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Abstract

We consider a haptotaxis cancer invasion model that includes two families of cancer cells. Both
families, migrate on the extracellular matrix and proliferate. Moreover the model describes an
epithelial-to-mesenchymal-like transition between the two families, as well as a degradation and a
self-reconstruction process of the extracellular matrix.

We prove in two dimensional space positivity and conditional global existence and uniqueness of
the classical solutions of the problem for large initial data.

1 Introduction

Cancer research is a multidisciplinary effort to understand the causes of cancer and to develop strategies
for its diagnosis and treatment. The involved disciplines include the medical science, biology, chemistry,
physics, informatics, and mathematics. From a mathematical point of view, the study of cancer has
been an active research field since the 1950s and addresses different biochemical processes relevant to
the development of the disease, see e.g. [34, 4, 47, 28, 37].

In particular, a large amount of the research focuses on the modelling of the invasion of the Eztracellular
Matriz (ECM); the first step in cancer metastasis and one of the hallmarks of cancer, [13, 33, 7, 32].
The invasion of the ECM involves also a secondary family of cancer cells that is more resilient to cancer
therapies. These cells are believed to possess stem cell-like properties, such as self-renewal and differ-
entiation, as well as the ability to metastasize, i.e. detach from the primary tumour, afflict secondary
sites within the organism and engender new tumours [6, 19]. These cells are termed Cancer Stem Cells
(CSCs) and originate partly from the more usual Differentiated Cancer Cells (DCCs) via a cellular differ-
entiation program that is related to another cellular differentiation program found also in normal tissue,
the Epithelial-Mesenchymal Transition (EMT) [26, 12]; see also [36] for a discussion on the relation
between “Stem cells, cancer, and cancer stem cells”.

Both types of cancer cells invade the ECM and while doing so, affect its architecture, composition, and
functionality. One of the methods they use, is to secrete matriz metalloproteinases (MMPs), i.e. enzymes
that degrade the ECM and allow for the cancer cells to move through it more freely, [11, 10].

During the EMT and the subsequent invasion of the ECM, chemotaxzis', and haptotazis®, play funda-
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Figure 1: Graphical description on the model (1.1). The more aggressive CSCs escape the main body of the
tumour and invade the ECM faster than the DCCs. At the same time, cancer secreted MMPs degrade the
ECM.

mental roles [38, 35]. These processes are typically described using macroscopic deterministic models
with the densities of the participating components as their primal variables. These models follow the
path laid in [31, 20] (and later (re-)derived using a many particle system approach in [40]) to describe
the chemotactic movement and aggregation of Dictyostelium discoideum bacteria. When accounting for
chemotaxis, these models are called Keller-Segel (KS) or KS-type systems. They are known to potentially
lead to blow-up of solutions (depending on the spatial dimension and the initial mass) in finite time and
their analysis has been a field of intensive research, e.g. [5, 9].

In a similar spirit, KS-like models have been used to model cancer invasion while taking into account
chemotaxis, haptotaxis, and other processes important in development of cancer, see e.g. [3, 43]. Al-
though these models are simplifications of the biochemical reality of the tumour, their solutions display
complex dynamics and their mathematical analysis is challenging. We refer indicatively to some relevant
results on the analysis of these models. It is by far not an exhaustive list of the topic, rather an insight
to analytical approaches for similar models.

In [27] a single family of cancer cells is considered. The model is haptotaxis with cell proliferation, matrix
degradation by the MMPs, without matrix remodelling. In this work global existence of weak solutions
is proven. In addition, the solutions are shown to be uniformly bounded using the method of “bounded
invariant rectangles”, which can be applied once the model is reformulated in divergence form using a
particular change of variables.

In [45] the author considers a haptotaxis model with one type of cancer cells, which accounts for self-
remodelling of the ECM, and ECM degradation by MMPs. With respect to the MMPs, the model is
parabolic. The decoupling between the PDE governing the cancer cells, and the ODE describing the
ECM, is facilitated by a particular non-linear change of variables. The global existence of classical
solutions follows by a series of delicate a-priori estimates and corresponding limiting processes.

In [46] a single family of cancer cells is considered that responds in chemotactic-haptotactic way to its
environment. The ECM is degraded by the MMPs and is self-remodelled. The diffusion of the MMPs
is assumed to be very fast and the resulting equation is elliptic. Global existence of classical solutions
follows after a-priori estimates, that are established using energy-type arguments.

In [42] a single family of cancer cells was considered in a chemotaxis-haptotaxis model where the subcel-
lular binding of integrins was taken into account, and where the focus was on the coupling of the motility
of the cells with the subcellular dynamics. Conveniently chosen regularized (neighbouring) problems are
used to construct the generalized solution of the model while exploiting the “quasi-dissipative property”
that the coupling of the cancer cells with the ECM exhibits.

In [41] two species of cancer cells are considered using a motility-proliferation dichotomy hypothesis on



the cancer cells. Further assumptions include the matrix degradation and (self-)remodelling, as well as
a type of radiation therapy. The authors prove global existence of weak solutions via an appropriately
chosen “approximate” problem and entropy-type estimates.

For further results on the analysis of similar models we refer to the works [8, 17, 50, 44, 16, 42]. Overall,
many techniques have been developed in the literature to tackle the particularities that these models
exhibit, i.e. one or more cancer cell species, chemotaxis or haptotaxis systems, constant or not constant
diffusion coefficients, and constant or non-constant EMT rates.

In our paper the cancer invasion model features DCCs and CSCs, with their densities denoted by ¢ and
S respectively, and the EMT transition between them. We consider the model in two space dimensions
and assume that both families of cancer cells perform a haptotaxis biased random motion modelled by
the combination of diffusion and advection terms. We assume moreover that they proliferate with a rate
that is influenced by the local density of the total biomass. The ECM (with density denoted by v) is
assumed to be self-remodelled and to compete for free space and resources with the DCCs and the CSCs
in a typical logistic way. Its is moreover assumed to be degraded by the MMPs (of density m) which in
turn are produced by the cancer cells. The MMPs are assumed to diffuse freely in the environment and
to decay with a constant rate.

The model proposed in [39, 14] reads as follows:

® =Ac” —xpV- (CDVU) — vt e + pup P =S =P —v) |

& =Af — x5V - (CSVU) + pemr P+ ps (1 =S =P —v)
D

(1.1)
vy = —mw + py v(l — & — P —v),
my=Am+c>+cP —m,

with (fixed) coefficients xp, xs, tts, 4D, o > 0 and an EMT rate function pgyr whose properties will
be specified below.

The system (1.1) is complemented with the no-flux boundary conditions
3,cP — xpcPd,v =0,¢% — x50, =08,m=0 in 9N x (0,7) (1.2)
and the initial data
P00 =c, S(,0)=¢5, v(-,0) = vy, m(-,0) =mg on Q, (1.3)
for which we assume that
coD,cg,mo >0, 0<w <1, cg,cg,mo,vo € CQH(Q), (1.4)
for a given 0 < [ < 1. The domain € C R? is bounded with smooth boundary 92 that satisfies
o0 € C*. (1.5)
The model (1.1) has been scaled with respect to reference values of the primary variables. Moreover, the
coeflicients of the diffusion terms and of the reaction diffusion equation for the MMPs have been reduced

to 1 since they do not participate in the final (conditional) global existence result. For the complete
cocefficient /parameter set we refer to [39].

We moreover assume that the parameters of the problem satisfy

KD > XDHv, S > XShho- (1.6)

This condition is crucial for the analysis presented in this paper. Similarly to the open problem posed
at the end of [45] it is not clear whether solutions to (1.1) may blow up in case (1.6) does not hold.

We assume that the EMT rate ugymr is a function pgyvr : R* — R, that is Lipschitz continuous, has
Lipschitz continuous first derivatives, and satisfies moreover for pys > 0,

0 < peMmT < . (1.7a)



Due to the continuity, we get for ugyr that,

||MEMT(C]137C§7vhm1) - MEMT(CzDa Cg”UQ, m2)||01,0(QT) SL(HC? - 02D||0110(QT) + HC§ - C§||01»O(QT)

+ lv1 = vallcro@py + M1 — mallcrogr))s

(1.7b)
for an L with
L= G|l(c?, ¢f, 01,m) [l ero(0p)- (1.7¢)
Here Qr is the closure of the cylinder
Qr =02 x(0,7). (1.8)

Let us note that throughout this work we will call solutions of (1.1) strong solutions provided they
are regular enough that all derivatives appearing in (1.1) are weak and the solution belongs to the
corresponding Sobolev space, e.g. Wg’l(QT). We refer to solutions of (1.1) as classical solutions provided
their regularity is such that all terms in (1.1) are pointwise well-defined. The main result in this work is
the proof of existence and uniqueness of global classical solutions to the problem (1.1).

Theorem 1.1 (Global existence). Let (1.6) hold, then for any T > 0 and 0 <[ < 1 there exists a unique
classical solution

(¢, ¢, v,m) € (CEHIH/2(Qn))",

of the system (1.1)~(1.5) with c¢”, ¢S, m >0 and 0 < v < 1.

The proof of Theorem 1.1 is mainly based on Theorem 2.1, which is a local existence result for strong
solutions, on Theorem 2.2 proving that the strong solutions are classical solutions, and on a series of
a-priori estimates, inspired by [45], that enable us to extend the local solutions for large times. We
note that the raise of the regularity, which takes place in Lemma 5.1, could not be achieved by means
of energy-type techniques as in [45]. We instead base our argumentation on parabolic L? theory and
Sobolev embeddings, using an approach that resembles the strategy employed in [46].

Comparing this work with [27, 45, 46] we note that the model (1.1) features two types of cancer cells.
We treat their corresponding equations separately due to the different motility parameters of the two
families, but their non-linear coupling by the EMT necessitates particular treatment. In comparison to
[41] the model we consider in this work assumes that both families of cancer cells migrate and proliferate
and that the EMT takes place only in one direction. Thus, we do not consider mesenchymal-epithelial
transition. Moreover, we allow for a wide variety of EMT coefficient (functions) that are bounded and
Lipschitz continuous (1.7a). The study of (1.1) is mostly motivated by its properties; in particular, by
its prediction that CSCs invade the ECM while remaining “below detection levels” [39] and by the very
dynamic solutions that develop “sharp” concentrations and “thin” interaction waves, see also Section 6.
Moreover, the analysis is neither trivial nor a straight forward application of existing theories.

The rest of this paper is structured as follows: in Section 2 we perform a change of variables and prove
local existence of strong solutions by a fixed point argument. In addition, we show that these strong
solutions are classical solutions. Section 3 is devoted to a series in of a-priori estimates which continues
in Section 4. These estimates allow us to extend the local solutions to global solutions in Section 5. We
conclude with two appendices. Appendix A gathers some facts from parabolic theory and Appendix B
contains the proof of a technical lemma.

2 Local existence of classical solutions regularity

In this section we show local in time existence of classical solutions. To this end we reformulate (1.1)
using a change of variables.



2.1 Change of variables

Following [45, 46] we perform the change of variables
aP? = Pexp?
a =cSexsv
Consequently, the system (1.1) recasts as

a? = e XPVV . (eXD”VaD) + xpaPvm — penr a® + (p — XDt )P paey

ats = e XUV - (eXS”VaS) + xsavm + LEMT aPeXpv—xsv (bs — X stv v)aspdev

, (2.1)
me = Am + eX5a® 4 eXP?aP —m,
Vg = =MV + [y VPdev
where
Pdev = 1 — X565 — eXPvgP — (2.2)
describes the deviation of the total density from the equilibrium value 1.
The system is closed with initial and boundary conditions resulting from (1.2) and (1.3)
d,aP = 9,05 =9,m =0 1in dQ x (0,T)
D D S s (2.3)
a”(-,0) =ag, a°(-,0) = ag, v(-,0) =vp, m(-,0) =mg on Q,
Analogously, (1.4) implies
aOD,ag,mo >0, 0<wuy<1, a?,ag,momo € CQH(Q). (2.4)

For the rest of this work we will use the notations

WQ’l(QT) = {u: Qr — Rlu, Vu, V2u, du € LP(Qr)},
( ) ={u:Qr — Rlu, Vu, V?u € LP(Qr)},

ch 1(QT) = {u: Qr — Rlu, Vu,du € C°(Qr)},

C(Qr) = {u: Qr — Rlu, Vu € C°(Qr)}.

2.2 Local existence

In this section we establish existence and uniqueness of local (in time) classical solutions of (2.1). We
begin by showing existence and uniqueness of local (in time) strong solutions.

Theorem 2.1 (Local existence and uniqueness). Let (2.4) and (1.5) be satisfied. Then there exists a
unique strong solution (a”,a% v,m) € W2(Qr,) x W2 (Qr,) x C1(Qr,) x W2 (Qr,) (for anyp > 5)
of system (2.1), (2.3) for a final time Ty > 0 depending on

M = 3|ag llc> + 3llag |2 + 9lvoller + [Imollo= + 3.

Moreover,

Proof. We will prove the local existence by Banach’s fixed point theorem

Spaces. Let X be the Banach space of functions (aP,a®,v) with finite norm

H((LD,GS,’U)HX = ||aD||Cl.0(QT) + ||as||01.0(QT) + HU”CLO(QT), 0<T<1 (25)

Xy = {(a",a®v) € (C*°(Qr))? : aP, a®, v are nonnegative, satisfy (2.3), and ||(a®,a®, v)||x < M}.



Fixed point. For any (aP,a5,v) € Xy we define (a?,a?,v,) = F(aP,a® v) given such that

my — Am +m = aPeXP? + a%eXs”  in Qr,

O,m =01in 0Q x (0,T), m(-,0) =mg in Q,

Vsg = =MV + flyVUsPdev 10 Q,

vx(+,0) = vy,

ay, — Aal) — xpVv. - Val + [uemt — (D — XDHoV)paev]al = xpaPom,

dyal =01in 0Q x (0,T), a2(-,0) =ad in Q,

al, — AdS — x5V, - Vai — (s — Xstov)pdevds = xsaSvm + ppyral eXPv XY,
d,a5 =01in 9 x (0,T), a3(-,0) = aj in 9,

*

where pgey = 1 — eX5¥a5 — eXP?qP — v, For the proof we fix some (arbitrary) p > 5 and set A = 1 — 2.

p

F is well defined and F(Xj;) C Xps. We start with the component m and consider the equations
(2.6a)-(2.6b). Since 0 < T' < 1 and (aP, a®,v) € Xj/ this linear parabolic problem has a unique solution

by Theorem A.1:

||m||W3’1(QT) < Co(M).
Here we can apply the Sobolev embedding Theorem A.3 and get

[mllc1o(@p) < C3(M).
Moreover, the parabolic comparison principle yields

m > 0.
The initial value problem (2.6¢), (2.6d) can be written as
Vst = h1vs, U*('v 0) = Yo,

where
[hllcro@ry = | = m + pwpdevlcro@gry < Ca(M)

due to (2.8) and (a%,aP,v) € Xj;. The ODE system has the solution

vy = vo(z) exp ( /0 (e, s)ds) >0

with gradient

Vo, = V() exp (/Ot ha(z, s)ds> + vo(z) exp </Ot ha(z, s)ds) /Ot Vhi(z, s)ds.

For T < m < log(2)/Ca(M) we get

1v:llc(@r) < Ilvolle@e® ™7™ < 2llvllow)

IVl c@ry < IIVvo(@)lleiq) exp(Ca(M)T) + [[vo(@)]lc(q) exp(Ca(M)T)T'Cy(M)
< 2|Vl + llvoll ooy

and thus
[villero@ry = lvelle@ry T 1IVOlle@@r) < 3lvolle@ +2IVoolle@) < 3llvoller @y < M/3.

Next, we deal with the parabolic problem (2.6¢), (2.6f) that can be written as

axt — Aay — xVy - Va, — hoa, = hg

2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)



with boundary and initial conditions given by (2.6f) where a, = a?, x = xp. We have
IVl (@ry € M, lhollpe @) < C5(M),  [[hs]lL=(@r) < Co(M), (2.18)

because of (aP,a%,v) € Xy, (2.8), (1.7a). Applying the maximal parabolic regularity result (Theorem
A1), there is a unique solution a, that satisfies

lawllwz1 (g < Cr(M)  for all p> 1. (2.19)
Further the Sobolev embedding A.3: W21(Qr) < C1HA1HN/2(Qr) gives us
laullenen iz @y < Cs(M). (2.20)
T < C’g(M)l% we get
laxllcro = llaxllcoo@py + IVaxlcoo@gy)

< lax = aollcoogyry + laollcaa) + [IVax = Vaollcoogr + [IVaollco@)

< suplas(ts) — as(t2)ller @) + llaolloray
t1,t2€[0,T]

< T(HAWHG*||CL<1+A>/2(QT) +llaollcr (o)

< TWN2C5(M) + [laoll o1 o

<1+ laollcr oy

< M/3, (2.21)
where we have used the definition of the Holder norm in the third inequality. Moreover,

ay >0 (2.22)

by the parabolic comparison principle since the right hand side of (2.6e) is non negative. Since we have
shown that a? € Xy, the assertion (2.18) is true also for a = a in the problem (2.17). Hence (2.21),
(2.22) for a, = a° follow by the same arguments.

F is a contraction. We take (a?,a$,v1), (aD,a5,v2) € Xpr and consider (b, a?,,v1.) = F(aP, a5, v1),
(ab.,a3,,v2.) = F(a, a3, v2). As shown before one can find

my,ma,  mallcro@qeys Imellerogry < Co(M)
that satisfy (2.6a), (2.6b) for (aP,a®,m,v) = (a?,af, my,v1), (a2, as, ma, ve). Further we have

(m1 —ma)y — A(my — mg) + (my —ma) = aPeXP? 4 aSeXsvt — gDexpvz _ gSeXsv2  in Qp,  (2.23)
Oy(my1 —mg) =01in 9Q x (0,T), (m1—m2)(-,0)=01in Q, (2.24)
where
Jaexoms 4 afexsn — aPere — e gy
< Jlex2 (af = a3) | =(@r) + €¥" (a1 = a3)ll = (@r)
+ (Xt — X2 (ag)[| o (@ry + (X5 — €X572) (a3) | ()
< Cro(M)([la? = a3l (@) + llaf = a3l L (@r) + o1 = v2llL=(@r)-  (2:25)
Hence by Theorem A.1 there is a solution to (2.23),(2.24) satisfying
Iy = mally21 gy < Cri(M)(lla — a3l L=(@r) + 4T = a5l L(@r) + 01 = v2ll L= (@r))

for all p > 1. The Sobolev embedding A.3 once again yields

Im1 — mallcro(gey < Cra(M)([la? = a L= (@) + a5 — a5llL=(@r) + 1 — v2llL=(@n)-  (2:26)



We get from (2.6¢), (2.6d) that
(V1% = V24)t = ha(Vie — v2x) + hs, (Vi —v2:)(5,0) = 0, (2.27)

where
hy = —m1 + fypdev,i,  hs = (M2 — M) Vax — V24 (Pdev,2 — Pdev,1)-

There we have used the notation
Pdev,1 =1 — exsvlcﬁ —expuigh gy, Pdev,2 =1 — eXSUZag —eXPv2gD gy,

Since (aP,a?,v;) € Xpr, i = 1,2 and due to (2.26), we get

[hallerogry < Cr3(M), (2.28)
slloro(@r) < Cua U = azllcroge +llo7 = azllero@ry + lor = vallorogry): :
175 | < Cra(M)([lay’ — a3l +la¥ — a3 + [lor — vz | ) (2.29)

The solution of the ODE (2.27) is given by

¢ ¢
V1x — Uy = / exp </ h4(x,5)ds) hs(x, T)dT, (2.30)
0 T
and thus
t t t t t
V (v1x—2x) :/ exp (/ h4(w,s)ds) th5(x,7)d7'—|—/ exp (/ h4(9c,s)ds) h5($,7‘)/ Viha(z,8)dsdr.
0 T 0 T T
(2.31)

Finally we obtain by using 0 < T' < 1 and the bounds (2.28), (2.29) that

[vie = varllcro(gry < TC15(M)|hsl|cr0Gr)
< TCw(M)([lar’ = aZllcron +llat = aSleroge + lor —vzllerogy)-  (2:32)

Next, we derive the parabolic problem for a € {aP, a5} with the variables (x, ke, h7) € {(xD, hE, h?), (xs, hs, hZ)}
by (2.6¢)-(2.6h)

(@15 — a24)¢ — A(are — a2+) — XV014 - V(ars — a2.) + he(ars — az.) = hy in Qr, (2.33)
Oy(a1s — a2+) =01in 99, (a1 — a24)(-,0) =0 on Q, (2.34)

where

hE = pevra — (8D — XDwV1 ) paev1, g = —(ls — XsV1)Pdev 1,
h? = Xp(alelvl — a2Dm2v2) + XV (V14 — v2x) - VaQD*
+ alz)*[(HD — XDHoV1)Pdev,1 — (D — XD HoV2)Pdev,2 — (HEMT,1 — HEMT,2)],

h%g = Xs(aigm1U1 - agmgvg) + XSV(U1* - 112*) : Vag* + ag*[(us - XS,uvUI)pdev,l

eXDV1—XSV1 eXDU2*XS7J2).

- (.US - XSMWQ)Pdev,z] - (,UEMT,l all)* — UEMT,2 a123*

We have used the notation

D S D S
HEMT,1 = NEMT(C1 ,C1, V1, m1)7 HEMT,2 = MEMT(CQ 702,v2,m2).

Due to (aP,a,v;) € Xar, (2.16), (2.21), (2.26), (2.32), (1.7b), (1.7c) we can estimate

XD V1| Lo (Qr)s [Xs VU1l Lo0 (@r) < Cr7(M) (2.35)
156 Il oe (@) 175 | L= (@) < Crs(M), (2.36)

112 o< (@r)s 115 11 @) < Cro(M)(lla} — @Y llcrogry  + 18 = aSllcroqny
+ [lv1 = vallcrogpy)-  (2.37)



Since 0 < T' < 1 a solution of (2.33), (2.34) exists by Theorem A.1 with

llars = az«llyy21gp) < Coo(M)|h7] Lo ()
< Cor (M)(||a? — azDHCw(QT) + |laf — agHCLO(QT)
+ 1 = v2llero(gry)s
hence the bound can be extended using the Sobolev embedding A.3 and we get

lars = as. || crenaenrzgry < Caa(M)([laf = a3 | cro(gp + 10} — a5l crogr + 11 = vallcrog,)). (2:38)

Then follows

Jar. — azelloroqny = I @1- — az.)(@8) — (a1, — a22)(@, 0 oro(ary
< THN/2) gy, — azg« | cr.a+3/2) (00
< TUN2C0 (M) (lal = aRlloro@r + lat — a5lloroge) + o1 — v2llorogy)) -
(2.39)
If we take Ty = T such that
max{TCyg(M), TO+N/2Coy (M)} < %

we see by (2.32) and (2.39) that F is a contraction in X ;.

Conclusion and regularity. According to the Banach fixed-point theorem F' has a unique fixed point
(aP,a,v), which together with m from (2.7) is the unique solution of (2.1), (2.3). By (2.7) and (2.19)
we have that

m,aP,a® e WE’I(QT).

Due to (2.10), (2.11), and (2.16) we get B
[ORS Cl’l(QT).

By (2.22), (2.12), and (2.9) we get the non-negativity

aD,aS,v,m > 0.

Moreover we note that due to the non negativity of v, 0 < vy < 1, and

(1=v)e = —ppo(1 =), (1-v)(-0) =0
(1 —v) can not become negative and hence v < 1. O
Our next result shows that the strong solutions which we constructed in Theorem (2.1) are indeed
classical solutions.
Theorem 2.2 (Regularity). Under the initial and boundary conditions (2.3) and (2.4) the solution in

Theorem 2.1 satisfies B
(a®,aP,v,m) e (C?H1HV2(Qp )4, (2.40)

foro<l<1.

Proof. We use Theorem 2.1 and the Sobolev embedding A.3. Then we obtain for a sufficiently large
p > 5, that

aP, a8, m e CHLAFD/2(Qr . (2.41)
We further derive from (2.1) that
(0z,0)t = hgOy,v — ho, (2.42)
where
hs = —m + pypdev — tv(1 + xseXsva® + XDeXD“aD), (2.43)
hg = v0,,m + v (eX5V0,, a® + eXPV 0, aP). (2.44)



Because of (2.41) and v € C11(Qr) we get

hg, hg € C2(Qr,). (2.45)
The solution of (2.42) is given by
¢
O0p, 0 = 8wivo(x)ef0 hs(w,s)ds _ / hg(l‘,T)ef"' hs(z,8) ds g (2.46)
0
and hence by (2.45) B
Dy, v € CHY2( Q). (2.47)
The equation for a® in (2.1) can be written as
ap — Ad® — xpVv - VaP — hyga® = hyy, (2.48)
where
hio = (:U’D - XDNUU)pdev € CU/Q(QTO) (249)
hi1 = xpaPvm — ppvra’ € Cl’l/2(QTO) (2.50)

by (2.41), (2.47), and (1.7b). Thus, we can apply Theorem A.2 and get together with (2.47) that the
solution of (2.48) satisfies -
aD c C2+l’1+l/2(QTO)~ (2.51)

Similarly, the equation for a® in (2.1) can be rewritten as

ad — Ad® — xsVv - Va® — hiaa® = hys, (2.52)
his = (s — Xsp0)paev € C2(Qry), (2.53)
his3 = Xsasvm + MEMTCLDGXDU7XSU S Cl’l/2(QTO). (2.54)
Applying Theorem A.2 we obtain ~
aS e CHLIH2(Qn). (2.55)

Furthermore, (2.41), v € CY1(Q7), (2.6a), and (2.6b) yield
m e C*H2(Qp ). (2.56)

By using (2.47) together with (2.51), (2.55), and (2.56) and repeating the proof of (2.47) for 8%1_’%,11, we
get B
92 veC2(Qp,). (2.57)

T, T4

The equation for v in (2.1) provides further that
v = —muv + pvpder € CTTH2(Qry),
which yields together with v € C11(Qr,) and (2.57) that
= C2+l’1+l/2(QTO)«

O

Remark 2.3. Let us note that the local existence of classical solutions that follow from the Theorems
2.1 and 2.2 is valid also for more than two space dimensions.
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3 A-priori estimates for ||aP(t)| 1=, [|a®(t)| L)

To extend the local (in time) solutions whose existence we have established in the last section to global
(in time) solutions we need some a priori estimates. Establishing those estimates is the purpose of this
section. Let (aP,a%,v,m) € (CQ’I(QT))4 be a classical solution of (2.1) in [0, 7] for any T > 0. In what
follows we will show the corresponding a priori estimates. We begin by proving || - || 1(q) bounds for aP,
a® and m uniformly in time.

Lemma 3.1. Let (a”,a®,v,m) € (Cz’l(QT))4 be a solution of (2.1), then we have for all t € (0,T),

la® Oy < NPl < max {[|cf ]l ), 12/} (3.1a)
[a* Ol < 1@l < max {||c§]Li(): Chax} (3.1b)
Im()| 1) < max {|lmoll L1 () max {|[cg |l (), [} + max {[lc§ll L1 (0, chax } } (3.1c)

with

s |€2] M D
= 1 1+4 m Q) .
Crmax 2 ( +\/ + NS|Q‘ a“X{HCO ||L1(Q)7‘ |}

Proof. We integrate the cP equation in (1.1) over € and employ the boundary conditions (2.3) and
D
c” > 0:

d
%”CD(t)HLl(Q) = — lumnre” @) L) + uolle® @) 1) — 1o /Q cP (2, 4)c® (a, t)dw
— up / (cP(x,))%dz — pp / P (x, t)(z, t)dz.
Q Q
Due to the positivity of ¢, ¢5 and v we obtain
d
&”CD(t)”Ll(Q) < ol ? Ol — ko /Q(CD(w,t))zd%
or, after the boundedness of 2 and the corresponding embeddings, as
d KD
%”CD(t)HLl(Q) < ol e® @)l — jHCD(t)Hle(m
Since the right hand side is a quadratic polynomial with roots 0 and |Q2], we deduce by comparison
e Olpre) < max {[|eg ||y, 191} -
Similarly, we see that due to the positivity of ¢%, v, the ¢ equation (1.1) implies
d
@z @) = Il @ le” Bl + msll® Ol @ - Ms/ﬂcs(w,t)cD(m,t)dw
— ls / (S(x,t))*dx — MS/ Sz, t)v(z, t)de
Q Q
< i [P Oll e + s vy = s [ (G0

Ks
< | Ol pry + sl @) L) — @HCS(t)Hil(Q)

Hs
< g max {5 |z, 1920} + s 5 W) 2(0) = 17 1O

The right-hand side has two roots, one negative and one positive that is larger than |Q]:

]

122,78 D S
Py 1+4——" Qs ) = '
3 (1 g e (1B 190)) =
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We deduce by comparison
13 (@)] 22y < max {[[e5]| (@) Cax ) -

For m we get from (1.1), after integration over , due to the positivity of ¢, ¢%, m, and the boundary
conditions (2.3), that:

d
a\\m(t)HLl(ﬂ) <@z + 1)) — M) @)-

Using (3.1a) and (3.1b) we obtain

d
%Hm(t)”Ll(Q) < max {||cg || 1 (e, 19/} + max {[|c§]| 11 (@) chhax } — Im()]l 1 (0)-
Finally we deduce that
Im(t)|| 10y < max {||lmo|£1(q), max {[|cg || 1), [} + max {[|c |21 @), Chax } | -

O

We have shown uniform in time L! bounds of aP, a®, m. In order to prove a uniform in time L estimate
for a we need the following Lemma which can be found (for an arbitrary number of dimensions) in [23,
Lemma 1] and is an extension of [17, Lemma 4.1]

Lemma 3.2. Let mg € W (Q) and let P, ¢, m satisfy the equation m in (1.1) together with %—T|FT =

Moreover, we assume that ||cP(t) + c¢%(t)| o) < Cas for 1 < p and all t € (0,T). Then for p < 2

0.

[m(t)llw ) < Caalq), te€(0,T), (3-2)

where 5
4P
¢< 5 o (3.3)

Moreover, if p =2 then (3.2) is valid for ¢ < +oo, if p > 2 then (3.2) is valid for ¢ = +o0.
Proof. See Appendix B. O

We now combine Lemma 3.2 with a suitable Sobolev embedding to obtain a uniform bound for m in
higher Lebesgue spaces:
Lemma 3.3. Let mg € WL (Q), and cP, ¢, m satisfy the equation for m in (1.1) together with %—THFT =

0. Moreover, we assume that ||cP(t) + ¢%(t)|| o) < Cos for 1 < p, and all t € (0,T). Then,

[m@)llr. ) < Calq) te(0,T), (3.4)
for any r > p that satisfies
1 1
-—+1>-. (3.5)
r P

Proof. The proof is based on the Sobolev embedding W} (Q) — L™ () for 1’ < ;qu, and Lemma 3.2.

Since ¢ < %, it holds that 2" < (2+7")g < (2+ 1"')22_—pp. That is, ( — 2—”) < 22 or

2—p 2—p
1 1
-—1< i (3.6)
Then it holds
||m(t)| L"’(Q) S 0277 t e (07T)a (37)
where 1’ > p such that
1 +1> ! (3.8)
r! P :
O
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The main result of this section is the following theorem which asserts uniform in time a priori bounds
for a® and a® in || - || (q).
Theorem 3.4. Let (aP,a® v,m) € (C2*1(QT))4 be a solution of (2.1), and let (1.6) hold. Then for all
€ (0,7):
a” (@) L= () 0 (1)l oo (@) < Cos. (3.9)

Proof. The proof is divided into 4 steps. We first derive a basic estimate, prove LP bounds for all p in
step two and three and finally prove the L*°(2) estimate.

Step 1: First LP(Q2) estimates. Wesety=0ifp <2and~y € (0,1) otherwise, and a, =a+y >~y >0
so that

p — p _
\Y ((a?)p/Q) = 5(&5)1’/2 1Va57 \% ((ag)pp) = §(a§)p/2 1Va§/, for any p > 1. (3.10)
Since 0 < v < 1 we can consider the integrals [, eXD“(aE)pdm, Jo eXS”(aE)pdx instead of fQ(aE)pdx,
Jo(a5)Pdx, and get moreover

0<pup—xDkv < pp, 0= ps—Xsto < ps, (3.11)

using the above assumption. Using (2.1), (3.11), partial integration, (3.10), (1.7a), and the fact that
0 < v <1, we obtain

d

— [ eXP’(ad)Pdx :/ XpeXP Oy (aP)P da +/ eX? Up(aP)P19,aP dx
dt Jq v Q Y o gl

=—Xp / eXPVmu(ay))Pdz + xp uv/ X (a2)Pupaey da
Q )
+ / p(a?)p_lv (eXP*VaP) dx + XD/ eXPVp(al)P~ aPvm da
Q )
- / pEnr aPeXPUp(al )Pt da + / e p(al )P (up — XD fo v)a” paey d
Q Q

<(upp+xD uv)/ €XD”(a5)pdx+XDp/ X2 (a))Pm dx
Q Q

/ P 2|VaD|26XD”d3:
< /|V /22dﬂc+(upp+xpuv)€XD/(%D)pdx
Q
+xDpeXD/m(a7D)pdx. (3.12)
Q

Similarly, we get
d
i), 6xsv(a3)pdx :/52X56X3“6tv(a,sy)p dz —l—/QeXS ”p(ag)pfl(?tas dx
=—Xs /Q eXsVmu(al)Pdx + Xs o /Q X5 (a5)Pvpaey dx

+/Qp(a,sy)”’1vo(eXS”VaS)derxS/QeXS“p(as)p’lasvmdx

+/ HEMT GD€XDUP(G§)1)71 du
Q

+ / eX5Vp(a3)P (s — X5 po 0)a5 paey da
Q
4(

-1
S—pp)/ |v(a§)p/2|2dm+(userXSliv)@XS/(“'Sy)pdx
Q Q

+ xs peXs / m(as)p dx + pag peX? / aD(ag)p_1 dx. (3.13)
Q Q
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Step 2: Raise of p. We assume that both [l (t)|| a(q), [|a5 ()| Lao) < Cag for some ¢ > 1 and show
that
H%D(t)||Lp(Q)7 ”a'Sy(t)”LP(Q) < Cho,

4q

where p = 3.

Since we are in d = 2 space dimensions the inequality

dp 2 1
<l+--- 3.14
dp + 2q d q ( )
is true and allows us to find r > 1, such that
dp 1 2 1
<-<1l4+-=--. 3.15
dp+2q r + d gq ( )
The first inequality justifies the Gagliardo-Nirenberg inequality
r 2(r—1
- 125, < Coll- 12500 12, (3.16)

and due to the second inequality there is a dual exponent r’ of r that satisfies the conditions of Lemma 3.3.
We take a € {a?,a5}. Applying Young’s inequality, (3.16), Lemma 3.3, and assumption [|a(t)|ze(q) <
Cyg, we get for any € > 0

/mapdx§032(6)/mrldz+s/aprdas
Q Q Q

< 033(8 + Ellap/ZHQT

< Cis(e) + Caallalf5 ™ [l 35

< Csz(e) + 5035/

apdx+5035/ \Va?/?|? dx. (3.17)
Q Q

Since we are in two space dimensions we have the Gagliardo-Nirenberg interpolation inequality

1/4 3/4
I+l < Casll - I3l - 15, (3.18)

and we can moreover estimate [, a? dz by employing (3.18), Young’s inequality and ||a(t)||ra(0) < Cag

(C37 + B) /

a? dx = (Cs7 + B) / (aP/?)? dx
Q

Q
= (Cs7 + B)||a?’?|22

2 3/2
< Cas(Clr + B 0”377 (o 1”52

B
< *HGP/QH%/VZ}(Q) + 039”&;1/2”%3/2(9)

B
= 5”‘11)/2”%1/21(9) + 039”“”12317/4(9)

s
< 5”‘11)/2”%4/;(9) + Clo, (3.19)

where C'37 and (8 are arbitrary positive numbers.

In order to prove the LP bound for a® we insert (3.17) where a = aP into (3.12) and fix € such that
exppeXPCss < 2(p — 1)/p to obtain

%/ eXD”(aS)pde /|V /22dx+C41/(a,?)pdm+C4g. (3.20)
Q

By adding g fQ )P dz to both sides of (3 20) we get

d

[ v (gpyp dm+ﬁ/(a$)z> do < —M/ |V(a5)p/2|2dx+(c4l+,8)/(aE)P do+ Cao. (3.21)
dt Jo Q D Q Q
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We can now insert (3.19), where a = aP and 8 = 2(p — 1)/p into (3.21) and get

d
dt €XDU< )p dx + 7/ pd.’E < 043, (322)
which implies
d v D p— 1 v/ D
7 /Q eXP¥(ay))? dx + poxo /QeXD (ay )P dx < Cus, (3.23)
and thus
/ X2V (@) dx < Cua. (3.24)
Q
Hence we have shown that
”aD(t)”LP(Q) < Oys. (3.25)

An application of Young’s inequality and (3.25) lead to

-1 1
/ aD(ag)p_l dx < / (a%)p dx + ~ / (aP)P dx
Q p Ja pJa
< 046/(a§y)p dr + Cy7. (3.26)
Q
Inserting (3.26) into (3.13) yields

d 4p—1
— eXS”(ag)pd:c < ) / |V(a,sy)p/2|2 dx + Cug / (a,sy)p dx + C49/ m(a,sy)p dx + Cs. (3.27)
dt Jo P Q Q Q

Since (3.17) and (3.19) are also valid for a = a® we can repeat the steps in (3.20)-(3.24) for (3.27) to get

||as(t)HLp(Q) < Cs;. (3.28)

Step 3: L? bounds for all p > 1. From Lemma 3.1 and the previous step,
||CLD(15)||L(4/3)”(Q)7 ||aS(t)||L(4/3)"(Q) < Cs2(n) < oo forallmeN, (3.29)
follows from induction. Hence, we have that
la® (@)l e, 16°(®)llLr) < Css(p) < oo for all p > 1. (3.30)
Step 4: L™ bounds. For the step we employ this technique used in [1] and applied in the case of KS

system in [8]. We are in d = 2 space dimensions and we know from step 3 that there is p > d = 2 such
that [|c® + || o) < Ca0. Therefore we get by Lemma 3.2

Ml Lo (@r) < Csa. (3.31)
Inserting (3.31) back into (3.12) we get that

%/ X2V (aP)? dx + / IV (a®)P/2 2 da < C’55p/ (a®)P dx  for all p > p. (3.32)
Q Q

We define the sequence pr = 2’“, k € N and moreover, we apply the Gagliardo-Nirenberg inequality
1/2 2
I+ llee < Cooll - 15311 174 (3.33)

Thus, we get for a € {a®, a®} by (3.33) and Young’s inequality that

1
/Qap’“ dr = [|a"*[|72(q) < Cszlla? " lwa o lla” | L1@) < Csr <Ek||ap“||%l(ﬂ) + Ek”“p'”'%@(m)

(3.34)
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which implies for sufficiently small g,

1
/ aP* dx S 057 <€k||apkl||%1(g) + 5k||vapk71 |%2(Q)) . (335)
Q

Adding ezeX? [, (aP)P* dz to both sides of (3.32), choosing e, such that
(Cs5pr + exeX?)Crrer < 4(pr — 1) /pe < 4 (3.36)

in (3.35) for @ = aP and inserting in (3.32) yield for k > 2

XD 2
4 eXP? (gPVPE dy + geXP / (aP)Pr dz < (Css pi + ereX?)Csr </ (aP)Pr-1 dx) . (3.37)
dt Q [¢) €k Q

The later implies that

d XD
Z /Q XP(DYPr dp < e, /Q exov (D)o g 4 (C55 P zke )05 2 (3.38)
where
M, = max {1, sup / eXD? (gD)Pr dx} . (3.39)
0<t<T Ja
By Gronwall’s lemma we get from (3.38), that
XD
/ X0 (gP)Px 4y < max {/ XD ((DYPE (Cos s + ke )Cs7 M,f_l} for k > 2. (3.40)
Q Q €k
Hence
M, < max{l, Q0% | (@D) |2 - 5kM,f_1} for k > 2, (3.41)

where 0, = max{1, (Csspi, + ££eXP)Cs7/e1}. Note that by (2.4) and (3.30) we can find a constant Csg
such that
My +1<Css, [920eXP|(ag) |5 ) < O for k> 1. (3.42)

From (3.41), (3.42) and d > 1 we get that
My, < 63 601 072 -+ - 052 671 CPE. (3.43)

Furthermore, we get from (3.36) that e, can be chosen as e = Csg/pi, where the constant Cyg is
independent of k. This yields
8 < Ceopy,

and hence
k—1oi—k

MYPE < O2i=0 T 3T 2T i) 0 < Oy P23 T 3 O, (3.44)

For 0 < ¢t < T we note that max{1, [|[a®(:,#)||per ()} < M;/p’“ by 0 < v <1 and when taking k — oo in
(3.44) we eventually get
HGD('at)|\Lw(Q) < Coe. (3.45)

Using the bounds (3.31), (3.45) as well as the sequence py = 2¥, k € N in (3.13) yields for k > 2

d

— [ eXsv(aS)Pr d:chw/ |V (a5)Pr-1)2 szC’ﬁgpk/(aS)pk d:c+063pk/(as)p’“’1 dx. (3.46)
dt Jo Dk Q Q

Q

By Holder’s inequality we estimate

(pe—1) /P
/(aS)pk—l de < ‘Q|1/pk </ (aS)Pk d:v) < Cgy (/ (aS)Pk da + 1) (3.47)
Q Q Q

16



and get

i/ eXsV(aS)Pr dx + w/ |V (a®)Pe=1 % da < Cés pr (/ (aS)P* da + 1) . (3.48)
dt Jo Pk Q 0

We add again ezeXs [,(a®)Ps dz on both sides of (3.48) and choose ) such that

(Ces pr + €1X5)Csrer, < 4(pr — 1) /1 < 4, (3.49)

S. By setting e, = Cgs/pr we find a

where C57, and ¢, are chosen such that (3.35) is true for a = a
constant Cg7y > Cj57 such that

(Ces pr + €1,€X9)Co7

> Ces5py- (3.50)
€k
Inserting (3.50) into (3.48) yields
d 2(C xs)C
— [ eXsV(aS)Prdx < —é‘k-/ eXsV(aS)Pr dx + (Cos pr + exet?) Gz M?_, (3.51)
dt Q Q Ek
where
My, max{l, sup / exsv(as)p’“}. (3.52)
0<t<T JQ
Using the same argumentation as in (3.40)—(3.45) it follows for 0 < ¢ < T that also
1 (#)]| o< () < Ces (3.53)
which completes the proof. O

4 A priori estimate for |Vu(t)||zs(q)

We begin by deriving estimates for Va”, a”, Va® and a7. Let us recall (1.6) and, hence, by (3.9) and
Lemma 3.2 we have
1aP ()L (), a° )|z () and [m(t)|lw () < C. (4.1)

Lemma 4.1. Assume that (a?,a% v,m) € (C*Y(Qr))* is a solution of (2.1). Then for all t € (0,T)
the following inequalities are fulfilled

IVaP(®)l|2@) < CooeX?™", (a2 (@) < Crot + CrreXPie! (4.2)
HVaS(t)”L?(Q) < 0726Xsuvt’ HCLEHL%Q&) < Crst + C’746XS“”t,

Proof. We begin by multiplying equation for a® in (2.1) by eXP?aP and integrating over 2. We obtain

/ X2 (ap)? dr = / ayV - (eXP'VaP) dzx +/ X2V aly paPvmdz
Q Q Q

- / peMT aeXP?al da:Jr/ eEXPVaP (up — Xy 0)aP paey de =: IP + IP + 1P + 1P, (4.4)
Q Q

Due to (2.1), the bounds from Theorem 2.1 and the no-flux boundary condition for a® we have

IP = / apV - (eXP'VaP) dx
Q

1 9]
=5 [ S (VAP da @5)
_1d eXP¥(|VaP|?) dz + AD eXr?|VaP |2, da

2dt Jq 2 Ja K

ld XDV D2 XD XDV D2
= _5% € (|va | )d.]?—l— 7 € |Va | (—mv—|—,uv Updev) dx

Q Q

1d .
<2 [ xov(|VaPPR) da + X2M /eXD”\VaD\Qd:v.

2dt Jq 2 Q
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By Cauchy’s inequality, the bounds from Theorem 2.1 and (4.1) we have
P = / eXr?aqPx paPvmdz (4.6)
Q
1
=- / XV (aP)? do + X2D/ X (aP)2m2v? dx
4 Jo Q
1 ,
== / eXP¥(aP)? dx 4 Cys. (4.7
4 Ja
Analogously we obtain using (1.7a)
1
P = —/ peMT 0P eXPVal dr < 1/ eXPV(ap)? da + Cye. (4.8)
Q Q
By Cauchy’s inequality, the bounds from Theorem 2.1 and (4.1) we have
I4D = / QXDvaP(,“D — XDHv v)aDpdcv dx (4.9)
Q
< C77/ XV a| da
Q
1
< - 1 / X2Vl |? dx + Crsg.
Inserting (4.5)- (4.9) into (4.4) we obtain

[ewral doe g4 [ eon(vayae < X0 [ oo NP a4 O, (010)
0 2dt 2 Ja

=~ =

which implies
d

pn X2V (|VaP?) dx < XDMv/ eXPV|VaP|? dx + 2C7g. (4.11)
Q Q

Applying Gronwall’s lemma to (4.11) implies
/ eXP?(|VaP|?) dx < CgoeXPHot, (4.12)
Q
Integrating both sides of (4.10) in time and using (4.12) gives

/ / €XDU 2 dxds < 4C7ot + CglexDM” (413)

This completes the proof of the ﬁrst line of (4.2). The proof of the second line is obtained analogously
by multiplying the equation for a® in (2.1) by eXsVa? and integrating over €.

O

The following lemma relates |[Vv(t)| (o) with ||Va (t )HL})(Q) and [|[Va®(t)|| r(a)-
Lemma 4.2. Assume that (a”,a% v,m) € (C**(Qr))* is a solution of (2.1). Then the following
inequality holds

IV 0y < Ca(Top) (V0P + V05 By +1)  Joramyp>1.  (414)
Proof. We use the chain rule in (2.1) to obtain

Vg = hiaVvu — (va + uvveXS”VaS + ,uvveXD”VaD) (4.15)

with
hia = —m 4 fiopdev — foveX5Vxsa” — p,veXPy paP —1. (4.16)
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Further we use equation (4.15) and multiply it by pVv|Vo|P~2. Employing (4.1), the bounds from
Theorem 2.1 and Young’s inequality we obtain

(IVv|P)y = h1ap|Vo|P — (vav - Vm|VlP~2 + pu,veXs*VaS - Vo|Vu|P~2 + pu,veXP?VaP - V”U|Vv\p*2)
< pyp|Vol? —|—p||Vm||Loo(Q)|Vv|p_1 + pppeX? |VaP || VoP 1 + pp,eXs|Va®||VolP~L
< 083|V’U|p + Cg4|VaD|p + CS5|VaS|p + 086- (417)
By integration over 2 we get

4 |VolP de < Cgr (/ |VolP dz —|—/ |VaP P dx +/ |Va®|P dx + 1) , (4.18)
dt Jo Q Q Q

which yields also

d
— </ |VolP dx + 1) < Cgg </ |VaP|P dx +/ |VaS|P dx + 1> (/ [VoulP dz + 1> . (4.19)
dt \Ja Q Q Q

The estimate (4.14) follows by the Gronwall Lemma applied to (4.19). O
Our next lemma provides L*(Qr)-bounds for VaP, Va® which only depend on T, thereby ruling out
finite time blowup of these norms.

Lemma 4.3. Assume that (a”,a%v,m) € (C*Y(Qr))* is a solution of (2.1). Then the following
inequalities are satisfied

T T
/O 18P ()220 di < Cso(T)  and / 1AGS(1)[ 0 dt < Coo(T) (4.20)

as well as " "
/0 IVaP (1) 110 dt < Cor(T)  and /0 IVa®(t)[|14q dt < Coa(T) (4.21)

Proof. Due to the bounds in Theorem 2.1 and (4.1) we may rewrite the equations for a®, a® of (2.1) as

ap = Aa® + xpVv - VaP + hys, (4.22)
ats = Ad® + xsVv - Va® + hyg, (4.23)
with
[h1s] L9y = [xpa®vm — penmr a® + (kp — XD 0)a" paey|| L= (0) < Cos, (4.24)
P16l o () = [ xsaSvm + peyr a®eXPP XS 4 (g — X sy 'U)aspdevHLoo(Q) < Coa. (4.25)

From equations (4.22), (4.24) and the estimate (4.2) we get for any 0 <t < T
¢ ¢
/o AP (5)[[72(q) ds < CosT? + Coge®XPT + 2X2D/0 Vo - VaP|[72q) ds, (4.26)

t t
/ HAaS(s)||2L2(Q) ds < Cg7T? + Coge®sT + 2)&;/ Vv - Vas||2L2(Q) ds. (4.27)
0 0

The last term on the right hand side needs to be estimated further. Using Hoélder’s inequality, equation
(4.14) for p = 4 and

Vy+z<\y++z forally,z>0
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we obtain the following estimate for I € {S,D} and J € {S,D}\ {I} forall0 <t <T
¢ t
| 190 Vel gy ds < [ 1900190 o ds
' 1 I 1/2
= [ (190l 9 lfagey) s
t 1/2 t 1/2
< ([ ras) ([ 1ol e i)
! 1 14 1/2
= Vi{ [ 190l e )
" oot o4 ! )4 1/2
< \/i(/ e~ {0100-1-0101/ IVa'|[za) + IVa [ 140 dT] [Va (740 d3>
0 0
t s
C d 2
= \/%{ /0 [Owoe%ﬂwaf||‘z4(m +%6099T£( /0 IVa’ |40, dT) }ds
Coor [ oIy o T 1/2
+Cune™ [ 190 g0y ds [ 1907 g0 05}
t t 2
< Vi{ Crgoe / V0 |40y ds + Crone®” ( / 19014+ ds)
0 0
Cor( [ 1o T4 212
+ Cio1e™*° </0 Va' || L) ds) }
c t 1/2 c t
< VivGuone ([ 196! [0 ds) "+ ViyCrune BT [Vl g s
t
C
+\/£\/01016%T/ HVaJH%‘L(Q) ds
0
C, t C,
S \/IE(\/ ClOO + V Clol)e%T‘/ HVGIHA}}(Q) dS + \/T\/ Clooe%T
0
t
C,
+\/1:/\/01016%T/0 HVGJHALL(Q) ds. (428)

Since we consider the case of two space dimensions, the Gagliardo-Nirenberg inequality, and the estimate
HD2w||L2(Q) < CllAwl|[g2(q) for any w € H?(Q) with %—f = 0 on 0N imply the following inequalities for
any 0 <t <T:

t t
/ IVaP [0 ds < 0102€2XD“”T/ 18P |22 q) ds + CrosTe P, (4.29)
0 0
¢ ¢
/ IVa®||1aq ds < Croae®sHT / 1863|720 ds + CrosTe™Xs# T, (4.30)
0 0
Inserting (4.29) and (4.30) into (4.28) we obtain
¢
/ ||V’U . VCLIH%z(Q) ds
0
¢ ¢
< \/icwﬁecva( / 1AaP (|72 ds + / 186%]172 0 ds) + CrosVT(1 4 T)eC10oT . (4.31)
0 0

By taking the maximum of the constants in the individual estimates of a® and a®, we obtain the same
constants in (4.31). Inserting (4.31) into (4.26) implies

t t t
/ [N dsgzx/{sx%cwﬁecwﬁ( / 1AaP (|72 ds + / 1A6®|122 0 ds>+C’110(T) (4.32)
0 0 0

t t t
/ HA(IS||%2(Q) ds S 2\/£X%010660107T (/ ||AO/DH%2(Q) ds + / ||AGSH%2(Q) dS) + Clll(T)~ (433)
0 0 0
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Adding the two estimates above yields

t t
/0 AP |2, ds + / |85 2. ds

t t
S 2\/%(X2D + X%)CIOGGCHNT (A HA(LD”%;(Q) ds + /0 ||AG/S||%2(Q) dS) + C]_]Q(T), (434)

so that
t t
(1 — VG + xg)cmecle) ( /O 1AGP |20y ds + /O 1Aa®|22 0 ds) < Cns(T). (4.35)
Choosing
1
t1=t(T) = 5
(4(X% + X%)Cloﬁecl‘”T)
we obtain , ,
/ ||AaDH%2(Q) ds —|—/ ||AaSH%2(Q) ds <2C114(T) forall 0 <t <t. (4.36)
0 0

If t1(T) > T we have completed the proof of the lemma. If ¢;(7") < T we may repeat the procedure
described above by taking o = ¢1(T) as new initial datum. Since ¢1(T") only depends on T we can extend
the estimate (4.34) to the whole time interval [0,T] after finitely many steps. This completes the proof
of (4.20). The bounds now (4.21) follow by combing (4.20) and (4.29),(4.30). O

We are now in position to state the main result of this section, i.e., ||[Vv(-)||z1(q) does not blow up in
finite time.
Lemma 4.4. Assume that (aP,a® v,m) € (C*Y(Q7))* is a solution of (2.1). Then the following
inequality is fulfilled

I9o()ll1s@) < Cuus(T) (437)

Proof. Follows directly by combining (4.21) with (4.14). O

5 Proof of the global existence Theorem 1.1

In this section we show existence and uniqueness of classical solutions of (2.1) based on the local well-
posedness results and a priori estimates from the previous sections. We begin by establishing uniform in
time bounds for [|a”(-)]|c2(0), [a°()lle2(e), [v() e @), [Im() o2 ()-
Lemma 5.1. Let (a”,a® v,m) € (Cz’l(QT))4 be a solution of (2.1), and let (1.6) hold. Then for all
te(0,7)

la®(®)llc=(ay, la®B)llo2 @), o) ey, ImE)lle29) < Cris(T). (5.1)

Proof. Using (2.1) we can rewrite the equations for a and a® as

a? = Ad® + xpVv-VaP + hi7a®  in Q x (0,7), (5.2)
a? = Ad® + xsVv - Va® + higa® + ppavr aPeXPPTXSY in Q x (0,7),

where

hir = —pevT + (WD = XDHVY)Pdev + XDUM, (5.4)
his = (fs — XsHvV)Pdev + XsUM. (5.5)

By employing (4.14) for p =4, 0 < v < 1, (4.1), and (1.7a) we have

IVo(t)lLays 1Pzl ), his®)llze (), [pemT a®(t)eXPV X5 Lo () < Cr17(T). (5.6)
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This allows us to use the maximal parabolic regularity result in L?, see Theorem A.1, for both equations
(5.2), (5.3) to obtain

||aD||val(QT)7 ||as||W42,1(QT) < CIIS(T)- (5.7)
Thanks to the Sobolev embedding A.4 there is a constant C119(p) such that for all p > 1 it holds

IVaP || (@r) 1V [ Lo (@r) < Cr1o(p)Cras(T), (5.8)
which yields together with (4.14) that
Vu(t)||zr(0) < Cr20(p, T) for all p > 1. (5.9)
Using Theorem A.2 again for (5.2), (5.3) together with (5.6) and (5.9), we get
laP iz p: 10wz gy < Crza(p,T) for all p > 1. (5.10)
Moreover, applying A.1 again in equation for m in (2.1) we obtain
||m||W§,1(QT) < Cha2(p) for all p > 1. (5.11)
Applying the Sobolev embedding A.3 to (5.10), (5.11) for a fixed p > 5 yields for A=1—5/p
HGDHCHA,(HA)/z(QT), Has\lcux,uﬂwz(@ﬂ, [mllcrex.aen/2@ey < Cras(T). (5.12)

By considering 0 < v < 1, the equation for a5 in (2.1) together with (5.12) as well as (2.46), (2.43), and
(2.44) with (5.12) we get

||’UHCL1(QT) < 0124(T). (513)

Using now the same arguments as in the proof of Theorem 2.2 we obtain
||aD||Cz+/\,1+A/2(QT), ||(IS||CQ+/\,1+,\/2(QT), Hm||cz+/\,1+,\/2(QT) < C125(T). (514)
Estimate (5.1) follows from (5.14) and (5.13). O

Finally we can prove the existence and uniqueness of the global classical solutions, as stated in the main
Theorem 1.1.

Proof of the main Theorem 1.1. Due to the equivalence of (1.1) and (2.1) the proof is a consequence
of Theorem 2.1, Theorem 2.2 and Lemma 5.1. Indeed we know that there exist (regular) local-in-time
solutions due to Theorem 2.1 and Theorem 2.2. If they only existed until some maximal final time
Timaz < 00, then the a priori bounds in Lemma 5.1 would enable us to use Theorem 2.1 in order to
extend the solution beyond T}, and Theorem 2.2 would ensure the regularity of this extension. This
shows that there cannot be a finite maximal time of existence. O

6 Numerical simulations

We perform in this section a series of numerical experiments to demonstrate the dynamics of the system
(1.1) and the effect that the constraints placed on its parameters have. As the primary aim of the paper
is the mathematical analysis of the model we refrain from a detailed numerical investigation and refer
to [39, 14] for more details.

In the first numerical experiment, the parameters we consider satisfy the constraints (1.6), and the
solutions exhibit a smooth profile that smears-out even more with time. In the second experiment we
consider similar initial conditions and a parameter set that violates (1.6); this time the solutions exhibit
steeper gradients and more complex and dynamic structures.

The numerical results presented here should be understood as indications of the influence that the
parameters have on the dynamics of the solutions, not as evidence that the analysis results of this work
are no longer valid when the constraints (1.6) are violated.
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To numerically solve the system (1.1) we first rewrite it in the more convenient form
wi(x,t) = A(w(x, 1)) + D(w(x, 1)) + R(w(x, 1)), xe, (6.1)

with w(x, t) == (cP(x,t), ¢¥(x,1), v(x,t), m(x, t))T, and where

—xpV - C]SDVU)) —HEMT C}f + up gD(l _gs —SD - ) AC?
| —xsV - (¢°Vu | peMrTCc’ FuscP(l—c®>—c” —v) | Ac
Alw) = 0 , B(w) = —mv + py v(1 — S — P =) » D(w) = 0 ’
0 S+ —m Am

denote the advection, reaction, and diffusion operators respectively.

We consider a uniform spatial discretization grid with diameter h, and denote by wp,(t) the piecewise
constant Finite Volume (FV) approximation of the exact solution w, that satisfies the semi-discrete

numerical scheme
owp, = A(wp) + R(wp) + D(wy,). (6.2)

The operators A, R, and D are discrete approximations of the advection, reaction, and diffusion operators
A, R, and D in (6.1) respectively. For the diffusion terms we use central differences, and we employ
central upwind numerical fluxes for the advection terms. At the interfaces of the computational cells we
use values of w), reconstructed by the minimized-central (MC) limiter, [49].

We solve (6.2) with an Implicit- Explicit Runge-Kutta (IMEX-RK) numerical method, [30], that is based
on the time splitting of (6.2), in explicit and implicit terms, in the form

owp, =Z(wy) + g(Wh) (6.3)

In the typical case, and also in the current paper, the advection terms are treated explicitly, the diffusion
terms implicitly, and the reaction terms partly explicitly and partly implicitly. The particular choice
depends primarily on the stiffness of the reaction terms but also on the nature of their (possible) non-
linearity.

For the implicit part of the scheme we employ a diagonally implicit RK method and an explicit RK for
the explicit part

1—2
W;k :wZ+TnZdi,jE]‘+Tn&i,i—1Ei—1a 1= 1,...,8
j=1
i—1
Wi :W;k +TnZai7jIj+Tnai7¢Ii, 1= 1,...,5 5 (64)

Jj=1
s s
o= wp biE; b;I;
Wh - Wh + Tn 14 + Tn 141
i=1 i=1

where s = 4 are the stages of the IMEX method, E; = &(W,), I; = Z(W;), i = 1...s, {b, A}, {b, A}
are respectively the coefficients for the explicit and the implicit part of the scheme, given in the Butcher
Tableau in Table 1, see also [21].

We solve the linear systems in (6.4) using the iterative biconjugate gradient stabilized Krylov subspace
method [24, 48].

Experiment 1. In this first experiment the parameter constraints (1.6) are satisfied. We consider the
domain Q = [-7, 7] x [-12, 5] and the initial conditions

(¢7(x,0), ¢¥(x.0), v(x.0), m(x,0)) = (0.7e st CN=06D", 0, 0.2, 0) (6.5)
with g(z) = 0.7sin(1.4x) + 0.0042 + 2 and x = (x,y) € Q. The parameters are chosen as

(XDs XS KD, Hs, po) = (8-107%, 400, 0.2, 0.1, 2.5-107%), (6.6)
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Table 1: Butcher tableauzx for the explicit (upper) and the implicit (lower) parts of the third order IMEX
scheme (6.4), see also [21].

0
1767732205903 1767732205903
2027836641118 2027836641118
3 5535828885825 788022342437
5 10492691773637 10882634858940
1 6485989280629 _ 4246266847089 10755448449292
16251701735622 9704473918619 10357097424841
1471266399579 4482444167858 11266239266428 1767732205903
7840856788654 7529755066697 11593286722821 4055673282236
0 0
1767732205903 1767732205903 1767732205903
2027836641118 4055673282236 4055673282236
3 2746238789719 _ 640167445237 1767732205903
5 10658868560708 6845629431997 4055673282236
1 1471266399579 4482444167858 11266239266428 1767732205903
7840856788654 7529755066697 11593286722821 4055673282236
1471266399579 4482444167858 11266239266428 1767732205903
7840856788654 7529755066697 11593286722821 4055673282236

and the EMT coeflicient ugyT is set to the constant value ugyt = 0.55. In this experiment we have
considered and compared the cases with explicit and implicit discretization of the EMT terms and the
results were indistinguishable. The discretization of the cell proliferation, the ECM remodelling, and the
rest of the reaction terms is explicit. Note moreover that the parameters satisfy the restrictions (1.6).

We present the simulation results for this experiment in Figure 2, and mostly focus on the dynamics of
the CSCs. We can clearly see that the CSCs escape the main body of the tumour and invade the ECM
in a more dynamic way that the DCCs. We also see the formation of smooth CSC “invasion islands”
that merge with each other and smear-out further. At the same time, the DCCs evolve mostly under
the influence of diffusion.

Experiment 2. In this second experiment, the parameters considered violate the constraints (1.6). In
some more detail, we consider the domain 2 = [-5-103, 5-10%] x [-5-103, 5-10%] and endow (1.1) with
the initial conditions

(cP(x,0), ¢ (x,0), v(x,t), m(x,0)) = (0.7e_5xy<9<1>(x)(y_g(w))2, 0, 0.2, 0) ) (6.7)

where g(z) = 1.5-10%sin(9-10~*2) +2.4- 107522 +2-10% and x = (x,y) € Q. These initial conditions are
similar to the ones in Experiment 1, in the sense that they also represent (a two-dimensional transverse
section of) an organotypic assay with sinusoidal profile, see e.g. [29, 18].

The parameters employed here are inspired by [39], where particular assumptions of biological nature
where made, and they read

(XD, Xs: BDs 1S, fo) = (1.2-10%, 10°, 0.2, 0.1, 0.01). (6.8)

It can be easily seen that these parameters violate the constraints (1.6).

Following [39] again, we set the EMT coefficient ugymT to depend on the DCC density in the following
way

D
Cugmr,1€

HEMT = UM (6.9)

o
Cupmr.2 T Cupmr,1C

The coefficients fiar, Cugyir,1s Cupur,2 > 0 are constants that reflect, through the above relation, the
particular EMT triggering mechanism that is considered in [39]. It can be easily seen that ugy is Lips-
chitz continuous as a function of cP (and also has a Lipschitz continuous first derivative) and satisfies the
required boundedness condition (1.7a). To ease the computations, we have discretized in this experiment
the EMT terms, as well as the proliferation, remodelling, and degradation terms, explicitly.
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Figure 2: Simulation results of the Ezperiment 1. Showing here the spatial distribution of the DCC and CSC
densities at several time instances. The CSCs invade the ECM by forming smooth “islands” that merge and
smear-out further with time. On the other hand, the evolution of the DCCs is mostly diffusion dominated.

The simulation results for this experiment are presented in Figure 3 where, again, we focus on the
dynamics of the CSCs. We clearly see that the CSCs escape the main body of the tumour and invade
the ECM in a more dynamic way than the DCCs. We also see that the dynamics that the CSCs exhibit
are much richer than in Experiment 1, namely they invade the ECM with a number of small waves and
invasion “islands” which, as they interact with each other, they create a complex landscape.

Such invasion-patterns are typical in organotypic assays of several types of cancer, see e.g. [29, 18], and
constitute a sought-for property in the field of cancer growth and invasion modelling and simulation, we
refer indicatively to [7, 2, 41, 22].

Furthermore, it was seen in [39] that the choice of a non-constant EMT coefficient pugymT as in (6.9),
leads potentially to a CSC profile that is substantially lower than the density of the DCC tumour, and
so it remains below “detection levels”. On the contrary, constant EMT coefficients pgymt lead to CSC
densities that quickly rise to the levels of the DCC density and can be easily detected.

This particular property of the non-constant pugnmT (6.9) serves as a potential mathematical explanation
of the difficulty to detect CSCs, and justifies to a large extent, the numerical (in [14, 39]) and analytical
(in the current paper) study of the model (1.1).
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A Parabolic theory

We consider the problem

d
ut—DAu—i—Zaig—u—i—au:fin Qr, (A1)
i=1 i
dyu=0on 90 x (0,7), (A.2)
u(+,0) = up in £, (A.3)

where D € R, and a, a; are real valued functions in Q7. For the initial condition we assume for a fixed
A € (0,1) that
uo(x) >0, wug € C*A(Q), (A.4)

and the compatibility condition
O,up = 0. (A.5)

Furthermore, we assume a bounded domain € with
o0 € A (A.6)

and Qr = Q2 x (0,T).
Theorem A.1l. Let the conditions (A.4) and (A.5) hold, and let the coefficients in (A.1) satisfy

a,a;€ L7(Qr). feLP(Qr) 1<i<d, 0Q€eC?
for d+2 < p and assume that
lim flall o @x(t,047)) = 1 flasll Lo @x (2, 647)) = 0.
Then the problem (A.1)- (A.3) has a unique solution

ue Wy Qr),

which can be bounded by
2-2
lullwz ey < € (I oy + luoll3, (47 ) -

Proof. Follows from [25, Theorem 9.1 p. 342]. O
Theorem A.2. Assume that,

a,a;, feCQr) 1<i<d, 0<T<1, 00eC*
and that (A.4), (A.5) are satisfied. Then the problem (A.1)— (A.3) has a unique solution

u € C/\+27>\/2+1(QT).

Proof. Follows from [25, Theorem 5.3 p. 320]. O
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Theorem A.3. Assume that Q) satisfies a weak cone condition and d € {1,2,3}. If p > 5, then

)
[ullorerasnizgry < Cllullywzrgny, A=1- =

Jor all w e W21(Qr).

Proof. Follows from [25, Lemma 3.3 p. 80]. O

Theorem A.4. Assume that Q satisfies a weak cone condition and d =2. If ¢ > 4 and u € Wg’l(QT)
then

Iullo () < CONlullyzi gy Jor all p>4.

Proof. Follows from [25, Lemma 3.3 p. 80]. O

B Proof of Lemma 3.2

Proof. Let A, be the sectorial operator defined by A,u = —Au over the domain

o}.
I'r

We will be needing the following embedding properties of the domains of fractional powers of the operators
Ap + 1

D(A,) = {u € W2*(Q) with %

14

D ((Ap+1)%) > W)(Q), for B> % , (B.1a)
D ((4p +1)P) = C°(), for B — % > g >0, (B.1b)

and refer to [17, 15] and the references therein for further details.

We consider the representation formula for the solution of the equation for m in (1.1)

t
m(t) = e Aoty +/ e~ (=4, +1) (cD(r) + cs(r)) dr, te (0,7).
B (t) 0
1

By (t)

To deduce a control over m we consider the two components separately.
For By (t).

e If 2 < g < oo, then By and mg have the same regularity, see [17], and hence

1B1(t)[lwe) < Cllmollwa(e)- (B.2a)
o If ¢ < 2, then

1B1(®)[lwr0) < 1B1()llwp ) < C llmollwya)- (B.2b)

For Bs(t).

We consider the analytic semigroup (e’tAP) which has the properties

t>0°
(A, + 1) Aty 1) < et e |Jul| s

for all w € LP(Q2), t > 0, and for some v; > 0, and

— 1
e tA,JuHLq(Q) <ct 2 “)HUHLP(Q)
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,forallt € (0,1) and 1 < p < g < o0, see also [17].
Accordingly we can write the following LP-L? estimate, for 7 > 0
(A, + 1P e ul Laa) =II(A, + 1)Pe AV ™ eTu| Lo
§CT*ﬁe*”ITHe*TAPeTuHLq(Q)
= s e
Sé’r_ﬁ_%(%_%)G(I_UI)T”UHLP(Q),

or by setting t = 27,

,(ll
2\p ¢

-B
_ [t )t
14y + 1) e | oy <é (2) 05 ful| Loy

<Ct P 2Gm0) Ml 5 | u| Lo
<Ot 5G| o (B.3)
for some p > 0.

Applying now (B.3) to B, it reads
t
_B—d(L1_1) _ 4y
1 (Ay +1)? Bl ey < © / (t =) P20 e ) () | Lo ey dr

t
< cs%pnu(t)um(m/ (tfT)—B—%(%—%)w(t—r)dr’
0

where the integral is finite, and in effect Ba(t) € D((A, + 1)?), as long as

—B- g (; - ;) > 1. (B.4)

In order to obtain bounds for suitable norms of By (and m) we distinguish the following sub-cases:
e If p < d then there exist 3 < 8 < 1 such that (B.4) reads
1
R EFICEN
By the embedding now (B.1a) of the domain of the operator (4, + 1)6 we deduce that
I1B2(t)llw ) < C, (B.5)
which along with the bounds (B.2a) and(B.2b) of || B;]| leads to (3.2).

q <

e If p = d, the condition (B.4) recasts into

1, d
<7 J—
B 5 T3

which is satisfied by some % < B < 1 for every g > p = d, and thus (3.2) follows for ¢ < occ.
e If p> dthere by (B.4) 8 <1— % + 2% and since %—i— % <1l-— % + 2% there exist S such that

1+i<6<1—i+i
2 2q 20 2q°

such that the embedding (B.1b) is valid for § = 1, and reads
from which (3.2) yields for ¢ = co.
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