

and using the fact (&9, E)) = (0,0), we get (&, én, Ep) = (0,0,0).

We prove (ii). In place of (35a) we use the estimates,

s X0 1 n nn — ~n
( h1a§Eh)a ( h2a§Eh) < hllo(a%h en 1)- (35a")

We define h, by
hy :=min{hi,1/cy, cu/c?}. (40)
For any h € (0, h,] the estimates (35), Lemma 9 and (40) lead to
-1 Cu 9 S P | N2
(R 5BR) < (5 + e+ 1)IBRIR + 5 83 - 71 BR)BRIS
< SO gz 4 23 161 - LI BB (41)

Combining (36) and (41) with (33), we have

7 1 ~ v ~n ~n 1 N\ N CCy 1 nn ~n— 1 nn—
Dine (G IERIE + GIBRI) + o IERIE + ol + g1 BRVBRIE < o (IBRI) + ew (12515 + 1B 13).

(42)
We define ¢, by
¢ ==min{1,1/(2ccy)}. (43)
Since condition (27) implies At < h/(2cc,), applying Lemma 6 to (42) with
n L 1 N n V ixn ~-n 1 L\
o = Sllenlls + S IER IS, y" = —2Heh||f +dolénli + It EREL |3,
2 4 2c 4
CCy 7 ~n— 1 n—
0= a=0, b = ( &= 13 + 1803 ).
and using the fact (€9, E)) = (0,0), we obtain (&, &, Es) = (0,0, 0), which completes the proof of (ii). O
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7 Numerical experiments

In this section we present numerical results by scheme (5) in order to confirm the theoretical convergence order.
For the detailed description of the algorithm we refer to [23].

Example. In problem (1) we set 2 = (0,1)? and T = 0.5, and we consider three cases for the pair of v and ¢,
(v,e) = (1071,1071), (1071,107%), (1,0).
The functions £, F, u® and C° are given such that the exact solution to (1) is as follows:

u(z,t) = (g—;i(x,t), —g—;/]l(x,t)) , pz,t) = sin{m(z1 4+ 222 + 1)},

Cyi(x,t) = %sinQ(mcl) sin?(rxy) sin{m(xy + 1)} + 1,
Ca(x,t) = % sin?(mxy) sin? (o) sin{m(ze + )} + 1, (44)
Cia(z,t) = %sin2(7r:c1) sin?(mx2) sin{m(zy + 22 + 1)} (= Oa1 (1)),

Y(x,t) = \2/—5 sin? (7)) sin® (o) sin{m(z1 + z2 +t)}.

Note that we set w = u in the material derivative D/Dt.

Since Theorem 1 holds for any fixed positive constant dy, we simply fix dg = 1. Let N be the division number of
each side of the square domain. We set N = 32,64, 128 and 256, and (re)define h := 1/N. The time increment is
set as At = h/2.

Let us recall that H,f : O(2) — My, is the Lagrange interpolation operator. We use the same symbol HhL to
represent the Lagrange operators on C(£2)% and C(£2)2*2. We apply the scheme (5) with the initial conditions (7),
where IT} is employed in place of I}, for the choice of the initial value C9 in (7). Let us note that when the exact
conformation tensor C(t) belongs to C(£2)2, the error estimates (9) in Theorem 1 hold true also for the choice of
initial value with ITZ. For the solution (up,pp, Cp) of scheme (5) and the exact solution (u, p, C) given by (44) we
define the relative errors Ere, i =1,...,6, by

s = Il 2 lan = Iyl

S T ey B i e,

Er3 Ilpn — i plle 2 Brd o — I plea )
T pllen2y [T Dl e2(L2)

Ers— |Ch — I Cll g~ (1.2 Er6— |Ch — I Cll2 (1)
[T Cllg 2y [T Cllez vy

In the following we show three pairs of table and figure. Table 3 summarizes the symbols used in the figures. Ta-
bles & Figures 1, 2 and 3 present the results for the cases (v,e) = (107%,1071), (1071,1073) and (1, 0), respectively.
In the tables the values of the errors and the slopes are presented, and in the figures the graphs of the errors versus

h in logarithmic scale are shown. In each figure the slope of the triangle is equal to 1, which shows the convergence
order O(h).

We can see that all the errors except Er6 for (v,e) = (1,0) are almost of the first order in A for all the cases.
These results support Theorem 1. In the case of (v,e) = (1,0) there is no diffusion for C in equation (1c) and the
error estimate of the conformation tensor in £2( H!)-seminorm disappear from (9). It is, therefore, natural that the
slope of Er 6 does not attain 1. Although we do not have any theoretical result for Er 3 at present, scheme (5) has
produced convergence results also in this norm.
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Table 3: Symbols used in the figures.

uy, Ph Ch
o} ° A A O [
Erl Er2 Er3 FEr4d Erb5 Er6
h Er1l slope Er2 slope o
1/32  2.07 x 1072 ~ 2.91x1072 -
1/64 829x107% 132 1.21x107%2 1.27
1/128 3.72x 1072 1.16 5.85x107%  1.05 e
1/256 1.77x 1073  1.07 2.60x 1073  1.17
h Er3 slope Er4  slope
1/32 6.73 x 1072 ~ 5.08x 1072 — E
1/64 2.06x 1072 1.71 1.86x 1072 145 20°F
1/128 6.80x107%  1.60 8.38x107% 1.15 3
1/256 259 x 1072 1.39 3.68x 1072  1.19
h Er5 slope Er6 slope
10° |
1/32 112 x 1072 ~ 4.80x 107! —
1/64 4.33x107% 137 1.66x 1072  1.54
1/128 1.92x 1072 1.18 6.56 x 1072  1.34
1/256  9.09 x 10~*  1.08 2.90x 1073 1.18 )
SN
Table & Figure 1: Errors and slopes for (v,¢) = (1071,1071).
h Er1 slope Er2 slope o
1/32 1.75x 1072 - 271 x 1072 -
1/64 6.74x 1072 137 1.12x107% 1.28
1/128 291 x107% 1.21 549x107% 1.03 o b
1/256 1.37x 1073 1.09 244 x107% 1.17
h Er3 slope Er4  slope
1/32  9.77 x 1072 ~ 6.56 x 1072 -
1/64 317x1072 1.62 222x1072 1.56 R
1/128 1.02x 1072 1.63 9.01x 1072  1.30 3
1/256 3.62x 1072 150 3.78x 1072 1.25
h Erb5 slope Er6 slope \
107 |
1/32  2.06 x 1072 - 276 x 1071 -
1/64 7.36x1073% 149 1.16x 107t 1.25
1/128 293 x 1072 1.33 4.40x 1072  1.40
1/256 1.31x 1072 117 1.51x107%2 1.54 . o

1256 1/128  1/64 1/32

h

Table & Figure 2: Errors and slopes for (v,e) = (1071,1073).

8 Conclusions

We have presented a nonlinear stabilized Lagrange—Galerkin scheme (5) for the Oseen-type Peterlin viscoelastic
model. The scheme employs the conforming linear finite elements for all unknowns, velocity, pressure and confor-
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h Er1 slope Er2 slope

1/32 1.36 x 1072 - 2.30x 1072 -
1/64 4.26 x 1072 1.67 9.68x 1073 1.25
1/128 1.40x 1072 1.60 4.84x 1072  1.00 |
1/256 5.15x107% 1.44 2.08x 1072 1.22

h Er3 slope Er4  slope

1/32 2.03x 107! ~ 9.39x 1072 -
1/64 6.98 x 1072  1.54 3.00x 1072  1.65
1/128 216 x 1072  1.69 1.19x1072 1.34
1/256 6.86 x 107  1.66 5.05x 1072  1.23

h Erb5 slope Er6 slope

1/32 213 x 1072 - 6.71x 107! -
1/64 7.64x 1073 148 589x 107!  0.19
1/128 281 x 1072 1.44 451 x107! 0.38
1/256 1.11x1072 137 3.08 x 107! 0.55

Relative errors
= s
T T

1256 1/128  1/64 1/32

h

Table & Figure 3: Errors and slopes for (v,¢) = (1,0).

mation tensor, together with Brezzi—Pitkédranta’s stabilization method. In Theorem 1 we have established error
estimates with the optimal convergence order, which remain true even for ¢ = 0. We have also presented the
result on the uniqueness of the solution of the scheme in Proposition 3. It is noted that any solution of the scheme
converges to the exact solution without any relation between h and At, while the condition (26) or (27) is needed
for the uniqueness of the solution. Theoretical convergence order has been confirmed by two-dimensional numerical
experiments.

Although we have dealt with the stabilized scheme to reduce the number of degrees of freedom, the extension of
the results to the combination of stable pairs for the velocity and the pressure, and conventional elements for the
conformation tensor, e.g., P2/P1/P2 element, is straightforward. Note that our analysis of the stabilized Lagrange-
Galerkin method does not require to deal with the dissipation of the discrete free energy and positive definiteness of
the conformation tensor Cy, as it was the case of the characteristic-based scheme of Boyaval et al. [5] applied to the
dissipative Oldroyd-B viscoelastic model. Since the strong solution of the Peterlin model (1) indeed satisfies these
properties, cf. [23], they may be a useful tool in order to extend our numerical analysis to the Peterlin viscoelastic
model with the nonlinear convective terms in future.

The extension of the presented scheme to the three-dimensional case is not straightforward due to Lemma 5. Three-
dimensional problems are fully treated in a forthcoming paper, Part II, by a linear scheme, where the convergence
with the best possible order is proved for any of € > 0.
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