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Abstract

We study the convergence of numerical solutions of the compressible Navier-Stokes system to its
incompressible limit. The numerical solution is obtained by a combined finite element-finite volume
method based on the linear Crouzeix-Raviart finite element for the velocity and piecewise constant
approximation for the density. The convective terms are approximated using upwinding. The distance
between a numerical solution of the compressible problem and the strong solution of the incompress-
ible Navier-Stokes equations is measured by means of a relative energy functional. For barotropic
pressure exponent v > 3/2 and for well-prepared initial data we obtain uniform convergence of or-

der O(VAt, h* €), a = min {2%—_37 1}. Extensive numerical simulations confirm that the numerical

solution of the compressible problem converges to the solution of the incompressible Navier-Stokes
equations as the discretization parameters A¢, h and the Mach number ¢ tend to zero.
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1 Introduction

We consider the scaled compressible Navier-Stokes system in the low Mach number regime:

Oro + divg(pu) =0, (1.1)

*The research of E.F. leading to these results has received funding from the European Research Council under the
European Union’s Seventh Framework Programme (FP7/2007-2013)/ ERC Grant Agreement 320078. The Institute of
Mathematics of the Academy of Sciences of the Czech Republic is supported by RVO:67985840.

TThe research of M.L.-M. has been supported by the German Science Foundation under the grants LU 1470/2-3 and the
Collaborative Research Centers TRR 146 and TRR 165.

iThe research of S. N. has been supported by the Czech Agency of the Czech Republic No. 16-03230S and by RVO
67985840.

§The research of B.S. leading to these results has received funding from the European Research Council under the
European Union’s Seventh Framework Programme (FP7/2007-2013)/ ERC Grant Agreement 320078. The Institute of
Mathematics of the Academy of Sciences of the Czech Republic is supported by RVO:67985840.



1
O(ou) + divy(ou @ u) + gvxp(g) = div,S(Vzu), (1.2)

where o and u € R? are the unknown density and velocity fields, while S and p stand for the viscous
stress and pressure characterizing the material properties of the fluid via the constitutive relations

2
S(Vzyu) = p <qu +Viu— 3divmu}1> + ndivul, p> 0,1 >0, (1.3)
p € C?(0,00) N CL[0,00), p(0) =0, p'(0) > 0 for all p > 0, (1.4)
/ /
.o _ . po) _
o gt =P 0 g Tam =P >0

where v > 1 and a < 1. The (small) number ¢ > 0 is the Mach number. We notice that the assumptions
(1.4) are compatible with the isentropic pressure law p(g) = o7 provided 1 < < 2. To avoid problems
with physical boundaries, we suppose that the fluid motion is space-periodic, specifically

3
0=o(t,z), w=wu(t,z), t€[0,T), & € T°, where T* = ([0,1]|10,1})
The problem is completed by imposing the initial conditions
0(0,-) = 0o, u(0,-) = ug, go >0 in T (1.5)

When € — 0, solutions of (1.1)—(1.5) are expected to approach solutions of the incompressible Navier-
Stokes system

@(atv 1V, vxv) L VI = uAV, div,V =0, 3> 0 (1.6)

for suitable initial data

V(0) = Vo, (1.7)

see e.g. the seminal work by Kleinerman and Majda [30]. Problem (1.6), (1.7) admits a regular solution
in the class

o'V e CY([0,T); WFL2(T% R®), 1=0,1,2, &1L e C/([0,T); WrF19(T%), j=0,1, k>4  (18)
defined on some maximal time interval [0, Tiax) provided
Vo e WhH(T3; R?), div,V =0,

see e.g. [30]. The norm of (V/,II) in the function spaces (1.8) will be denoted by ||V, II|| yx .
T,T

Our goal is to estimate the distance between a discrete solution of a (convenient) numerical approx-
imation of the compressible problem (1.1)—(1.5) and the exact solution V' of the system (1.6), (1.7) in
terms of the numerical mesh size h, the time step At, the Mach number ¢, in a convenient discrete func-
tion space with a convenient projection to the discrete space of the unique strong solution of problem
(1.6), (1.7) and a suitable norm of the difference of the initial data (oo, uo) of the discrete compressible
problem and (g, V) of the incompressible target problem. The multiplicative constant in this estimate
must be independent of the specific numerical solution (and of course of h, At and ¢); it may however
depend on the norm of the strong solution V. In particular, we shall not require any other extra restric-
tions on the numerical solution than those imposed by the numerical scheme and in this sense our error
analysis results are unconditional.

Taking into account the low Mach number regime, this type of error estimates are in particular
referred to as asymptotic preserving. The concept of asymptotic preserving schemes has been introduced
by Jin et al., see [25], [28] and the references therein. A numerical scheme is called asymptotic preserving,
if it is uniformly consistent with respect to a singular parameter - the Mach number € in our case. In



particular, the scheme reduces to a consistent approximation of the limit equation. In [2], [3], [4], [8],
[27], [37] asymptotic preserving properties, in the sense of uniform consistency with respect to e, has
been studied for the Euler equations of gas dynamics and some related problems, see also [1], [17],
(18], [31], [35], [36], [39] for some well-known low Mach number schemes. We would like to point out
that these schemes are usually based on a suitable splitting between the stiff and non-stiff parts of the
underlying PDE and the corresponding semi-implicit or implicit-explicit time discretization. To the best
of our knowledge, asymptotic error estimates uniform with respect to all three parameters e, At, h have
not yet been obtained for any discrete scheme approximating fully nonlinear Euler or Navier-Stokes
equations. On the other hand, in the case of a linear kinetic transport equation, such asymptotic error
estimates in a diffusive scaling have been recently presented in [27], [34].

In spite of the importance of this property for applications, the mathematical literature on this
subject is in short supply, mostly due to the complexity of the problem. In this paper we present an
unconditional and uniform result for the compressible Navier-Stokes equations providing quantitatively
a uniform convergence rate in terms of the space-time discretization parameters (h, At) and the Mach
number e. In particular, our scheme is asymptotic preserving in the sense of Jin, cf. [28].

The relative energy method introduced on the continuous level in [11], [16], [15] and its numerical
counterpart developed in Gallouét et al. [22] seems to provide a convenient strategy to achieve this
goal. It is worth mentioning the recent work of Fischer [19], which can be seen as a counterpart of
our approach. Specifically, he uses the relative energy functional to rigorously estimate the difference
between an approximate (numerical) solution to the incompressible Navier-Stokes equations and any
weak solution to the compressible Navier-Stokes system in the low Mach number regime.

We shall apply the relative energy technique to the rather academic numerical scheme suggested
in Karper [29] with fully implicit time discretization, where the convergence to a weak solution was
proved for v > 3. Using the concept of the relative energy method the error estimates could be obtained
for v > 3/2 by Gallouét et al. [22]. The convergence result has been recently extended by Feireisl
and Lukédcova [13] via dissipative measure valued solution to the physically relevant range v € (1,2).
The application to other less academic numerical schemes, as mentioned above, is in the course of
investigation.

2 Preliminaries

Before formulating our main result, it seems convenient to introduce the basic notation and known facts
concerning the numerical apparatus used in the text.

2.1 Physical domain, mesh approximation

We assume that
T = Uker, K, (2.1)

where T}, is a family of closed tetrahedra (called triangulation of T?) having the following properties: If
KNL#0, K+# L, then K N L is either a common face, or a common edge, or a common vertex. By
E(K), we denote the set of the faces o of the element K € 7T;,. The set of all faces of the mesh is denoted
by €. For each face of the mesh o0 = K|L, n, i stands for the normal vector of o, oriented from K to
L (so that n, x = —n, 1), where K|L denotes a common face. We denote by |K| and |o| the (3 and
2 dimensional) Lebesgue measure of the tetrahedron K and of the face o respectively, and by hx and
ho the diameter of K and o respectively. We measure the regularity of the mesh by the parameter 0y
defined by
€k

eh:inf{,Ken} (2.2)
hk



where £ stands for the diameter of the largest ball included in K. We denote by h the maximal size of
the mesh,

h = hi. 2.3
Ryl 2

The triangulation 7}, is supposed to be regular and quasi-uniform, meaning that there exists positive
real numbers ¢y and 6y independent of A such that

0h > (90 and Coh < hK, (2.4)

respectively. In the sequel, we frequently omit the subscript A and write simply 7 instead of 7y,.

2.2 Spaces of discrete functions

The symbol Q,(T?) denotes the space of piecewise constant functions:

Qn(T%) ={q € L*(T°)| VK € T, qx € R}; (2.5)
for v in C(T3), we set
1
VK = —/ vdx for K € T and Hgv(:v) = Z vlg(z), z € T3, (2.6)
K| Jk KeT

where 1 is the characteristic function of K.
We introduce the Crouzeix-Raviart finite element spaces:

Vi(T?) = {v € L¥(T?), VK € T, vg € P1(K), Vo €€, 0 = K|L, /’U|K ds = / v dS}y,  (2.7)

where P (K) denotes the set of affine functions (on K), along with the associated projection

Y : C(T%) = Vi (T%), / 1Y [¢] S, — / 6 dS, for all o € €. (2.8)
For a Sobolev function v € WH1(T3) having well defined traces on the faces, we set
Vo = ‘i / vdS for o € &. (2.9)
We recall that each function v € V;,(T?) can be written in the form
v(x) = Z Voo (), x €T3, (2.10)
o€l

where the set {¢y}oee C V4 (T3) is the Crouzeix-Raviart basis determined by
1
(o, 0") € &2, !’\/ 0o dS = 6, . (2.11)
o'l Jor

Next, we recall the standard properties of the projection HZ summarized in Lemmas 2.1-2.5 below;
the relevant proofs can be found in the Appendix of [22]. The reader may consult also the monograph
Boffi, Brezzi and Fortin [5], the Crouzeix and Raviart paper [7], or Gallouét, Herbin and Latché [21].

Lemma 2.1. The following estimates hold true:

LY [0]]] Lo (1) ~ 16]] Lo (1) (2.12)
forall K € T and ¢ € C(K);
16 = 10, (0]l o) ~ BV @l orespanys 5 = 1,2, 1 < p < o0, (2.13)
and
V(6 = T (0D 1o (e, rey < h* IVl Lo (remosy, 5= 1,2, 1 < p < o0, (2.14)

forall K € T and ¢ € C°(K).



Remark 2.1. Here and hereafter the expression a S b means the inequality a < cb, where the positive
number ¢ may depend on the Sobolev and Lebesgue exponents involved in a and b (here s, p), the diameter
of T3, the Lebesque measure |T3| of T3 and 0y. In particular, it is independent of 6, h, At, ¢ and Ty,

Lemma 2.2. Let1 <p < oco. Then

<
h) ol lal? = ol s, (2.15)
oce€

with any v € Vj,(T3).
We shall need the following version of [12, Lemma 2.2] (see also [14, Theorem 10.17]).

Lemma 2.3. Let r > 0 be such that

0</ rdx:a,/r'y dx <b, forvy>1.
T3 T3

Then the following Poincaré—Sobolev type inequality holds true:

2
ol & X [ IVavPdot ([ rlol ao) (2.16)
KeT

for any v € V3,(T?), where the constant ¢ depends on a and b but not on h.

Lemma 2.4. ([21, Lemma 2.1]) There holds:

Z / q divII) [v dx—/ q divode, (2.17)

KeT

for all v € CYT3 RY) and all ¢ € Qu(T3). In particular, if divo = 0, then divI} [v] = 0 on each
triangle K € T.

Lemma 2.5. (Jumps over faces in the Crouzeix-Raviart space [21, Lemma 2.2]) For all v € V;,(T3)

there holds
h/ an(7 Z/ |vz'U| dl‘ (2.18)
oe€

KeT
where [V]gn, 5 a jump of v with respect to a normal n, to the face o,
vk (2) —ole(z) if no = no ke
Veeo=K|Le&, |v xT) = : k
‘ [ ]0’77’10( ) { U|L(:I:) _ /U|K($) ang — n(nL'

We will frequently use the Poincaré, Sobolev and interpolation inequalities on tetrahedra reported
in the following lemma. We refer to the book Boffi et al. [5] for a general introduction to this subject,
see also [22, Lemma 9.1].

Lemma 2.6.

(1) We have,
v = vk || Lo (r) = BV Lo (xc.pe) for all K € T, (2.19)

v = vollLo(re) ~ BVl o ie) for all o € E(K), (2:20)
ve WY (K), where 1 < p < oc.



(2) There holds

v = vicll g () ~ IV ]| oac; o) Jor all K €T, (2.21)
1o = Vol o= 1) ~ IVl ooy for all o € E(K), (2:22)
veWHP(K), 1 <p< 3, where p* = ??Tpp.
(3) We have,
v — vl Lagrey ~ B2Vl o (se.msy for all K € T, (2.23)
v =Vl Lagic) = BP0l ogrcsrey for all o € E(K), (2.24)

veWIP(K), 1<p<3, where } =24+ 128 p<q<pt

The following estimates are easy to obtain by means of scaling arguments:

1
lollzsor) = 557 (Ivllza) + RlIVavllparirs)) » 1< ¢ < oo for any v € CY(K), (2.25)

from which we readily deduce that

1
1wl Laa ) S m”wHLq(K) for any 1 < g<oo, w € P, (2.26)

where P,, denotes the space of polynomials of degree m.

In a similar way, we obtain

1
leollzogaey = W*G78 fwll oy, 1< q <p < 00, wE P, (2.27)

and making use of the algebraic inequality (2.30) we deduce the global version

1 1
lwllnrs) < 26 ullparsy, 1< q<p<oo, forany wli € Py KT, (228)

For future use, we record a version of (2.27) and (2.28) for the functions of the time variable ¢t € (0,7,

1 1
lwlloory = (A) G |w ey, 1< g<p< oo, (2.29)

where w is piecewise constant in time.
We finish the section of preliminaries by recalling two usefull algebraic inequalities: the ‘imbedding’
inequality
1/q

L 1/p L
(D last?) ™ < (D faal?) (2.30)
i=1 =1

for all a = (ay,...,ar) € RE, 1 < g < p < oo, and the discrete Holder inequality

L L 1/p

S lailibl < (Slaitt) ' (Slairr) . (2.31)

i=1 i=1 i=1

foralla:(al,...,aL)GRL,b:(bl,...,bL)GRL,%—l—%:l.



3 Main results

We will systematically use the following abbreviated notation:

6 =112[¢), o =11} [¢), (3.1)
where the projections Hg, I} are defined in (2.6) and (2.8). For a function v € C([0, T], L' (T?)) we set
v"(x) = v(ty, x), (3.2)

where t) =0 < t] < -+ <tp_1 <tp <tlpy1 <--- <ty =T is a partition of the interval [0,T]. Finally,
for a function v € Vh(T3) we denote

Vipo(zx Z Veo(z)lg(z), divpo(x Z div,v( (). (3.3)
KeT KeT

To ensure positivity of the approximate densities, we shall use an upwinding technique to discretize
the convective term in the mass equation. For ¢ € Q;,(T?) and u € V1,(T3; R?), the upwinding of ¢ with
respect to w is defined, for 0 = K|L € &, by

(3.4)

g

wp _ J UK if uy-nsx >0
qr, if us - Ny k<0.

3.1 Numerical scheme

Solutions (g, u) of the scaled system (1.1)—(1.5) will be approximated by (", u™) = (g™(Atme) g (Athe))
satisfying the following system of algebraic equations (numerical scheme):

For given initial data (o°, u®) we define

0" € Qu(T?), o™ >0, u™ € V;,(T* R?), n=0,1,...,N, (3.5)

Z |K|QK 'QK oK+ Z Z o]0l (ulk -y i) = O for any ¢ € Qx(T?*) andn =1,..., N,
KeT KeT océ(K)

(3.6)
Z@(nAn n—1~n— 1). +Z Z ‘ ‘ n,upAn,up[ n ] (37)
At OrUK — O U VK 010, " Ug " |Ug " Mo K| " VK .
KeT KeT oeé(K)
Z ) D olve nUK+,uZ/Vu : Vo dx
KET aeS(K) KeT

(3 + 77 Z / divadive dz = 0, for any v € V;,(T% R*) and n =1,..., N.
KeT

Although the numerical solutions depend on the size h of the space discretization, the time step At,
and the Mach number e, we shall use a concise notation (o, u") instead of (Q"’(At’h*e), u”’(At’h’e)).

The numerical method (3.5)—(3.7) was proposed in [29, Definition 3.1]; it is strongly nonlinear and
implicit. As shown by Karper [29, Proposition 3.3], problem (3.5-3.7) admits a solution (o}, u),

o € Qn(T?), uj € Vi(T% R®), n=0,1,..., N,

for any fixed h > 0, At > 0, and, moreover, gy > 0, n = 1,..., N, provided Q?L > 0. The proof uses
topological degree theory in the spirit of [20].



3.2 Error estimates

We introduce the relative energy functional
E(0,u|z,v) = / (g\u — v|2 + 1 E(g|z))dx (3.8)
€ ) ) 3 2 )

where
Blol=) = Hlo) ~ H'(2)(o —2) ~ H(=), He)=o [ P5)as (39)

Note that under the assumption p/(¢) > 0, the function g — H(p) is strictly convex in (0, c0); whence
E(olz) >0 and E(g|z) =0 & po=z.

We are ready to state the main result of the paper.

Theorem 3.1. Let the pressure satisfy (1.4) with v > 3/2. Let {o",u"}}o<n<n be a family of
numerical solutions resulting from the scheme (3.5)-(3.7), where the mesh satisfies assumptions
(2.1)-(2.4) and initial data (0°,u®) obey

58(@27 ug

2, Vo) < Ep < oo, My/2< /3 oddx < 2My, My = 2|T?| (3.10)
T

with My > 0, Eg > 0 and 0 > 0 independent of €, h, At. Moreover, suppose that [IL, V'] is a classical

solution to the initial-boundary value problem (1.6), (1.7) in [0,T] x T2 in the reqularity class (1.8),

emanating from the initial data Vo € WE2(T3; R?), div,Vo =0, k > 4.

Then there exists a positive number

p— A , _— .
c= C(M07 Ep, o, ‘p ‘01[9/2,29]7 HV> HHX;’T:;)’ (3.11)
such that
sup &;(gn,ﬁ” @,V(tn,-)) + At Z / IVhu — VoV (s, ))? da (3.12)
1<n<N 1<nen /T?
\/_ a 0 ~0|=
< c( At + h —l-s-l-(S'E(gs,u6 Q,Vo)),
where

a:min{27_3,1}. (3.13)
v

Here and hereafter, we denote by ¢ a generic positive constant that may depend on the parameters
from Remark 2.1 and also on T. Its possible dependence on other parameters is always explicitly
indicated in the argument of ¢ (as in (3.11)). Moreover, c is always independent of €, At h, 6 and 7Tj,.

Remark 3.1.

o [f the initial data are ill prepared, specifically
E(olle) ~ &, /Tg Qal — Vol* dz X1,

we obtain just an upper bound on the error.



On the other hand, if the initial data are well prepared, meaning
_\ <
E(ol[o) ~ e**F, /T el — Vo|? de e, £ >0,

Theorem 3.1 gives uniform convergence as (h, At,e) — 0 of the numerical solution to the strong
solution of the incompressible Navier-Stokes equations, including a rate of convergence on the time
interval on which the strong solution is known to exist. The distance is measured in the “norm”
induced by the relative energy functional, namely

n 2

-0
£

, ¢ =min{2,~}.

£ (o, "
La(T3)

— n nisn 0
o,V )%/ng [a™ — V()| dx—i—‘

e Theorem 3.1 holds also in the 2D case for any 0 < a < # if v€(1,2) and a =1 if v > 2. Note
that in this case the limit system (1.6), (1.7) admits global-in-time smooth solutions as long as the
initial data are reqular.

The rest of the paper is devoted to the proof of Theorem 3.1. The main tool is a discrete version of
the relative energy inequality derived in [22]. To simplify the presentation, we drop the index ¢ in the
notation used for the initial data.

4 Uniform estimates

If we take ¢ = 1 in the formula (3.6) we get immediately conservation of mass:
VYn=1,...,N, g”dxz/ o’ dx. (4.1)
T3 T3

It is absolutely crucial for the subsequent discussion that the numerical scheme (3.5)-(3.7) gives rise
to a discrete version of the energy inequality stated below. The reader can consult Section 4.1 in Gallouét
et al. [20, Lemma 4.1] for its laborious but rather straightforward proof.

Lemma 4.1. Let (o™, u") be a solution of the discrete problem (3.5)—(3.7) with the pressure p satisfying
(1.4). Then there exist

0y € [min(¢k, of ), max(0j, 0f)], o = K|[L €€, n=1,..., N,

—n—1,n

o " € [min(o) ", o)), max(of ", 0k)], K€ T, n=1,...,N,

such that

1

> IK]| QK!UK|2+ E (oRl0)) — > |K! %luk|* + = E(dk[o)
€

KeT KeT

+Atz Z / Vg u"\de—i-( +17)/ ]divu”|2dm)
n=1KeT K
+ (Dl ] + (D] + [Dmlae) + [Dlde) =0, (4.2)



for allm=1,..., N, with the dissipation defect

m 2
A lu? — ul !
tlnle “ Z Z |K| K ) (43&)
n=1KeT 2
A 1 & ety 0% — O
PR = 53 5 K gL (4.3b)
n=1KeT
Dm,|Au| — At S n,up (uK ’u’%)2 n 4.3
[ space Z Z ’U|Q 9 |uo nU,K‘v ( : C)
n=1o=K|LeE
DM |Ag| H'" (5" (QTIL( — Q%)Q n
[ space Z Z |0—‘ (Qa) 9 ‘U’U nU7K|' (43d)

n=1o=K|Le&
Lemma 4.1 yields the following corollary.

Corollary 4.1. Under the assumptions of Lemma 4.1, and provided (3.10) holds, there exists a constant
¢ = c(My, Ep) > 0 (independent of n, h and At) such that

N
AtZ/ Vou"2de < e, (4.4)
n=1 K
N
At Z HunH%G(W;RS) <c (4.5)
n=1
supp—,...n [l 0" [@" *|| L1 (1) < ¢ (4.6
sup,—o,..n 10" Lr(13) < ¢ (4.7)
SUPy—o, N /m E(o"[o) < ce*. (4.8)
AtZD 0", u") < ce? (4.9)
where
D(o",u")
(QK QL) 2
= o] n>1y [Ug - Mo |+ lo|(ok — o) Lgn<ny [ug - Mo i
o (g g ) e el @ 45 o
Proof

If condition (3.10) is satisfied, then the right-hand side of the energy inequality (4.2) is uniformly
bounded. Estimates (4.4), (4.6)-(4.8) thus follow directly from this inequality. Estimate (4.5) can be
deduced from (4.1), (4.4), (4.6), (4.7), the discrete Sobolev inequality (2.16), and the discrete Poincaré
inequality established in Lemma 2.3. Finally, estimate (4.9) follows from the bound (4.3d) for the upwind
dissipation by standard elementary reasoning employing assumption (1.4).

5 Discrete relative energy inequality

The starting point of our error analysis is the discrete relative energy inequality for the numerical scheme
(3.5)—(3.7) derived in Gallouét et al. [22, Theorem 5.1], slightly modified in order to accommodate the
presence of the small scaling parameter €.

10



Lemma 5.1. Let (", u") be a solution of the discrete problem (3.5)—(3.7) with the pressure p satisfying
(1.4). Then there holds for allm =1,...,N,

1
S IRl (Rt~ URP — diclul ~ UG P) + 5 3 IKI(BloRIR) — Bloklri)
KeT KeT

Aty Y p [ Ve~ U e+ (5 ) [ Jdivia - U de) < 30T

n=1KeT =1

for any 0 < 7™ € Qup(T3), U™ € V(T3 R3), n=1,..., N, where

T = Atz Z / v.U":V U"—u")da;—i—(g+77)/KdivU"div(U"—u")dx),

n=1KeT
U? U U+ Uy
— At |K| -1¥Y K — K X K K_un—l ’
2, 3 Iwle (T )

Ux+UY}
Ts = Atz Z Z ’0‘| nup(L_Anup) Un[ n_an]’

n=1 KT ce&(K)
oc=K|L

ZZ Y. lolp(ei)U7 - mox],

n=1 KeT oce&(K)
o=K|L

=85 > B — o (#630) - H 05,

n= 1K€T

Atz Z Z ’O’|QZHPH, n— 1)[u noK]

n=1KeT cc&(K)
oc=K|L

(5.2)

Remark 5.1. It is worth noting that the relative energy inequality in the form (5.1) holds for any pair
of “test functions” r™, U™ that can be chosen conveniently according to the expected asymptotic limit.

6 Approximate discrete relative energy inequality

The next step is to take the discrete relative energy inequality (5.1) with test function (g, V'), where
V belongs to the same regularity class (1.8) as the velocity field of the target system, div,V = 0, and p
is a positive constant. Since g is a constant, the terms 75 and Ty vanish trivially. The term T} vanishes
as well, by virtue of Lemma 2.4. We keep the term T} in its present form and transform the terms 75
and T3 conveniently. This will be done in several steps.

Transforming the term Th

We have
- Vik—Vig
Ty =Tsq + Ro1 + Rao, with Ty = At Z Z ’K\Q?(_l# : ( WK — u’}(), (6.1)
n=1KeT
and
Ra1 :Atz Z R21 , Ropo —AtZRn,
n=1KeT
where

n n—1 n n—
K] (Vi =Vig)? K|, (V= V" k)?

K
Ry = 9 %k At Ty % At ’

11



and .
V.-V
17 hK h,K 1
o == 3 Klgp = (! g ).
KeT

As the function ¢t — V (¢, ) is continuously differentiable, we get

vr -yt fn
‘[ v }h’K‘:’ulq/K[Alt[ N OV (2,2)dz] dal

1 1 [
- ‘W/K {Kt /tnl[@V(z)]h( )dz}dx’ < 9 Vinollo(o.yscmssme) < HatVHLoo (0.T)xT?;R3)’

where we have used (2.12). Therefore, thanks to the mass conservation (4.1), we get
Ry |K|At||atVHL°° (0.T) xT3;R3)- (6.2)

To treat the term Ry, we use the discrete Holder inequality and identity (4.1) in order to get

Ry 5| < At eMo|0:V || 2oo (0 1100 (2. 129))

1/2 B B 1/2
ey (30 K05 gt = k) 0V | ooy wrsi;
KeT

whence, by virtue of estimate (4.2) for the upwind dissipation term (4.3a), one obtains

|Ra2| < VAt (Mo, Eo, [|0:V || oo ((0,1)xT3;r8))- (6.3)

Transforming the term T3.
Employing the definition (3.4) of upwind quantities, we easily establish that

T3 =131+ R31,

WlthT31—AtZ Z Z ‘U‘Qnup(Anup VZZP) Z’K’U/Z“I’LU,K, R31—AtZZR31,
n=1 KeT ocec&(K) n=1o€ef

v ) VA va 2
annggi’zlam%’ h’Kz Viil [u  ng k)" +yaygz| hL 5 i [u? n,p)t, Yo = K|L € E.

Writing Vi i = Vi = (Vi g = Vi) +(VE =V )+ (Vi = Vi) + (Vi = Vi), 0o = K|L €&,
and employing estimates (2.19) then (2.14),—; and (2.20) after (2.14)s—; to evaluate the L>-norm
of the first and second terms, and performing the same for the last two terms, we get

HVZ,K - VZ,LHLOO(KUL;R3) < Ch||VV||Loo(KuL;R9); (6.4)
consequently

Ry Y

TV B o mysemes e |l (e + OB ul], Vo = KL € €,

whence

5/6
[Rsal < h el VV I qomyemmn (X D hlol(dic + D)) x
KeT o= K|Le€ K)

Ay (Y X% h\anu"\) 17 < oMo, Eo, 19V lpwrine):
n=1 KT ce&(K

12



provided 7 > 6/5, thanks to the discrete Holder inequality, the equivalence of norms (2.15) and
the energy bounds listed in Corollary 4.1.

Clearly, for each face 0 = K|L € £, u)} - Ny x + ujy - ny 1, = 0; whence, finally
UL n,up
Tyr=at> > 3 Jolep(ap - Vi) - (Vi = Vi Jul nex. (66)
n=1KeT ce&(K)
Before the next transformation of the term 731, we write
hic = Vie=Vhx =Vi)+ Vi = Vi)
whence by virtue of (2.19), (2.20) and (2.14)4=1, similarly to (6.4),
IV k = Violoerrs) < chlIVa Voo 0.1y xm3;R8%3)), 0 C K. (6.7)
Let us now decompose the term 731 as

m
Ty =Ts2+ Rsp, with Rgo = At > RE,,

n=1

T32—Atz Z Z \U\an(VZ;p—Agup)‘(VZ,a VhK) o Mo fc, and
n=1KeT oc&(K)

50 = Z Z ‘U‘QnuP<VZ;p— uly p) . (VZ,(7 —VZK) (u" u”up) ‘MoK

KeT oe&(K)

By virtue of the discrete Holder’s inequality and estimate (6.7), we get

~nu n,u 1/2
B | < VeVl gu (X 30 hlolenlaz —v7a[)
KETJES K)
(Z > h!UHQMPWO) 7O(z: > h\al‘u — P )1/q7
KeT oeé(K) KeT oe&(K

where 3 + ﬁ + % =1, 70 = min{v,3} and v > 3/2. For the sum in the last term of the above
product, we have

S % h|a|‘u —arrt <o S hlofjul — wilt

KeT oeé(K) KeT oe&(K)

/2
<e( XY (lup—url, syt 2 " ) < eh B0 (S IV )

KeT oce&(K) €T KeT

where we have used the definition (3.4), the discrete Minkowski inequality, the interpolation in-
equalities (2.23), (2.24) and the discrete “imbedding” inequality (2.30). Now we can go back to
the estimate of Ry ,, and, taking into account the upper bounds (4.4), (4.7), (4.8), we may use
Young’s inequality to get

|R32| < h® (Mo, By, |VaV || oo (0pro)) AL S (0™, 4”2, V), (6.8)

n=1

provided v > 3/2, where a is given in (6.13).

13



Finally, we rewrite the term 732 as

m
Tso =T33+ Ry, with Rg3=At>» REs,

n=1

T33 = Atz Z Z ’0'|Qn up( nup _ﬁg,up) . (VZJ — )szp Ny K, and (69)
n=1KecT ce&(K)

Ba= 2 > lolap (Vi —apt®) - (Vi = Vi) (@™ = Vir®) - mo s
KeT oeé(K)

whence

IR33| < c(|VaV || (p.re) At D E(o", 4™ |7, V). (6.10)

n=1
We have proved the following lemma:

Lemma 6.1 (Approximate relative energy inequality). Let (o™, u™) be a solution of the discrete problem
(3.5)-(3.7) emanating from the initial data (3.10), where the pressure satisfies (1.4) withy > 3/2. Then
there exists a positive constant

¢ = c (Mo, Eo, |V llwr(o.1)xr:5%) )

such that for allm=1,..., N, we have:
AT 1 ~ 0 1
m|m 2 - m|— _ 01~0 2 - 01—
L, (emam = Ve + 5Bme))de = [ (160 = V0P + S B(le))da
3
+Atz Z /\V u" —V")|2d:c+( +17)/ |div(u"™ — V7)) |2d3:) ZS hartG™,

n=1KeT =1
(6.11)
for any pair of functions (9, V'), where ¢ = const. > 0 and
V e CY([0,T] x T3, R®), div,V =0.
Here
n=1KeT
~Vik
NSO —t* (Vg —uk), (6.12)
n=1KeT
S=at3 Y Y (ol (Vi an) - (Vi - Vi)V ng.
n=1KeT ce&(K)
and .
G™| < cAtYE(d" "o, V"), R < (VAL + R, (6.13)

n=1

with the power a given by (3.13) and with the relative energy functional & introduced in (3.8). Here,
in accordance with our motational convention (2.9), (3.1)-(3.3), we have set Vi =TI} [V (t,)], hK =

Vilks, Ve = [Vile, ™ HQ[ (tn)], where the projections TI?, TIV are defined in (2.6) and (2.8).
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7 Consistency error

This section is devoted to the proof of a discrete identity satisfied by any strong solution of problem
(1.6), (1.7) in the class (1.8).

Lemma 7.1 (A discrete identity for strong solutions). Let (o™, u™) be a solution of the discrete problem
(3.5)-(3.7) emanating from the initial data (3.10), with the pressure satisfying (1.4), where v > 3/2.
Let (I1, V') belonging to the reqularity class (1.8) with k > 4 be a (strong) solution of the incompressible
Navier-Stokes system (1.6), (1.7).

Then there exists a constant

= (Mo, o, [V, T ) >0,

such that 3
ZSi-l-RZfAt:O, forallm=1,...,N, 1)
where
n=1KeT
vid
AtZ > IKfe —'(Vw—uK),
n=1KeT
S35 S (VI i) (Vi Vi)V e
n=1KeT occ&(K)
and

5y — 6
m b —
|Rh7At\§c(h —|—At—|—€>,b—mln{ 2 ,1}.

The remaining part of this section is devoted to the proof of Lemma 7.1.

7.1 Essential and residual sets
We start with an auxiliary algebraic inequality whose straightforward proof is left to the reader.

Lemma 7.2. Let p satisfy assumptions (1.4). Let @ > 0. Then there exists a constant ¢ = c¢(g) > 0 such
that for all p € [0,00) we have

o+ E(olo) > C(lm\[@/zg@] + 0" 1R, \[g/2,28) T (0 — @)21[5/2,2@0, (7.2)

where E(-|) is defined in (3.9).

Now, for a fixed number o and fixed functions ¢", n = 0,..., N, we introduce the residual and
essential subsets of T3 (relative to ¢") as follows:

N, = {r € T| 52 < 0(s) < 22}, Np, =T\ N, (73)

and we set
[gless () = g(2) 1N, (2), [ghres() = 9(2) 1Ny, (2), =€ T°, g€ LY(T?).
Integrating inequality (7.2) we deduce that

Gy [ (14 [0 oo oo

u" (o, V"), (7.4)

res
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for any pair (g, V) with V belonging to the class (1.8) and any 0" € Qn(T?), o" > 0, u,, € V;(T3; R3).
We are now ready to prove Lemma 7.1.

Since (II, V') satisfies (1.6), (1.7) on (0,7) x T2 and belongs to the class (1.8), equation (1.6) can
be rewritten in the form

20,V + 9V - VV + VII — uAV =0 in (0,7T) x T3.

From this fact, we deduce the identity

where
Ti=—-AtY /5 (MAV"> (VP —uM)de, To=At) /3 ooV (V™ —u™) de,
n=1 T n=1 T
7§=At2/ V" -VVT (V" —u") d, ﬁz—Atz/ VII" - u” da.
n=1"T° n=1"T°
In the steps below, we handle each term 7;.

7.2 Viscous term

Integrating by parts, we get:

71 = 73,1 + Rl,l)
with 711 = At Z Z / puVVy V(Vy —u")de, and Ry =11 + I, with
n=1KeT /&
L=AtY > / pV (V" —VE  V(VE—u™)da,
n=1KeT K (7.6)

L==AtY > > [ pngr-VV"- (Vi —u")dS
n=1KeT oc&(K)"°

_—Ati zg; U;m,g-VVn'[ Z—u"L’ngdS,

where in the last line n, is the unit normal to the face o and []55, is the jump over sigma (with respect
to n,) defined in Lemma 2.5.

To estimate I; we use the Cauchy-Schwarz inequality, employ the estimates (2.14)s—9 to evaluate the
norms involving V(V" — V), and use (2.13)s=1, (4.4), the Minkowski inequality to estimate the norms
involving V(V} —u™). We get

11| < h e(Mo, Eo, |VV, V?V|| oo (0,115 (15; R36)) ) -

Since the integral over any face o € &€ of the jump of a function from V;,(T?) is zero, we may write

I =At i 3 / g (VL V"= (Vo V"), ) - [w" = Vi]  ds;

n=1 occ£’° a,No
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whence by means of the mean value formula applied to z — VV"(x) to evaluate the differences V, V" —
(V,V™), and Holder’s inequality,

|I| < Athc HVQVHLOO(QT,R27 Z Z \/7\f ( H [un B Vﬂ :

one L2(O';R3)>

n=1c€e&
2 n 2
< A eIVl 30 5 (ot o=V [ )
Therefore,
’R111| < hC(M(], E07 HV"L"O(O,T;WQvOO(T?’;R?’))? (77)
where we have employed Lemma 2.5, together with (4.4) and (2.13).
7.3 Term with the time derivative
Let us now decompose the term 7s.
Step 1:
To=Ta1 + Rapy,
Vn 1
w1th7'21—AtZZ/ (VP ut)de, Rai=AtY Y REE,
n=1KeT n=1KeT
n n n n — n V" — anl n n
and RIK :/ slo v (V —Vh)dx+/ o([av]" - T) (VP —um) da.
’ K K 13

. K .
The remainder Ry’ can be rewritten as follows

tn  ftn
72;1}( :/ oo V] (V= V])da + 1/ @{/ 8,52V(z,-)dzds} (V} —u™)dz;
K At tn—1 /s

whence, by the Holder inequality,

R < (At + W10V | (e KUV o) + IV ol o)

)]

HNOFV™ | o5 (3, po) (1

Consequently,
’R271| < (At+h) C(M()a Eo,0,[[V, 0V, VV)HLOO(QT;R15)) Hazgv||L2(O,T;L6/5(T3;R3)))’ (7.8)

where we have used the discrete Holder and Young inequalities, the estimates (2.12) and the energy
bound (4.4) from Corollary 4.1.
Step 2: Term T3;1. We decompose the term 7y as

T2,1 = Ta2 +Rap,

w1th7'22—AtZZ/ KL v, Ron =AY 3 REK,

n=1KeT n=1KeT

VhK v

margl = [ (Y [V” ) Vi - w) e+

[ (A A —AtV”‘jh A —Af”‘jw) VPt dae T T
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Next, we calculate

K| = A[‘/ tn"l )dz]hf[ t:’:latV(z)dz] 7K>.(u”—V’ﬁ)dx‘
<o [ VARV, gy "~ Vol

where we have used the Fubini theorem, Holder’s inequality and (2.19), (2.14)s=;. Further, employing
the Sobolev inequality on the Crouzeix-Raviart space V3, (T3), (2.16), the Hélder inequality and estimate
(2.14)5=1, we get

tn
Z |I Q||U - VhHLG T3; R3)/

KeT tn—1

antV(z)’

dz
L6/5(T3;R3)

We apply a similar argument to the term I{*. Resuming these calculations, and summing over n
from 1 to m we get by using Corollary 4.1 , (2.12),

‘RZQ’ < he(My, Eo, 0, ||(V, VLV, 8tV)HLoo(QT;R16), H8tvvHLQ(O,T;L6/5(’E3;R9)))' (7.9)

Step 3: Term Tz2. We rewrite this term in the form

Ta2="T23+ Rag3, R23—Atz > Rgg ;

n=1KeT
Vi - VIS
with Tos = At Z/ "K— (e — V7 o) dx, (7.10)
n=1KecT
hk —Vig

n,K _ Y h, K n n n n
and R2,3 = /KPT‘ ((U —ug) — (Vi — h,K)) dx.

n—1

VPV
We estimate the L norm of —“£"K as in (6.2) and get, similarly to the above,

|Ras| < hec (Mo,Eo,@ HVHWLoo((o,T)xTS;RS)) : (7.11)
7.4 Convective term
Step 1: Term 7s.
Let us first decompose T3 as
T3 =Ts1 + Rsa,
with 731 = At Z > / OVik - VV" (Vi g —uf)de, Rai=AtY Y Rgf(,
n=1KeT n=1KeT

and Ry1* = / (VP =V .YV (V] —u")da
’ K
+ [ V= Vi) -V (Vi—uda
+/ Vi VV" (Vi = Vig — (u" - uf)) da.
K
We have, by virtue of (2.13)s=1,
V™ = Vil oo (c:r2) ~ BV V™| Lo (1. R9)
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and, by virtue of (2.19), (2.13)s=1 (2.14)s=1,
IV = Vi ke x;r%) S hIIVV" || Loo (i, R9)

and, finally, by virtue of (2.19),

<
" — willL2(x;rs) ~ Pl V™ || 25 R9)-

Consequently, employing Hoélder’s inequality (for the integrals over K) and the discrete Holder’s
inequality (for the sums over K € T), and using estimate (4.4), we arrive at

|R371’ <h C(Mo,E[),@, ”V, VIV)HLOO(QT;RIQ)). (712)

Now we shall deal with the term 73 ;. Integrating by parts, we get:

/K@VZ’,K YV (Vg —uf)de= Y7 |ofelVi g nex](Vy = Vi k) (Vi g — uk),
ce&(K)

due to the fact that 3>, ce(x) [, Vi x " Mo,xdS = 0.

Step 2: Term T3
Next we write

m
Tsg=Ts2+ Raz, Rsa=AtY RY,,

n=1

T2 =AY S N JololViy  nox|(VE= Vi) (Vg —al™), (7.13)
n=1KeT ce&(K)

and Ry Y. Y. |olo[(Vik = Via') - mo|(VE = Vi) - (Vi — k)
KeT oe&(K)

n,up n n n,up n ~n,u
+ 3 Y lolelVis e sd(Ve = Vi) - (Vig = Viig) = (i — @),
KeT oe&(K)

We use repeatedly the Taylor formula along with (2.13)s=1, (2.19), (2.14)s=1, to get the bound

3
Ry ol < hea(1+ |[Viwre(grrn) > hlollukl
KeT

+e8(1+ IV lwr.o (@rir) ) S 3 hlofful - ull.
KeT oce&(K)
We obtain, by Hélder’s inequality,

1/6 1/2
> hlolluk] < e 3 blolluil®) T < e D I1Varalfagne) s

KeT o€eT KeT
1/2

1/2
S hlolluk —ugl <c[( D Iut = wilegens) | <he( Y IVaualBaenn) s

KeT oe&(K) KeT KeT
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where we have used (2.21),-2, (2.19-2.20),—2. Consequently, we may use (4.4) to conclude that
R32| < hC(Mo,Eo,@ ||V7VxVHL°°(QT;R12))' (7.14)

Step 3: Term 732
Finally, we replace in 732 the term Vg — Vi i by Vi o — V7 . We get

m
Ts2 =T33+ Ras, Rssz=AtY Ry,
n=1

SAYS Y S ollVE  mal (Vi ~ Vi) - (Vi — ), (7.15)
n=1KeT ce&(K)
and
n n Vaitd am
33— Z Z |U‘QVhK naK([V ~Vily [Vh—Vh]K) (Vha — "),
KeT ce&(K)

resulting in the bound

Rl < he(Mo, Bo, 0, IV, VaV | o @rim2) ) (7.16)
7.5 Pressure term
Step 1: A useful formula for upwind discretization
We will need the following formula proved in [12, Formula (2.16), Lemma 8.1].

. - up
/11‘3 ru - Vyopdr = Z Z lo|riPu - g g F (7.17)

KeT ce&(K)

+> D] /(F—ﬁb)H [wnge k] dS+ > Z)/qﬁru Uy) N K+

KeT ge€(K) "7 MoK KeT oe€

Z/ (F — ¢)rdivudz

KeT

for any r, F' € Qn(T?), u € V},(T3), ¢ € CL(R3).
We also report the straightforward formula:

- > |0|7“ Puy - noxF = |ofriPu, - na[ } (7.18)

KeT oeé(K oe 7
for any r, F' € Qp(T?), u € V3, (T3).

The strategy is to use formula (7.17) with r = 0", u = u", ¢ = [I", F' = [I" in combination with the
discrete continuity equation (3.6) to show that the term 7 is proportional to e.

Step 2: Discrete time derivative in the continuity equation (3.6)
We get by direct calculation

J= AtZ/ H”dx—Z/ (0" =) — (0" @))ﬂ"dx

:i/(g—gﬂ — (0" H”ldx—i—Z/ L)t —1)dx

n=1
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ﬁnfl o ﬁn

N
_ n 17N _ 0 —\170 n—1 _—:t —
B R A B S e

Therefore, as in (6.2),

Ok — 0K 1
\T| = At’Z > / MH dx’<g 1+ At) e(Mo, Eo, ||| o (@) 10T 10,720 (T3)) )
n=1KeT

p = max{2,7'}, where we have used (4.8) and Lemma 7.2.

Step 3: Error of upwind discretization
We write

At Y
_EZQZ/g Vde+—Z/ Ju -V II"de = =Ty 1 — Rap,
n:lT

where

Raa| = ’ Z/Tg o—0")u"-V Hn‘ < e (Mo, Eo, 0, || V11| oo ((0,7)xT3))-
Using the formula (7.17) with r = ¢", u = u", F = Hg [II"] we check without difficulty that

Rao = — /1T3 o"u” -V, II"dr — Z Z lo| oy "Puy - ng I

KeT 0e€(K)
=Y ¥ [(r-m) o] lunids.
KeT oe&(K) oMo K
— Z Z /H" "(u" —uy) - ng i dS; + Z ( I:I\TL) o"div,u"dz.
KeT 0e&(K) KeT
=M+ I+ I

We shall now estimate conveniently the terms I7', I3, I3 in three steps.

Step 3a: Term I.
First, we have by using Holder’s inequality,

>y 1E/ H" H"

KeT ce&(K)

”] [uy - g i)~ dSy
o,\Ng, K

],
oONg K

| -m)fas,)

5h||VxH”Lf><>((0,:F)x1r3)( > /1E

2 e (o o)

6

X(Z Z /maXQK,QL)’YdS)QV(Z Z /|u ‘Mg |70 5d5>

KeT oce&(K KeT oeé(K)

(7.19)

(7.20)

(7.21)

with any 0 < § < v and any E C T3, where we have used estimate (2.19). Therefore employing (2.25),

(2.26) and the estimates (4.5), (4.7), (4.9), we obtain

AtZ|I” eh?c(Mo, Eo, |V, || oo (0,7)xT3))-

21
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Step 3b: Term Is.
We observe that

B=Y ¥ / 1)e" (" - up) -

KeT oce&(K

<
S A P N PP
oce€

70
L70~1(g;R3)

S VI Loo (0,1 xT3) Z 10" Il Lo () lu" — u"”

KeT 0T (KRS

50-6 n 1/2
Sho o ||mo(qr3)( > IVau ||%2(K;R3X3)> IVl oo ((0,7) xT9),
KeT

with 9 = min{2, v}, where we have used Hélder’s inequality, the trace estimates (2.25), (2.26), and the
interpolation estimates (2.24) together with the estimate (4.4).

Consequently,
N 579 —6
ALY I3 ()] < h™0 oMo, Eo, [|VoI1|| oo (73) (7.23)
n=1
Step 3c:Term I3.
We have
1= | 3 [ (0 =) divewrda] & b Y (10" o lldivaw o [ VTl e oy 50
KeT KeT
whence
Atz 13 ()] < he(Mo, Eo, [ VaIl|| Lo ((0,1)xT3))- (7.24)

Step 4: Conclusion
According to (7.20), (7.21) and (3.6),

At
T Q ZR42+R41_*j

whence, taking into account (7.19), (7.22), (7.23), (7.24), we infer that

T4l < (e + e ) c(Mo, Eo, 0, [ITL, Vo Il|| poo 0,7y x13;2) 10| 10,723 (13) )5 Yo = min{2, v}, (7.25)
Now it suffices to put together formulas (7.6), (7.10), (7.15) together with (7.7), (7.8), (7.9), (7.11),
(7.12), (7.14), (7.16) and (7.25) in order to deduce the statement of Lemma 7.1.
8 A Gronwall type inequality

In this section we put together the relative energy inequality (6.11) and the identity (7.1) derived in the
previous section. The final inequality resulting from this manipulation is formulated in the following
lemma.

Lemma 8.1. Let (0", u"™) be a solution of the discrete problem (3.5)—-(3.7) emanating from the initial
data (3.10) with the pressure satisfying (1.4), where v > 3/2. Then there exists a positive number

c= C(M07 E07?a |p,|cl[§/272§}a HV’ HHX;,T:*)
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such that for allm=1,..., N, there holds:

E(0™ w5, V) +At§z > [ s = VP
n=1KeT

<l + VAL + e+ E(" w0, VA(0)] + c ALY E(e" uo, V),

n=1

with any couple (IL, V') belonging to the class (1.8)y>4 satisfying (1.6), (1.7) on [0,T) x T3, where a is
defined in (3.13) and & is given in (3.8).

Proof. Gathering the formulas (6.11) and (7.1), one gets

E(d™ u™ B, V) — E-(°,ul|8, Vi(0) + pAt Y- Y ]V(u“ -V s SPLT P2t 9, (8.1)
n=1KeT ’
where
VhK VZ}(l n n
AtZ > IKl(e )—At : '(Vh,K_uK>7

n=1KeT

%:Ati XY el - a) (Vi - ar) - (Vi - Vi) VRS m

n=1 KeT o=K|Le€k

Now, we estimate conveniently the terms P; and P, in two steps.
n n—1

v

Step 1: Term P;. We estimate the L norm of —£—& by the L*° norm of 9,V in the same

manner as in (6.2). According to Lemma 7.2, |0 — r|"1g,\[5/2,25(0) < c(p)EP(o|r), with any p > 1; in
particular,

lo— 7"|6/51R+\[§/2,2§}(Q) < cE(o|r). (8.2)
We get by using the Holder inequality,
Vik— VZ_KI n n
‘ Z |K| )T’ : <Vh,K - UK)’ § C”aIfVHLoo(QT;RS)X
KeT
-1 _ 1/2 el — 5/6
(X Kl = a1 len)  + (X IKllok" =2 1, \goam(ex)) |
KeT KeT
n n 6y1/6 n—1 gn-1i5 An 1
( Z ‘K"Vh,K _UK‘ ) < C(H(atV)HLOO(QT;R?’)) 51/2( 1 1\ )
KeT
n—1 ~n— ‘ n 1 n n 1/6
+535/6(gn=1 4, V )( > HVh,K—“KHGLG(K;RS)) ;
KeT

where we have used (8.2) and estimate (4.8) to obtain the last line. Now, we write V} o — uj =
(Vi —u"|xk — (Vi —u"))+ (V] —u") and use the Minkowski inequality together with formulas (2.21),
(2.16) to get

1/6 1/2
(X WVak = wilfowms) < (2 IVOVE = u)Remy)
KeT KeT
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Finally, employing Young’s inequality, and estimate (4.8), we arrive at
‘Pl‘ < e 6(57 MO-; E07 0, H(V7 vl‘vﬂ atV)HLOO(QT,RH’))
m m
0120 ¥r0 An AT Y
x (Atsa(QO,u%O, Vi) + ALY E(o", ", VZ)) +HOALS ST IVVE = u) 3 ipsy (8:3)
n=1 n=1KeT
with any ¢ > 0, provided ¢ € (0, 1).
Step 2: Term Py. We rewrite Vi, — Vi o = Vi = Vi + [V = Vils + [V — Vilk and es-
timate the L> norm of this expression by h||Vi V|| e (gp:re) by virtue of (2.19), (2.20), (2.14)s=1. Now
we write Py = Aty " | Py where Lemma 7.2 and the Holder inequality yield, similarly as in the previous

step,
P3| < c(@, IVV Lo (@riR9)) X

nUp |— n,Up |— n,up n,up AU
S lolh(BV2(r ) + EY (05 l0)) [Vion| Vo — @™

KeT oc&(K)
<@ (V. VV)lm@rnn)[( X lol(Bgeig)"
KGTUEE(K)
XY lebE@n) < (XY rarh\vZE"—Azup N,
KeT ce&(K) KeT oeé(K

provided v > 3/2. Next, we observe that the contribution of the face ¢ = K|L to the sums ) pcr
nup .
Yoce() 1ol E(gy™®(0) and Yer Yoecs(i [01hI Vi — iy P[0
(QL\Q) and less than or equal to 2\0!h(\V WK~ uK\6 + |V}, —u}|%), respectively. Consequently, we
get by the same reasoning as in the previous step, under the assumption v > 3/2,

is less than or equal to 2|o|h(E (0} |0) +

’,PQI < 0(57 My, Ey, 0, H(V7 VV) ”LOO(QT;R12)) At Z 56(Qn7 ﬂn‘@v VZ)+5At Z Z HV(VZ—'U”) H%%K;R‘“’)'
n=1 n=1KeT
(8.4)

Gathering the formulas (8.1) and (8.3)-(8.4) with ¢ sufficiently small (with respect to u), we conclude
the proof of Lemma 8.1 and a fortiori also the proof of Theorem 3.1 by applying Gronwall’s inequality
to Lemma, 8.1. ]

9 Numerical experiments

To illustrate the behavior of the present scheme, we perform two numerical tests in the simplified 2D
geometry. We use the equation of state p(g) = ¢ with the Poisson adiabatic constant of dry air v = 1.4.
Note that due to the implicit time discretization there is no stability condition between the time step
and the spatial mesh parameter. On the other hand, we need to control inner time substeps used in the
fixed point iteration to solve numerically the nonlinear system at each time step. Alternatively, one can
use Newton’s method or a quasi-Newton method for solving this nonlinear system, which will further
relax this time step restriction.

9.1 Example 1

Following Haack et al. [25] we consider the flow of a vortex in the box Q = [—1,1]?, supplemented
with the no-slip boundary conditions for the velocity. The initial data of the compressible Navier-Stokes
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system are
up(x,y,0) = sin?(7z) sin(27y)
ug(z,y,0) = —sin(27z) sin?(7y) (9.1)
plx,y,0) =1-— % tanh(y — 0.5).

The time evolution of the flow field at ¢ = 0, 0.1, 0.2 is shown in Figure 1. As time evolves the
amplitude of the solution decreases due to physical diffusion. Table 1 presents the experimental order
of convergence for the scheme (3.5)—(3.7) for different values of the Mach number ¢ ranging from 0.8 to
0.001. The error is evaluated by means of the reference solution computed on a fine mesh h = 1/256.
The simulations are performed on consecutively refined meshes with h = 1/ oN N =3,...,7, T =0.01.
We can clearly recognize the expected first order convergence rate in the momentum (qi, g2), which is
uniform with respect to e. The numerical convergence rate for the velocity tends to second order, as will
be expected. The velocity gradients as well as the density converge linearly. The first order convergence
rate for the density for the low Mach number ¢ = 0.001 would be recovered using finer grid resolution.

Relative energy error between the compressible and the incompressible Navier-Stokes
equations in the low Mach number limit

In order to highlight the convergence result of Theorem 3.1, we evaluate the difference between the
compressible and incompressible numerical solutions. The solution of the compressible Navier-Stokes
system is computed by means of the scheme (3.5)—(3.7) for different meshes. The solution of the limit
incompressible Navier-Stokes equations is obtained by the pressure stabilized Lagrange-Galerkin method
of Notsu and Tabata [38] on a fine mesh h = 1/512.

Let 0,p = 07, u be the numerical solution of the compressible Navier-Stokes system, and let 7, V be
the solution of incompressible Navier-Stokes equations; we set

z= (142,
The error is measured by

eg = sup &E(p",a"z(t",), V(",")), evou = [Va(u = V)|[L200,1:L2(0)
1<n<N

ew = | = V200.102(0), €0 = P — 2ll20,m522(02)> € = I — 27| 22007522 -

Table 2 presents the results for two different viscosity constants, 4 = 0.01 and u = 1. We set € = h.
Numerical simulations show second order convergence rate for the relative entropy with respect to h and ¢
and indicate that our theoretical convergence rates of first order (for v > 3) are suboptimal. Furthermore,
numerical experiments show that the pressure and the density of the compressible Navier-Stokes system
converge to their incompressible limit with second order rate.

9.2 Example 2

In this numerical experiment we choose a particular solution of the incompressible Navier-Stokes equa-
tions, the so-called unsteady Taylor vortex flow with periodic boundary conditions in the z and y
directions:

Vi(z,y,t) = sin(2rz) cos(2my) e 87 1L,
Vo(z,y,t) = — cos(2mx) sin(2my) e 87 1L, (9.2)

(2, y,t) = § (cos(4mx) + cos(4ry)) o 167%ut

For the compressible Navier-Stokes system the corresponding initial data are

p(x,y,0) = 1+ *1l(x,y,0),
ul(x,y,O) = Vl(-T,y,O), (93)
UQ(xa Y, 0) = VQ(x7 Y, 0)
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The time evolution of the flow field at ¢ = 0, 0.1, 0.2 is shown in Figure 2. Analogously as in the
previous experiment we present in Table 3 experimental orders of convergence for different Mach numbers
varying from 0.8 to 0.001. We obtain first order convergence rates for the momentum, velocity gradients
and density uniformly with respect to the Mach number. The L?-norm of the velocity converges with
second order.

To study the relative energy error between the compressible solution and its incompressible limit we
use the exact solution of the incompressible Taylor vortex flow (9.2) and apply the numerical scheme
(3.5)—(3.7) to solve numerically the compressible Navier-Stokes system (1.1), (1.2). In Figure 3 the error
of the velocity component wy for different Mach numbers and mesh sizes is presented. As expected,
the error between the compressible and incompressible solutions decreases, when either the mesh size
h or the Mach number ¢ tend to 0. Tables 4 and 5 demonstrate the same results. Table 4 presents
the convergence rates for the physically relevant adiabatic exponent v = 1.4, which is not covered by
our theoretical analysis. On the other hand, Table 5 shows the convergence rates, for the case, when
Theorem 3.1 gives first order convergence of the relative energy. In both cases we obtained for different
viscosities i = 0.01 and p = 1 second order convergence of the relative energy, density and pressure and
first order rates for the velocity and its gradient.

10 Conclusion

In the present paper we have studied both theoretically and numerically convergence of the solution of
the compressible Navier-Stokes esystem (1.1), (1.2) to its incompressible limit (1.6), (1.7). The distance
between a discrete solution of a (convenient) numerical approximation of the compressible problem and
the exact solution of the incompressible Navier-Stokes equations is measured by means of the relative
energy functional &, cf. (3.8). For the numerical scheme we use a combined finite element-finite volume
method based on the linear Crouzeix-Raviart finite element for the velocity and piecewise constant
approximation for the density. The convective terms are approximated by means of upwinding.

Our main result is presented in Theorem 3.1. We have shown that in the case that the data are well-
prepared, cf. Remark 3.1, we obtain uniform convergence of order (’)(\/Xt, h®,e), a = min {#, 1},

~v > 3/2. First of all we have shown uniform a priori estimates in suitable norms, see Section 4. The
crucial step of the proof is to derive a discrete relative energy inequality. The consistency analysis
presented in Section 7 shows suitable discrete identities and estimates for the discrete relative energy,
that are obtained in the case when the strong solution of the incompressible Navier-Stokes equations is
a test function in the discrete relative energy. A Gronwall-type argument concludes the proof and yields
the corresponding convergence rates.

As far as we know this is the first result concerning error estimates between the numerical solution of
the compressible Navier-Stokes equations and the solution of the limiting incompressible Navier-Stokes
equations in the zero Mach number limit. We would also like to point out that these estimates are uniform
with respect to all three parameters At, h and the Mach number . Thus, our results demonstrate the
asymptotic preserving property of the proposed numerical scheme. Our extensive numerical experiments
show second order convergence rate of the relative energy. Consequently, the theoretical results presented
in Theorem 3.1 seem to be suboptimal.
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Figure 1: Example 1: Time evolution of the streamline and velocity components with p = 0.01, h =
1/64, £ =0.001 at t = 0, 0.1, 0.2 from left to right.




Table 1: Example 1: Experimental order of convergence, p = 0.01.

(a) e=8e—1
h lpllz EOC  lalrz EOC  ig2flz EOC [,z EOC [[Vu|,2 EOC
1/8  6.61e-03 - 6.73e-02 - 6.70e-02 - 1.63e-02 - 9.55e-01 -
1/16  3.34e-03 0.98 3.38¢-02 0.99 3.37e-02 0.99 6.56e-03 1.31 4.95¢-01 0.95
1/32  1.70e-03 0.97 1.68e-02 1.01 1.67e-02 1.01 2.37e-03 1.47 2.36e-01 1.07
1/64 8.37e-04 1.02 8.30e-03 1.02 8.27e-03 1.01 7.55e-04 1.65 9.23e-02 1.35
1/128 3.99e-04 1.07 4.03e-03 1.04 3.98¢-03 1.06 2.10e-04 1.85 3.32e-02 1.48
(b)ye=1le—1
h ol EOC  lall,z EOC  ig2flz EOC  jujf,2  EOC [[Vu|j,2 EOC
1/8  3.49¢-04 - 6.70e-02 - 6.69e-02 - 1.63e-02 - 9.33e-01 -
1/16  1.94e-04 0.85 3.37e-02 0.99 3.36e-02 0.99 7.49e-03 1.12 5.61e-01 0.73
1/32  8.50e-05 1.19 1.67e-02 1.01 1.67e-02 1.01 2.76e-03 1.44 2.79¢-01 1.01
1/64 3.35e-05 1.34 8.27¢-03 1.01 8.25e-03 1.02 9.02¢e-04 1.61 1.18e-01 1.24
1/128 1.36e-05 1.30 4.01e-03 1.04 3.97¢-03 1.06 2.67e-04 1.76 4.95e-02 1.25
(c)e=1le—2
h lpllz EOC a2 EOC  lg2ll,z EOC a2 EOC  |[Vul[2 EOC
1/8  2.09e-05 - 6.73e-02 - 6.74e-02 - 2.06e-02 - 1.02e+00 -
1/16  1.80e-05 0.22 3.42e-02 0.98 3.42e-02 0.98 1.36e-02 0.60 8.11e-01  0.33
1/32  1.36e-05 0.40 1.70e-02 1.01 1.70e-02 1.01 6.87e-03 0.99 5.79e-01  0.49
1/64 1.04e-05 0.39 8.32e-03 1.03 8.33e-03 1.03 2.12¢-03 1.70  2.36e-01  1.29
1/128 4.33e-06 1.26 3.99e-03 1.06 4.01e-03 1.05 5.52e-04 1.94 8.35e-02 1.50
(d)e=1le—3
h el EOC  lal,z EOC  igzfl;z EOC  fjuj[,2  EOC  [[Vu|[,2 EOC
1/8  1.17e-07 - 6.73e-02 - 6.73e-02 - 1.87e-02 - 9.40e-01 -
1/16  7.96e-08 0.56 3.37e-02 1.00 3.37e-02 1.00 7.05e-03 1.41 4.40e-01 1.10
1/32  5.69e-08 0.48 1.68e-02 1.00 1.68e-02 1.00 3.31e-03 1.09 2.70e-01 0.70
1/64 2.47e-08 1.20 8.30e-03 1.02 8.30e-03 1.02 1.74e-03 0.93 1.94e-01 0.48
1/128 3.16e-08 -0.36 4.00e-03 1.05 4.00e-03 1.05 5.10e-04 1.77 8.72¢-02 1.15
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Table 2: Example 1. Convergence of the compressible solution to the incompressible solution for different
viscosities p, t = 0.01.

(a) e=h,u=0.01

h eg EOC eV, u EOC eu EOC ep EOC ep EOC
1/8  1.12¢-03 - 4.91e-01 - 1.82e-03 - 3.65e-04 - 5.11e-04 -
1/16  3.74e-04 1.58 2.55e-01 0.95 1.18e-03 0.63 7.90e-05 2.21 1.11e-04 2.20
1/32  1.09e-04 1.78 2.29¢e-01 0.16 7.87e-04 0.58 1.50e-05 2.40 2.09e-05 2.41
1/64 1.91e-05 2.51 1.26e-01 0.86 3.24e-04 1.28 3.31e-06 2.18 4.64e-06 2.17

1/128 4.50e-06 2.09 4.41e-02 1.51 1.41e-04 1.20 8.73e-07 1.92 1.22e-06 1.93
1/256 1.14e-06 1.98 1.54e-02 1.52 6.32e-05 1.16 2.06e-07 2.08 2.88e-07 2.08

(bye=h,u=1
h e EOC eV, u EOC eu EOC €p EOC ep EOC
1/8  5.42¢-03 — 4.66e-01 - 2.99¢-03 - 8.81e-04 — 1.23e-03 -

1/16  1.34e-03 2.02 1.73e-01 1.43 2.17e-03 0.46 1.79e-04 2.30 2.5le-04 2.29
1/32  3.66e-04 1.87 6.58¢-02 1.39 1.17e-03 0.89 3.78e-05 2.24 5.30e-05 2.24
1/64 1.06e-04 1.79 2.37e-02 1.47 6.13e-04 0.93 8.21e-06 2.20 1.15e-05 2.20
1/128 2.96e-05 1.84 8.26e-03 1.52 2.78e-04 1.14 1.81le-06 2.18 2.54e-06 2.18
1/256 7.96e-06 1.89 2.97e-03 1.48 1.31e-04 1.09 4.09e-07 2.15 5.73e-07 2.15
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Figure 2: Example 2: Time evolution of the streamline and velocity components with p = 0.01, h =
1/64, £ =0.001 at t = 0, 0.1, 0.2 from left to right.




Table 3: Example 2: Experimental order of convergence, p = 0.01.

(a) e=8e—1
h lpllz EOC  lgillrz EOC  lgoll;z EOC  jufl,2 EOC  [[Vu|,2 EOC
1/8  3.06e-02 - 9.58e-02 - 9.57e-02 - 4.04e-02 - 8.65e+00 -
1/16  1.56e-02 0.97 4.83e-02 0.99 4.83e-02 0.99 2.51e-02 0.69 7.39e+00 0.23
1/32  7.81e-03 1.00 2.40e-02 1.01 2.40e-02 1.01 9.23e-03 1.44 3.97e4+00 0.90
1/64 3.87e-03 1.01 1.19e-02 1.01 1.19e-02 1.01 2.57¢-03 1.84 1.50e+00 1.40
1/128 1.92e-03 1.01 5.73e-03 1.05 5.72¢-03 1.06 6.64e-04 1.95 5.45e-01 1.46
(b)ye=1le—1
h lpllz  EOC  laillrz EOC  lgoll;z EOC  jufl,2  EOC  [[Vul[,2 EOC
1/8  1.53e-03 - 9.46e-02 - 9.46e-02 - 3.21e-02 - 6.77e+00 -
1/16  1.14e-03 0.42 4.78¢-02 0.98 4.78¢-02 0.98 1.93e-02 0.73 5.19e4+00 0.38
1/32  5.63e-04 1.02 2.38¢-02 1.01 2.38e-02 1.01 8.89¢-03 1.12 3.22e4+00 0.69
1/64 1.77e-04 1.67 1.17e-02 1.02 1.17e-02 1.02 2.83e-03 1.65 1.35e4+00 1.25
1/128 4.66e-05 1.93 5.64e-03 1.05 5.64e-03 1.05 7.12e-04 1.99 4.99e-01 1.44
(c)e=1le—2
h lpllz EOC a2 EOC  lg2fl,z EOC a2 EOC  |[Vul[: EOC
1/8  1.02e-05 - 9.49e-02 - 9.49e-02 - 3.11e-02 - 6.08e+00 -
1/16  6.84e-06 0.58 4.84e-02 0.97 4.84e-02 0.97 2.05e-02 0.60 4.65e+00 0.39
1/32  1.37e-06 2.32 2.41e-02 1.01 241e-02 1.01 1.03e-02 0.99 3.28¢+00 0.50
1/64 7.75e-07 0.82 1.18-02 1.03 1.18e-02 1.03 3.22¢-03 1.68 1.35e+00 1.28
1/128 4.38¢-07 0.82 5.64e-03 1.07 5.64e-03 1.07 7.73e-04 2.06 4.94e-01 1.45
(d)e=1le—3
h ol EOC  lgillrz EOC  igoll,z EOC  jufl,2  EOC  [[Vu|[,2 EOC
1/8  1.00e-07 - 9.50e-02 - 9.49e-02 - 3.13e-02 - 6.09e+00 -
1/16  4.07e-08 1.30 4.76e-02 1.00 4.76e-02 1.00 1.09e-02 1.52 2.70e+00 1.17
1/32  1.95e-08 1.06 2.37e-02 1.01 2.37e-02 1.01 4.55e-03 1.26 1.49e4+00 0.86
1/64 8.34e-09 1.23 1.17e-02 1.02 1.17e-02 1.02 2.55e-03 0.84 1.13e+00 0.40
1/128 3.01e-09 1.47 5.64e-03 1.05 5.64e-03 1.05 7.49e-04 1.77 5.05e-01  1.16
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-0.0145 -0.00331 0.00331 -0.00098 0.00098

-0.0113 0.0113 -0.00295 0.00295 -0.000403  0.000403

(b)e=1le—3

Figure 3: Example 2: Error of velocity component u; for different mesh sizes and Mach numbers; h =
. &5, 355 (left to right), e = 0.1, 0.001 (top to bottom).
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Table 4: Example 2: Convergence of the compressible solution to the incompressible solution for different
viscosities u, t = 0.01, v = 1.4.

(a) e =h,u=0.01

h eg EOC eV, u EOC eu EOC €p EOC ep EOC
1/8 1.22e-02 — 2.57e-01 - 5.54e-03 - 3.39e-04 — 3.34e-04 -
1/16  1.09e-03 3.48 1.47e-01 0.81 1.92e-03 1.53 7.40e-05 2.20 6.82e-05 2.29
1/32  2.02e-04 2.43 1.16e-01 0.34 9.09¢-04 1.08 1.31e-05 2.50 1.05e-05 2.70
1/64  2.63e-05 2.94 7.90e-02 0.55 3.20e-04 1.51 2.51e-06 2.38 1.91e-06 2.46
1/128 4.45e-06 2.56 3.86e-02 1.03 8.79e-05 1.86 5.21e-07 2.27 3.91e-07 2.29
1/256 9.86e-07 2.17  2.09e-02 0.89 2.84e-05 1.63 1.22e-07 2.09 7.63e-08 2.36

(b)e=h,p=1
h es EOC ev,u EOC €u EOC €p EOC ep EOC
1/8  6.68e-04 —  3.40e-02 —  1.24e-03 —  2.16e-04 —  3.54e-04 -

1/16  1.69e-04 1.98 1.80e-02 0.92 6.27e-04 0.98 3.49e-05 2.63 6.25e-05 2.50
1/32  4.19e-05 2.01 8.70e-03 1.05 2.33e-04 1.43 5.78e-06 2.59 9.09e-06 2.78
1/64 1.06e-05 1.98 4.25e-03 1.03 8.11e-05 1.52 1.25e-06 2.21 1.48e-06 2.62
1/128 2.68e-06 1.98 2.11e-03 1.01 3.18¢-05 1.35 3.07e-07 2.03 2.93e-07 2.34
1/256 7.52e-07 1.83 1.05e-03 1.01 1.48e-05 1.10 7.65¢-08 2.00 6.81e-08 2.11

Table 5: Example 2: Convergence of the compressible solution to the incompressible solution for different
viscosities u, t = 0.01, v = 3.

(a) e=h,u=0.01

h eg EOC eV, u EOC eu EOC €p EOC ep EOC
1/8  3.60e-02 — 3.57¢-01 - 7.56e-03 - 3.66¢-04 — 4.22¢-04 -
1/16  3.04e-03 3.57 1.94e-01 0.88 2.35e-03 1.69 8.67e-05 2.08 9.08e-05 2.22
1/32  2.98e-04 3.35 1.30e-01 0.58 9.44e-04 1.32 1.92e-05 2.17 1.76e-05 2.37
1/64  5.26e-05 2.50 8.35e-02 0.64 3.25e-04 1.54 4.36e-06 2.14 3.45e-06 2.35
1/128 1.46e-05 1.85 4.46e-02 0.90 1.11e-04 1.55 1.08e-06 2.01 1.06e-06 1.70
1/256 3.88e-06 1.91 2.22e-02 1.01 4.05e-05 1.45 2.65e-07 2.03 2.34e-07 2.18

(b) e=h, p=1
h eg EOC eV, u EOC eu EOC €p EOC ep EOC
1/8  1.54e-03 — 4.38e-02 - 2.20e-03 - 1.26e-04 - 7.06e-04 -

1/16  3.63e-04 2.08 2.14e-02 1.03 1.04e-03 1.08 3.02¢-05 2.06 1.20e-04 2.56
1/32  1.18e-04 1.62 9.99e-03 1.10 4.29e-04 1.28 1.03e-05 1.55 2.41e-05 2.32
1/64  3.95e-05 1.58 4.84e-03 1.05 1.92e-04 1.16 2.70e-06 1.93 5.22e-06 2.21
1/128 1.22e-05 1.69 2.40e-03 1.01 9.26e-05 1.05 6.89e-07 1.97 1.25e-06 2.06
1/256 3.45e-06 1.82 1.20e-03 1.00 4.59¢-05 1.01 1.74e-07 1.99 3.10e-07 2.01
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