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Abstract. For a grand canonical ensemble of classical point-like particles at equilibrium in
continuous space we investigate the functional relationship between a stable and regular pair potential
describing the interaction of the particles and the corresponding molecular distribution functions.
For certain admissible perturbations of the pair potential and sufficiently small activity we rigorously
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bounded domains and in the thermodynamical limit.
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1. Introduction. We consider the grand canonical description of a continu-
ous system of identical classical particles in thermodynamical equilibrium; cf., e.g.,
Hansen and McDonald [3]. It is assumed that the potential energy of the system is
determined by a pair potential which only depends on the distance of the interacting
particles. Under certain additional assumptions on the potential (known as stability
and regularity) it has been rigorously proved in the 60’s of the previous century (see
the monograph by Ruelle [9]) that the corresponding molecular distribution functions
of the particles have a well-defined thermodynamical limit for a small enough activ-
ity coefficient. For example, the limiting singlet distribution function determines the
(constant) number density of the particles; the corresponding pair distribution func-
tion which provides the probability density of observing two particles in prescribed
coordinates at the same time only depends on the distance between the given coor-
dinates and gives rise to a so-called radial distribution function. The inverse problem
whether a given radial distribution function can be obtained as the thermodynamical
limit of an equilibrium distribution for a certain pair potential is an open problem;
there are only few partial results, for example by Henderson [4] on uniqueness and by
Koralov [5] on existence of corresponding solutions.

This inverse problem is fundamental for the development of efficient multiscale
algorithms for the numerical simulation of complex soft matter phenomena, compare,
for example, Riihle et al [7]. Many of these algorithms employ methods for coarse-
graining complex molecules and need to derive effective potentials for the coarse-
grained beads from measured data such as the radial distribution function.

One of the algorithms for solving this inverse problem is the so-called Inverse
Monte-Carlo method by Lyubartsev and Laaksonen [6], which utilizes the well-known
Newton method for the numerical solution of nonlinear equations. As such, this
method requires the derivative of the radial distribution function with respect to the
pair potential.

While the analyticity of the molecular distribution functions with respect to the
inverse temperature is classical (cf., e.g., Ruelle [8]), a rigorous analysis of their dif-
ferentiability with respect to the potential appears to be lacking. This is the purpose
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of this present work, which is the first part of two consecutive papers. A crucial in-
gredient is the choice of a proper (and natural) topology for suitable perturbations of
a given potential (see Proposition 2.1 below). The topology that we suggest allows to
exploit the well-known Kirkwood-Salsburg system of equations and the corresponding
theory in [9] to rigorously determine the derivative of all molecular distribution func-
tions (and their thermodynamical limit) with respect to the underlying potential in
the L* norm of the corresponding distribution functions. We refer to Section 2 for a
precise statement of our results.

As far as the radial distribution function is concerned it is also natural to inves-
tigate the differentiability of the so-called Ursell function (sometimes also referred to
as pair correlation function [3]). In the high temperature regime the thermodynam-
ical limit of the Ursell function is known to belong to L'(R3) as a function of the
distance between its two input particle positions, cf. [9] again. We can prove that the
differentiability of the Ursell function extends to this topology, either. Since the proof
requires a completely different set of tools we postpone this and related results to the
follow-up paper [2].

The outline of this first part is as follows. In the following section the setting and
basic assumptions of this work will be specified. There we also formulate the two main
results, Theorem 1 on the differentiability of the molecular distribution functions, and
Theorem 2 on the thermodynamical limit of these derivatives. Section 3 is devoted
to a proof of Theorem 1 and Section 4 provides the proof of Theorem 2. An explicit
formula for the derivative of the pair distribution function and the singlet distribution
function in a bounded domain is presented and discussed in Section 5.

2. Problem setting. In the sequel we present our basic assumptions on the
system under consideration and review some basic facts; most of them are well known,
and unless stated otherwise, we refer to [9] as a standard reference.

We consider a grand canonical ensemble of identical classical point-like particles
in a box A C R? in thermodynamical equilibrium with defined positive inverse tem-
perature 8 and activity z. Throughout this work we assume that the box A is a cube
centered at the origin. The interaction of the particles is given by a pair potential
u : R* — R, which only depends on the distance between the corresponding particles.
Such a pair potential is called stable, if there exists a constant B > 0 such that

Z u(|R; — Rj|) > —BN
1<i<j<N

for all configurations of N labeled particles (and all N € N), where Ry =
(Ry,...,Ry) € (R®)YN is the N-tupel with the particle coordinates. A stable pair
potential u is called regular, if the associated Mayer function

f(R) = e AulIED 1 (2.1)

belongs to LY(R?), i.e., if
/ le™PuM) _ 1172 dr < .
0

In order to investigate differentiability with respect to u we need to allow some
variability of the potential without disturbing the above two properties. Therefore we
will stipulate a slightly more restrictive but much more handy assumption on w.

ASSUMPTION A. There exists s > 0 and positive decreasing functions ., u* :
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RT — R with
S o0
/ uy(r)r?dr = oo and / u*(ryr*dr < oo,
0 s
such that u satisfies

u(r) > ui(r), r <s, and lu(r)| < u*(r), r > s.

An example of a pair potential that satisfies Assumption A is the familiar Lennard-
Jones potential

u(r) = 4¢((2)" = (2)°)

with parameters €, > 0.

Given that the pair potential u satisfies Assumption A we introduce the space 7,
of perturbations v : RT — R for which |v|/u is bounded in (0, s) and |v]/u* is bounded
in (s,00); ¥, is a Banach space when equipped with the norm

[0l = max{ [[v/ullo,s), l[0/t"[(s,00) } - (2:2)

Here, and throughout, the notation || - || refers to the supremum norm of a function
acting from some interval  C R into a given Banach space. As we see next, the
topology of ¥, defines an open neighborhood of stable and regular pair potentials
around the given u.

PROPOSITION 2.1. Let u satisfy Assumption A, ¥, be the Banach space with
norm (2.2), and 0 < to < 1 be given. Then there are constants B > 0 and cg > 0
such that the potential u = u + v satisfies

> u(|Ri-R;|) > -BN (2.3)
1<i<j<N
or ever N € an
f y Ry € (R*)N and
47r/ le= P8 _ 1|72 dr < g (2.4)
0

for every v € ¥, with ||v|ly, < to, i.e., U is stable and regular. Moreover, for all
N >2 and all Ry € (R*)N there exists j* = j*(Ry) such that

N

> u(|R; — Ry

=1
i

) > —2B (2.5)

for every u = u+v with ||v||y, < to; in particular, w is bounded by —2B from below.
Proof. The crucial observation is, that for a given tg € (0,1), every 0 < r < s,
and every v € ¥, with [|v||y, < to there holds

u(r) = u(r) = (r)] = (1 —to)u(r) = qu.(r)
with ¢ = 1 — tg > 0; at the same time we have

[a(r)] < fu(r)] +[o(r)] < (1+1to)u™(r) < (2—q)u’(r)
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for every r > s. From this we conclude that under the given assumptions on « and
v the regularity condition (2.4) does hold true for some constant c¢g > 0 and all v
with |[v|ly, < to. Concerning the stability of the pair potential @ we refer to the
argument utilized by Fisher and Ruelle in [1]: Their construction provides a universal
even minorant v : R — R of positive type such that

a(r) > u(r), r>0,

for all v € ¥, with ||v||y, < to. Inequalities (2.3) and (2.5) then follow with B =
u(0)/2. 0

REMARK 2.2. Take note that the index j* in (2.5) is not unique, in general. In
this case it does not matter which one is being used, but we will assume in the sequel

that some choice Ry + j*(Ry) has been assigned for every Ry € (R®)™. <o
Writing
Un(Ry,...,Ry) = > u(|R; - R) (2.6)
1<i<j<N

for the configurational Hamiltonian of the system, the molecular distribution function
pg\m) for m particles, m € N, being distributed in A is defined to be

1 N

< —BUn (RN)
P — e dR,, v, (2.7)
(N—m)' /AN—m ’
N=m

where R,, € A™, R,, y denotes the (N — m)-tupel (Ry+1,-.., Ry) C AN~™ with
the coordinates of additional N — m particles, and

o0 ZN
A = - —BUN(RN) dR 2.
=X . (2:8)

is the grand canonical partition function for a given inverse temperature 8 and activity
z. The formulations in (2.7) and (2.8) obey the usual convention that the integral of
the constant one over A is considered to be one.

It is shown in [9] that under the given assumptions on u and for an inverse
temperature 8 and activity z satisfying

=
=A

1

0<Z<W (29)

the distribution function ps\m) is bounded in A™, its bound being independent of
the size of A, and in the thermodynamical limit |A] — oo the distribution functions
converge compactly, i.e., uniformly on every compact subset of (R*)™; we denote by
pm) (R3H™ — Rar the corresponding limit function. When m = 1 the resulting
limit is the constant counting density po of the system; when m = 2 the limit p(® is
invariant under translations and rotations and one can define the radial distribution
function g : Rt — R by

1
g9(r) = = pP(Ry, Ry), r=|R1 — Ral.
Po
In this work we investigate the dependence of the molecular distribution functions
on u and we are going to prove the following two results.
THEOREM 1. Let u satisfy Assumption A and z and B be constrained by (2.9).

Then for every m € N and every box A C R® the molecular distribution function pf\m)
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has a well-defined Fréchet derivative 3,05(”) € f(”f/u, LOO(Am)) with respect to u, and
p"™ has a Fréchet derivative 0p\™ € £ (¥, L>((R®)™)).
THEOREM 2. Under the assumptions of Theorem 1 the derivative operator 8p§\m)

converges to dp(™ in the thermodynamical limit |A] = oo in the following sense: For
any fized bounded box A’ C R® and any m € N there holds

10 )0 = (Dp™ o] g — 0,

uniformly for v € ¥, with ||v||y, < 1.

The proofs of these two theorems utilize the Kirkwood-Salsburg equations. As
such, the Fréchet derivatives are only given implicitly as the solution of a semi-infinite
linear system. For a bounded box A C R?® and associated molecular distribution
functions ps\m) more explicit formulae can be derived directly from (2.7), and we will
do so for m = 1 and m = 2 in Section 5; we mention, though, that it is much
more difficult to investigate the thermodynamical limit of the latter and to prove

differentiability of p(™ by this approach.

3. Proof of Theorem 1. In the sequel we consider a generic box A C R3
centered at the origin, and, by some abuse of notation, we will even allow A to be the
entire space.

To begin with we recall the definition (2.5) of the index j* = j*(R,,) for a given
R,, € A™; see also Remark 2.2. In the sequel we will omit the argument R, for the
ease of simplicity, as long as there is no danger of confusion. Given this definition we
introduce the (nonlinear) projection II,, : (R*)™ — (R3)™~1 via

Hm : Rm — (Rj*717Rj*,m) . (31)

We also need to define the following two function sequences d,, : (R*)™ — R, m € N,
and k, : R? x (R*)" — R, n € N, given by

dp(Ry) = [ e?UmReD meN, (3.2)
iz
and
kn(R; R,) =[] f(R; - R), (3.3)

i=1
where f is the Mayer function (2.1). The latter are utilized as kernel functions for
the integral operators
1

(Kmn,A(pm+n71) (Rm) = E

[ bR R (T (Re). RY) 0B, (3.4)
for m,n € N, and @41 : A™T"~1 — R. Finally, we need the extension operators

(I, 0¢m—1)(Rim) = @m—1(n(Ry)) (3.5)

for m € N\ {1} and ¢,,_1 : A1 = R.
Following Ruelle [9] we introduce the Banach space 2} of sequences ¢ = (¢m)m
of bounded functions ¢, : A™ — R, for which the norm

o

2, = ilé%cglllwml
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with ¢g of (2.4) is finite. On £} a diagonal multiplication operator

dy
Dy = ds (3.6)

and a semi-infinite block integral operator

Kiian Kign Kiza

Ky = Ion  Koin Koo (3.7)
0 I3n Kz

are defined by utilizing the functions d,, of (3.2) and the operators K, Ao and I,
of (3.4) and (3.5), respectively. It is shown in [9] that Dy and K belong to £ (%)
with

|Dallz(ay) < P, | Kallzan) < cpe. (3.8)

These operators can now be used to formulate the celebrated Kirkwood-Salsburg
equations:

(I - ZAA)pA = zeéq, AA = DAKA, (39)

where

pa=0)m  and  er = (Bum)m,

with d1,, being the Kronecker symbol and z being the activity. Since
|Anllz(2) < cpe®?PH (3.10)

according to (3.8) it follows from (2.9) that the linear system (3.9) is uniquely solvable
for p, € Za.

To compute the derivative of the molecular distribution functions we need to
determine the derivatives of the functions d,,, f, and k, in appropriate topologies.
This is the purpose of the following three auxiliary results.

LEMMA 3.1. Let u satisfy Assumption A. Then the Mayer f-function has a
Fréchet derivative df € £ (¥, L*(R3)) with respect to u given by

(6f)7} = _Be_ﬂuva CAS 7/u7

i.e., there exists Cg > 0 such that

@) vlLirsy < Csllvlls, (3.11a)
and for ||v||y, < to and f the Mayer function associated with & = u + v there holds
If - flloiwsy < Csllvlly, , (3.11b)

A

If = f = (0f)vllpresy < Csllv]|%, - (3.11c)
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Proof. For v € ¥, Taylor’s theorem yields

HJ?* f— (5’]0)”“L1(R3) — 47r/0 |676E(r) _ e Bul) +567ﬁ“(’”)v(7ﬂ)| r2dr

= 47r/ efﬁ“(r)|efﬁ”m -1+ Bv(r)| r2dr
0

IN

27T./ =B~ | gy (1) 22 dr (3.12)
0

When ||v]|y, < to then it follows from Proposition 2.1 that
e A= g (r) Pr? < 2P |ol[5, u* (s) u” (r)r?
for r > s, while for 0 < r < s we have

e~ Blu(r)=lv(r)]) |Bu(r)[?r?

IN

B[l e~ P D (r)s?

45> 9
m l[vll%, -

IN

Inserting these estimates into (3.12) we readily arrive at (3.11c).
In much the same way we can estimate

BBy, u*(r)r?, r>s,

(3.13)
(s?/e)llvll+, , 0<r<rg,

e P |Bu(r)r? < {
to deduce (3.11a). Take note that (3.13) holds true for every v € %,,.
When wu is replaced by u — |v| with ||v||y, < o in (3.13) then the upper bound on
the right-hand side increases by at most 1/(1 —tp), and hence, (3.13) also provides a
convergent majorant to estimate

||f—f||L1(R3) = 47r/ e_ﬂ“(r)|6_’8”(”—1’r2 dr < 47r/ e~ A= gy ()| 2 drr
0 0
for |jv]|y, < to, cf. (3.11b). O
LEMMA 3.2. Let u satisfy Assumption A. Then the functions d,, of (3.2)
are Fréchet differentiable with respect to the pair potential with derivative Od,, €
L (Y, L*(R?)) given by

((8dM)U)(RM) = —fdm(Rm) Z v(|R; — R )
o
forv e ¥, and R,, € (R®)™. There holds
o268
I@dmollzsy < S lol (3.14a)
and, if ||v]|v, <to/2 then
~ 2¢28B
|dm — diml|R2ym < = vl , (3.14b)
4e2PB

[ dim — din — (9 )0]| (R3S )m

IN

= ol (3140
0
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where c?m denotes the function d,, associated with the pair potential u + v.

Proof. For the proof of this result it is essential that the chosen index j* = j*(R,,)
of (2.5) is independent of the particular pair potential ¥ = u+v as long as ||v||v, < to.
For v € ¥, and fixed R,, € (R3)™ we use Taylor’s theorem to estimate

~ 1
| — d = (O )v] = [dm(e™ P27 =145 0)] < S le PZ(BY 0)%e =],

where all sums extend over every i = 1,...,m with i # j*, the respective arguments
being given by |R; — R;-|. For every v > 0 there holds

1 o o 218 2 _ 2 85I/

5 (B2 07 <7552 )" < o=l
and hence

(o — dyy — (D )| < A28 Tllol=lol/)

For v = 2||v|, /to the assertion (3.14¢) now follows from (2.5) with @ = u—|v|—|v|/v
provided that ||v||y, < to/2. This proves the differentiability of d,,. The proof of the
two estimates (3.14a) and (3.14b) follows along the same lines and is left to the reader.
O

To formulate the following result we introduce the formal derivative of k,, of (3.3)
with respect to u in direction v, i.e.,

n

k,(R;R;,) = Y _((0f)v)(IR; — R|)

i=1

=

(R}, - R) (3.15)

oS
Wl
N

for R € R? and Ry € (R3)™.

ProprosITION 3.3. Under the assumptions of Theorem 1 the operator Ky is
Fréchet differentiable with respect to u in f(%,ﬁ(%,\)), and its derivative Ky is
given by

Kijn Kian Kiza
! !
@Ky = | 0 Bza Kaa , (3.16)
: 0 K:'),LA '

where
1

(K;nn,A¢m+n—1)(Rm) = E A k;’L(Rj*;R:z)(Pm-ﬁ-n—l (Hm(Rm)vR;z) dR;z

for m € N, with @pypn_1: A1 5 R 1, of (3.1), and k., of (3.15).
Proof. Let %, be the Banach space of functions k : R? x (R3)" — R with norm

1%l

%, = sup Hk(R, ')”Ll((RS)n) .
ReR3

We prove that k,, of (3.3) is differentiable with respect to v in £(¥,,, %), and that its
derivative (0k,)v in direction v is given by k!, of (3.15). From Lemma 3.1 we readily
conclude that k], € %;, with

ks ll2, < nCacl vl - (3.17)
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We now assume that ||v||y, < ¢p and introduce short-hand notations k, for the
kernel k,, associated with the pair potential w = u + v, and let

fi(R) = e PUIR=E) _ 1 and  fi(R) = e PUIRI-RD _q

for every appropriate value of ¢; in the sequel we also omit the obvious arguments R;
and R, respectively. Then we prove by induction on n € N that

||kn _kn|

a, < anch vl , neN, (3.18)

which is obviously true because of (3.11b) when n = 1, because El -k = fl - f1-
The inductive step is then based on

Fni1 = kni1 = knfoi1r = Enforr = En(fas1 — fas1) + (kn — k) fasa

= fi-o fa(farr — Fas1) + (ko — k) faia s

the induction hypothesis, and on the estimates (3.11b) and (2.4).
Still assuming that ||v||y, < to we now proceed to establish the inequality

Fen, — Ko — K|

a, < nzCécgﬂHvH%/u , neN, (3.19)

for C = max{Cp, C3/(2¢cs)}, which proves the asserted differentiability of k,. For
n = 1 inequality (3.19) has been established in the proof of Lemma 3.1, cf. (3.11c).
For the induction step we write

7<;n+1 — kny1 — k;’H—l = Enfn-i-l —knfat1 — kn(afn+1)vn+1 - k;zfn-ﬁ-l

(K — kn — ) fasr + (kn — k) (fas1 — fas1)
+ fro falfatt = Fat1 — (Ofns1)vns1) s

where we have set
vny1 = (R4 — RI).

Then it follows from the induction hypothesis (3.19), and from (2.4), (3.18), (3.11b),
and (3.11c) that

s — kst — Ky yillo., < (n2Chel + nC3ei™ + caCo)|loll3, -

Inserting the definition of C’ﬁ we further conclude that the above right-hand side
satisfies

02
(n*C + Qnﬁ + Cp)egllvlly, < (n+1)*Cheiloll, .

hence the induction step is complete.
Having established (3.19) we can now argue as in [9] to show that

|Kx — En — (0K )] 220y < 2¢Ch0]%,

where K, denotes the block integral operator (3.7) associated with @, (9K, )v is
defined in (3.16), and ||v||y, < to. This shows that 0K, of (3.16) is the Fréchet
derivative of K when considered a function of the pair potential. O



10 M. HANKE

Now we can establish Theorem 1.

Proof of Theorem 1. From Lemma 3.2 it follows readily that Dp is also Fréchet
differentiable as a function of u, and so is Ay = DA Ky, and the derivative 0Ax of Ax
is given by

((914/\)’1) = ((aDA)U)KA + DA(aKA)U

for v € ¥,. Denote by Dp and K, the operators (3.6) and (3.7) associated with the
pair potential @ = u + v, and set Ay = DpK,x. Moreover, let p, be the respective
sequence of molecular distribution functions. Then, for ||v||y, <ty there holds

Py o = (= 20— (1 2Ay))zex
z(I —ZAA) (AVA—AA)( —ZAA)_lzel
= 2(I — zAp) " ((0AA)V) (I — 2A5) ' ze1 + O(|[v]|3,)

in Zx. Accordingly, p, is Fréchet differentiable, and its Fréchet derivative dp, €
LV, Zn) satisfies

(Oppa)v = 2(I — zAN) " ((OAN)V) (I — zAN) zer = 2(1 — 2A5) " ((0AA)V) pa

This implies the statement of Theorem 1. O
REMARK 3.4. One can also consider the linear system

(I—ZBA)O'A = zeq, Br = KaDy 63(3//‘/\), (3.20)

for o € 2, and use the same arguments as before to establish unique solvability and
differentiability of op with 0oy € L(¥,,, Za). Obviously, from (3.9), there holds

pr = Daoa,

and as a corollary one obtains, for example, that
Io8™ fdmllam < Cez™,  m=1,2,...,

with a uniform constant C' > 0. While this latter statement also follows readily from
[9], the differentiability of o provides additional information about the molecular
distribution functions. <

4. Proof of Theorem 2. In this section we investigate the thermodynami-
cal limit of the sequence p, = (pf\m))m € Z of molecular distribution functions;
throughout this section A C R3 always denotes a finite size box. Take note that when
A’ C A then any sequence @, = (wg\m))m € 2 also belongs to Z3/. We will make
repeated use of this property without further mentioning by taking the corresponding
norm |[[@, || 2, of ¢,. Often, however, it will be convenient to make this embedding

more explicit. To this end we introduce the corresponding embedding operator
Pyt I — Prrpp = (@E\m)|(A/)m)m. (4.1)

To simplify matters, though, we will not specify explicitly the domain 2, of Py: in
this notation; this domain may differ depending on the context.
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In the previous section we have shown that p, as well as its thermodynamical
limit p are differentiable with respect to u, their derivative(s) being given by

(@pp)v = =(I - 2An) " Appy,

L (4.2)
@p)v = z(I - 2A4)" Alp,

respectively. In (4.2) we have used short-hand notations A’ and A’y for (0A)v and
(0AA)v, respectively; we will continue to do so in the remainder of this section as long
as v € ¥, is fixed.

The proof of Theorem 2 will proceed in three steps: First, in Lemma 4.1, we will
show that for two boxes A” C A with A” being kept fixed we have convergence

||A;\pA - AIPH:%A// — O as ‘A| — 00. (43)
Then, in a second step we fix another box A’ C A, and we argue that
[(I—2zAN)""PaA'p — (I —24)"A'plla, =0  as|A| > . (4.4)

As the third part of the proof we use (4.3) in a setting with three boxes A’ C A” C A
to show that

I(I = 240) " Pa(A'p — Appy)ll 2y — 0 as |A] = oo, (4.5)

provided that A’ is kept fixed. A combination of (4.4) and (4.5) then readily yields
the desired convergence

1@pp)v = (Op)vll2,, — 0

as |A| — oo, which completes the proof of Theorem 2.

LEMMA 4.1. Let u satisfy the assumptions of Theorem 1 and let Ay and A’ be
defined as above for a given v € ¥,. Then, for a fized box A" C R and for A" C A C
R3 the convergence (4.3) holds true uniformly for all v € ¥, with ||v|y, < 1.

Proof. Let ¢ > 0, d > s, and a certain box A” C R? be given. We choose a
second box A* D A” in such a way that |R” — R| > d for every R” € A" and every
R € R3\ A*. According to [9] there holds

oA = pll2y <€,
provided that A D A* is sufficiently large; moreover,

[0l 255 oAl 220 < C

for some C, > 0, independent of the size of A. Then, for any R,, € (A”)™ and any
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n € N we can estimate
|(Kmnap" ") (Rin) — (K™ ™) (Ron) |

1

n!

/A kn(Rj-; R,)p\" Y (I, (Ry), R,,) dR,,

- / k”(Rj* ) R;)p(m+n71)(nm(Rm)a R:z) dR/
(R

B)n

1 _
ol /( *)kn(Rj*;RiL)(p(AmM 1)(Hm(Rm),R;)*p(”””’l)(le(Rm),R;)) dR;,
- / kn(Rj-3 R o\ Y (I, (Ry), R),) dR,,
An\(A*)n
- / kn(Rj-; R ™ (11,, (Row), R),) dR,,
(R3)m\(A*)n
Cl—m—n
< ' (5/ |kn (R« R,)| dR), + 2C, |kn(Rj-; Ry,)| dR’n). (4.6)
n (R3)" (R3)m\(A*)"

The first integral in (4.6) is bounded by ¢, the second integral can be estimated by
ncgflcg’d, where

o
cgd = 47r/ le= A — 1|2 dr, (4.7
d

compare the proof of [9, Theorem 4.2.3]. We thus have

m (m+n—1) _ (m+n—1) c 20,
B K mn,apy Kpnp lamm < e+ (=11 Bt

which readily yields
1Kapn — Kpll 2, < elcpe +2Cicp.a).

Since we can let d be arbitrarily large and & > 0 be arbitrarily small by choosing |A*|
and |A| sufficiently big, it follows that

|Kappy — Kpll 2, — 0 as [A| — 0. (4.8)

We now write D/ for (9Dx)v and K for (0K )v for some fixed v € ¥, and any box
A C R3. Then we conclude from (4.8) with the help of (3.14a) that

|Dy\Kapy — D'Kpll2,, = [[DynPri(Kapy — Kp)ll 2,

6253
< ||D;\”||Z(,%’A/,)||KAPA_KPH%A,/ < THKAPA _KPH%A//”’UH"I/?L — 0

as |A] = oo, uniformly for all v € ¥, with ||v]y, < 1.
In a similar way we can estimate

|[DAKjpr — DK'p|| 2.,
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the main difference for this estimate being that &, in (4.6) has to be replaced by kI,
of (3.15), i.e

|(Khnap T ) (Rin) = (Klnp™ ™) (R |

1-m—n
< % . (6/ |k, (R;-; R.,)| dR,, + 20*/ |k;1(Rj*;Rln)|dR;7,>
b\ oy ®)m\(a%)"

for R,, € (A”)™. Here we can use the bound (3.17) for the first integral, but the
second integral requires a different estimate. Following the line of argument employed
previously, we obtain from (3.15) the inequality

[ R Ry R,
(R3)n\ (A*)n

<y / 01)0) (1R, -
i—1 7 (R3)"\(A*)"

(4.9)

J#i

Sé(n—l /| (@f)v)(IR])| dR /!f IRI}dR) Q/RS\A*UQR—RJ»*DMR

* /RS\AJ(WW)('R — Rj-|)| R (/Rg|f<|R|)! aR) ) .
Using (2.4), (4.7), and (3.11a) this yields

|k, (R;~; Ry,)| dR;,
(B3)m\(A%)"

< n(n-— 1)02_205@Cg\|v|

v + /|R|>d|((8f)v)(|R)|dR.

Since d > s the remaining integral can be estimated by means of (3.13), and hence,

/ ‘((8f)v)(|R|)‘ dR = 4« /00 Be‘ﬁu(r)|v(r)’ r? dr
|R|>d d

IN

4r3e2PB ||v

74/ u*(r)r2 dr =: CZ,dHU ¥
d
Take note that cj; ; — 0 for d — co. We thus conclude from (4.9) that

CgL HK?I”H/TL,AIDE\M—’_”_U - K;nnperniln(A")m

( Cg e+ QC*CB n—1 . + 20, o )HU”
(n—1)! g (-1 AT 1y Ted) I
In view of (3.8) it follows that
IDaK\pr — DK'pll2,,, = |[DavPrr(Kjpr — K'p)| 2,
< Dol 2z KA PA — K'pll 22,0
2C,C
< 84 (Cpe + =2 05 4 4+ 2Cuch ) ol
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which can be made arbitrarily small by choosing |A*| and |A| sufficiently big, uniformly
for all v € ¥, with |lv||y, <1.
Since

APy — A'p = (D\Krpy — D'Kp) + (DrKypy — DK'p)

we thus have established the assertion. O

As mentioned before another ingredient to the proof of Theorem 2 is the state-
ment (4.4), which we reformulate here in a slightly more precise way.

LEMMA 4.2. Let u satisfy the assumptions of Theorem 1 and let A’ be defined as
above for a given v € ¥,. Then, for a fized box A’ C R? and for ' C A C R3 the
convergence

(I —2Ap)""PrA'p — (I —2A)'A'p|la,, — 0 as |A] = oo

holds true uniformly for all v € ¥, with ||v||y, < 1.

Note that if one replaces A’p by ey in (4.4) then the resulting assertion is that
py converges uniformly to p in the given box A’ as |[A| = oo, cf. (3.9). In fact,
one can reuse the corresponding proof of Ruelle [9, Theorem 4.2.3] with o = A'p
instead of a = ey throughout to verify (4.4). The proof of Lemma 4.2 is then an easy
consequence because the rate of convergence only depends on the norm of «, and

14l 25 < 10Al2(r, 22 VIl Pl 255 (4.10)

is uniformly bounded for ||v]|y, < 1; take note that an upper bound for (4.10) can be
chosen in a way to be also an appropriate bound for || A\ p,ll 2, -

Proof of Theorem 2. We now turn to a proof of (4.5). To this end we consider a
finite number of nested boxes

A/ZAkOCA}CO,1C"'CA1CA7 (4.11)
each of them centered at the origin, and Ay having sides of length
b = Lo+ 2(ko — k)d, k=1,... ko,

where {; is the length of the sides of the given box A’. The particular number kq
will be chosen later; see (4.13) below. With each box A we associate the Banach
space 2 = Za,, the corresponding projector P, = Py, of (4.1), and the operator
A = Ap, € L(Zk). As before we refer to A = Ags for the operator corresponding
to the full space.

At this stage we quote another auxiliary result, cf. [9, (2.41) in Chapter 4], namely
that

IA

2k6263+1 ||AA Hi;({%x)cﬁ,d

< 2kcgflek(258+l)clgyd

| Pos1 AY P — P AR || 22,2
! (Fa,Fura) (4.12)

AN

for k=0,1,...,ko — 1. In [9] this result was proved with A, replaced by A (and in
L(Zrs, Zi+1)), however, the argument given there does not need any modification
to establish (4.12) as it stands. From (4.12) and (3.10) it follows that

IAXPA(A"p = A pa)ll 251
< I(ATPL = AR)Pa(A'p — Aypy)ll 2iss + [ATPL(A P — Aypi)ll 25

< 2kl eI ey | Alp — Al ppllay + chetCOPTV A p — Al pyll 2 s
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and hence, the representation

(I = 2AN) " PA(A'p — Al py)

ko—1 o]
= > FARPA(A'p — Aypy) + Y FARPA(A'p — Alpy)
k=0 k=ko
leads to the upper bound
I(1 = 2AN) " Pa(A'p — Al pp) || 22,
ko—1 [eS)
< > FARPA(A'p = App)ll 2, + Y AL, 14 — AL pall2,
k=0 k=ko
ko—1
< Y 2k (2e?PPH reg || A'p — Ay pall 2,
k=0
k‘o—l o0
+ > (e A — Aypyllan + Y (zeae® BT Ap — Aypy |l -
k=0 k=ko

By virtue of (4.10) [[A'p| 2, and [[A) p,ll2;, are uniformly bounded, hence there
exists a constant ¢ > 0 (depending only on z and 3) with

(T — zAn) "' Pa(A'p — Ay pp)ll 2,

(4.13)
< c(epa + AP — Appall, + (zcpe

2ﬁB+1)ko) ,
provided that ||v|y, <1 and z and § satisfy (2.9).

Now let € > 0 be given. By virtue of (2.9) and (4.7) we can choose d and kg
so large that the first and third summand on the right-hand side of (4.13) are both
smaller than €/(3¢). A corresponding choice of nested boxes Ay of (4.11) is possible
provided that A is sufficiently big. In fact, making |A| even larger the second term on
the right-hand side of (4.13) will also become less than €/(3¢) by virtue of Lemma 4.1,
uniformly for v € ¥, with ||v]y, < 1. Accordingly, there holds

I(Z = 2A7) "' Pa(A'p = Ajpa)llz,, < €

for |A| sufficiently large, which yields (4.5). Again we emphasize that the size of |A]
to achieve a given bound € > 0 does not depend on v as long as ||v||y, < 1.

As mentioned before, a combination of (4.5) and (4.4), cf. Lemma 4.2, implies
that

1@pa)v — (Op)vllz,, — 0 as[A] = o0,
uniformly for all v € ¥, with |jv||y, < 1.0

5. Explicit computation of the derivatives of the singlet and pair dis-
tribution functions. In the sequel we are going to determine more suitable and
implementable formulae for the derivatives of the first two molecular distribution
functions in a finite size box A C R3.

For a given v € ¥, with |[v||y, <t we write

Vn(Ry) = Y o(|Ri—Rj]) (5.1)

1<i<j<N
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in analogy to (2.6). Then, to begin with, a straightforward formal computation pro-
vides the derivative 0E, of the grand canonical partition function (2.8):

- o 2V -
@20 = -5 37 [ V(R I dry,
N—2 . AN

That 0=, is a Fréchet derivative in (¥, R) can readily be checked by following
the line of argument of the proof of Lemma 3.2. Since Vi is defined by a pairwise
interaction of identical particles we can use the definition of the pair distribution
function to rewrite this derivative in the simpler form

CENIES —g/A/AvuR—R’\)p(A?)(RR’) dRdR’

which is amenable to numerical computations.

The argument of Lemma 3.2 can also be used to determine the Fréchet derivatives
83&’") € L (Y, L>°(A™)) of the numerators

—(m — 2V _
=R = 3 /A e PN dR,,
N=m '

N—m

of the molecular distribution functions p&m), namely

o0 N
(O=00) (Bo) = <8 Y 7= /A V(R N R
P2y -

For m = 1 we can utilize (5.1) and the fact that individual particles are indistinguish-
able to reformulate

oo

N
((855\1)>U)(R1) = —f Z ﬁ/j\N . Z U(‘RZ‘ —Rj|)€_BUN(RN) de,N
N=2 ’ -

o 1<i<j<N

> ZN —pPUn (N
—52:: (N—l)!<(N_1)/AU(|R1_R2|)/AN2€ PONRN) dRy v dRy

N=2
St e )

2<i<j<N

N

oo Py
By R —R ~AUN(RN) dRy \ dR
’ (N—2)!/Av(| ' 2|)/AN—26 n

N=2

é e ZN// / —BUN(RN)
5 Z ERA Av(|R2 Rsl) AN73e dR3 n dR3 dRy

N=3

I
|
=
=
E
2

~ Ro)EY (Ry) dRy — g/ / v(|R2 — R3)Z() (Rs) dRs R, .
AJA
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Likewise we obtain

- > N B
((325\2))0)(31,]%2) = -4 Z (N—2)l/A Vi (Ry)e PUNEY) (R,
N=2 FJAN=2

_ _ —BUN(RN)
- ﬁz (N—Q)! U(|R1 R2|)/AN_26 NATEN dR2,N
N=2
+ (N—Q)/UﬂRl —R3|)/ B ~AUNRN) dR; v dR;

+ (N— 2)/ U(lRQ —R3|)/ 6_5UN(RN) dR37N dRs
A AN-3

N—-2)(N -3
¢ DD [y [ e am dR3>
AJA AN—4

which can be rewritten as

((0=2)0) (R1, Ra) = —Bo(|Ry — Ro|)EY (Ry)
- 5/ (R, — R3|)EV (Rs) dRs — »3/Av(|R2 ~ Rs))={ (Rs) dR

// (IRs — Ry))EVY (Ry) dR4 dR; .

After these preparations we can employ the quotient rule to obtain

((0p)0) (Ry) =

[I]‘ —

—((02)0) (Ry) - p&)(m)@

—B/ (IR, — R')p P (R, R') dR!
(5.2)
// (IR, — Ry)pS (R, Ry, RY) Rl dR,

2L [ o )

17



18 M. HANKE

and
(@2 0)(Ra, o) = 2~ ((O22)0) (Ra,R) — o2 (R, By) P22
= —Bo(|R: — Ra|)p} (R, Re)
—5/ o(|Ry — R (Ry, Ro, R) dR' (5.32)
A
-8 / v(|Rs — R'|)p{ (R1, Rs, R') dR (5.3b)
fﬂ// o(|R) — Ry (Ru, Ray R, RY) dRLAR,  (5.3¢)

ﬂ// (R, — Ry)o® (R, Ro)p® (R}, R) AR dR, .

REMARK 5.1. To illustrate (5.3) imagine the situation of a fixed pair of coor-
dinates Ry, Ry € A with R; # Ry, when v = v(r) is a delta distribution located in
" > 0. Then the three integrals in (5.3a)—(5.3¢c) provide the expected number of
events — up to a factor 4nr’? due to the polar coordinate transformation — of en-
countering at the same time a pair of particles at Ry and Ry and a different pair of
particles with distance r’. The three individual terms account for events where
(5.3a): Ry is one of the two members of the second pair of particles,

(5.3b): Rz is one of the two members of the second pair of particles,
(5.3¢): all four particles involved are different; during integration every second pair
of particles is counted twice, hence the extra factor 1/2. &

It is obvious that neither of the two representations of (8p§\1))v and (8/)5\2))11 has
a straightforward extension to the thermodynamical limit because the corresponding
double integrals over the entire space will not converge. To extend these formulae
to the thermodynamical limit these integrals need to be recombined. This will be
reconsidered in part IT of this work [2].

6. Conclusions. We have shown that for a grand canonical ensemble of iden-
tial point-like particles in thermodynamical equilibrium the molecular distribution
functions p( ™) and their thermodynamical limits p("™ are differentiable with respect
to the underlying pair potential and the L°° norm of the distribution functions. To
do so we have considered pair potentials that satisfy Assumption A which is slightly
stronger than just being stable and regular; for these potentials we can treat the entire
regime of small activities z > 0 for which the thermodynamical limit of the molecular
distribution functions is known to be well-defined. In physical terms these activities
correspond to a region without phase transitions, i.e., the gas phase of this molecular
fluid, cf. [9].

Assumption A comes with a natural topology to study perturbations v of u: On
the one hand perturbations must not be too strong to violate the repulsive nature of
the potential when particles get close, hence, |v| must be bounded by w near the origin;
on the other hand, perturbations must be sufficiently small for distant particles to
maintain regularity. We mention, though, that the choice of u* allows rather general
decay rates near infinity that may be different for the underlying potential v and for
a perturbation v.
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We have also proved that the derivative of pf\m) converges compactly to the deriva-
tive of p(™) as |A| — oo. This justifies the approximate computation of, say, the
derivative of the radial distribution function (an often-used structural quantity in
chemical physics) by numerical particle simulations in a finite size box, as suggested
in [6].

In a subsequent paper [2] we will reconsider the pair distribution function pf)
and the corresponding radial distribution function g = g(r) because they call for the
investigation of differentiability in another function space that reflects the property
that g(r) — 1 as r — oo for potentials u that satisfy Assumption A. The methods that
come to use in [2] employ cluster expansions and are of completely different nature
than the ones that have been utilized here.
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