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Abstract

We present new linear energy-stable numerical schemes for numerical simulation
of complex polymer-solvent mixtures. The mathematical model proposed by
Zhou, Zhang and E (Physical Review E 73, 2006) consists of the Cahn-Hilliard
equation which describes dynamics of the interface that separates polymer and
solvent and the Oldroyd-B equations for the hydrodynamics of polymeric mix-
tures. The model is thermodynamically consistent and dissipates free energy.
Our main goal in this paper is to derive numerical schemes for the polymer-
solvent mixture model that are energy dissipative and efficient in time. To this
end we will propose several problem-suited time discretizations yielding linear
schemes and discuss their properties.

Keywords: Two-phase flows, Non-Newtonian, Navier-Stokes, Cahn-Hilliard,
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1. Introduction

Phase separation in binary fluids is a fundamental process in condensed-
matter physics. For Newtonian fluids the phenomenon of spinodal decomposi-
tion is reasonably well understood in terms of the so-called “model H” [, 2] [3],
where the hydrodynamic equations of motion for mass and momentum con-
servation are coupled to a convection-diffusion equation for the concentration
(or in general the “phase field” variable ¢), and the thermodynamics, which
is described by a (free) energy functional E(¢), gives rise to a driving force,
see, e. g., [ B [0, [7]. In such “diffuse interface” or “phase field” models, the
interface between two phases is a thin layer of finite thickness, across which ¢
varies continuously.
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A big advantage of such models is that interfaces are defined implicitly and
do not need to be tracked. Similarly, topological changes of the interface struc-
ture are automatically described correctly. The physics (and therefore also the
mathematics and numerics) becomes more involved if one component — or both
— is a macromolecular compound. In this case, the large molecular relaxation
time gives rise to a dynamic coupling between intra-molecular processes and
the unmixing on experimentally relevant time scales, with interesting new phe-
nomena, for which the term “viscoelastic phase separation” [8] has been coined.
Here the construction of physically sound dynamic equations with suitable con-
stitutive relations to describe the viscoelasticity is already a challenge in itself.
Tanaka [8] made the first attempt in this direction; however, Zhou et al. [7]
showed later that this dynamics violates the second law of thermodynamics and
provided a corrected set of equations that satisfy it. We thus study the diffuse-
interface viscoelastic equations put forward in [7] for the case of the unmixing
process of a polymer-solvent system.

Typically the interfacial region separating the two fluids is very narrow, and a
high spatial resolution is required to accurately capture the interface dynamics.
In fact, the underlying problem is stiff, which necessitates an implicit time
discretization. Moreover, the solution admits several time scales over which it
evolves, cf. [9]. In the literature one can find already several numerical methods
that have been used for the numerical approximation of diffuse interface models,
see, e. g., [10, [0, 9, M1l [5] and the references therein.

In order to describe the dynamics of a complex polymer-solvent mixture,
the Cahn-Hilliard equations for the phase field evolution are coupled with the
Oldroyd-B equations, which consist of the momentum equation for the velocity
field, the continuity equation, and the rheological equation for time evolution of
the elastic stress tensor. We note in passing that there is quite a large number of
analytical as well as numerical results available in the literature for the Oldroyd-
B system, see, e. g., [12, 13} [14] [15]. The main challenge in this field is to obtain
a stable approximate numerical solution for large Weissenberg numbers. The
dimensionless Weissenberg number represents elastic effects; it is large when
the molecular relaxation time is comparable to the time scale of the flow, or
even exceeds it significantly. In the present work we consider the non-critical
regime of Weissenberg numbers. Applying the techniques from [13, [15], a further
generalization using the log-transformation of the elastic stress tensor and the
Lagrange-type approximation of the convective term is possible.

The purpose of the present paper is to derive energy-stable and runtime-
efficient numerical schemes to solve the above-mentioned equations. This task
has already been tackled by us in a preliminary fashion before [16], from which
paper we have also taken most of the wording of the present introduction. Com-
pared to Reference [16], we have significantly improved the results, and also
provide a much broader context and far more details.

The paper is organized in the following way. In Section [2] we present a
mathematical model for the polymer-solvent mixture consisting of the Cahn-
Hilliard equation for the interface dynamics and the Oldroyd-B equations for the
hydrodynamics. We also introduce a simplified model modelling only interface
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dynamics of the polymer-solvent mixture without any hydrodynamic effects.
Section [3]is devoted to problem-suited numerical methods for both models. We
present first and second order schemes that are linear and energy dissipative.
We start with numerical methods for the simplified model and continue with
corresponding methods for the full model for polymer-solvent mixture. For
the latter we propose two types of linear, free energy dissipative schemes, fully
coupled schemes in Subsection [3.2| and the splitting scheme in Subsection [3.3
Numerical experiments presented in Section [f] confirm the schemes robustness
and reliability to simulate viscoelastic phase separation.

2. Mathematical models

A classical approach to model interface problems is the diffuse interface the-
ory that describes the dynamics of the interfaces by layers of small thickness
whose structure is determined by a balance of molecular forces. Here the ten-
dencies for mixing and de-mixing are in competition through a non-local mixing
energy. Diffuse interface models are able to treat topological changes of the in-
terface in a natural way. The surface motion is governed by the Cahn-Hilliard
equation, see [I7], that can be derived as the gradient flow of a phase-field free
energy functional

Bnin0) = [ (G196 + F(@). )

Here ¢ denotes the phase-field variable that is used to express the two phases of
the system. The phase-field function varies smoothly over the interfacial regions.
Further, Q2 is a computational domain with Lipschitz continuous boundary, Cj is
a positive constant controlling the interface width and F(¢) denotes a double-
well potential that represents the tendency of a system to have two different
stable phases.

A simple potential that satisfies these conditions is the Ginzburg-Landau
potential

Fpo(6) = 367~ 17, )

which is defined on the whole real axis, and whose minima occur at ¢ = +1.
This potential is quite often studied in the mathematical literature, see, e. g.,
Elliot and Zheng [18] or Elliot and Garcke [19, 20]. From a physical point of
view, the Flory-Huggins potential [21] [22]

Fiog(9) = Mo+ ——(1 — §)In(1 - ) + x6(1 — 9), g

which is defined on the interval (0,1) and has two minima within, describes
polymer-solvent phase separation more accurately, as it has been derived as a
Mean Field theory for polymer systems. In , np and ng denote the degrees
of polymerization of the two components, while y > 0 is the (temperature-
dependent) Flory-Huggins interaction parameter and we measure the free energy
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in units of the thermal energy kT, where kg is the Boltzmann constant and
T the absolute temperature.

For purposes of the proofs to be presented below, we mostly consider the
Ginzburg-Landau potential as defined in , however with the modification
proposed in, e. g., [23, 24], where the steep increase ~ ¢* outside [—1,1] is
replaced by a weaker quadratic rise,

(¢+1)2 ¢< _17
Fpol = i((ZSQ - 1)2 ¢ € [_17 1]7 (4)
(¢p—172 ¢>1.

This modified potential is defined on the whole real axis and has a bounded
second derivative. These properties facilitate to establish some bounds needed
in the proofs. Thus the Ginzburg-Landau potential allows the derivation of
schemes that are energy-stable even though they are linear. It is also possible to
derive schemes that are more generally applicable; one of these latter schemes
is applied in our numerical experiments, in which we use the Flory-Huggins
potential in order to facilitate comparisons with computer simulations of a quasi-
atomistic model [16].

Now, the Cahn-Hilliard equation can be derived from the mass balance law

¢
T -V-J,

where the mass flux J is defined as
J=-—m($)Vp.

Here
m(¢) = M (¢(1 - ¢))"

denotes the mobility function with M a positive constant, n € Ny and p denotes
the chemical potential such that

O0FEm;
== — _ChA .
ni= s 0Ad + f(9)
Here 5%’”’* is the variational derivative of the mixing energy and f(¢) = F’'(9).

Gathering this equations yields the Cahn-Hilliard equation

2 v (M- o) V]~ Codot ()]} )
Dynamics of Newtonian two-phase mixtures is usually described as the gradient
flow of the free energy consisting of the mixing energy FE,,;. and the kinetic
energy Fyi,. This leads to the coupled Cahn-Hilliard-Navier-Stokes system. In
order to include the influence of polymers in such a system we extend it to
a viscoelastic phase field model. This has been done at first by Tanaka [§] by
adding viscoelastic energy due to the bulk and shear stress, here the separation of



os the total stress tensor into a bulk and a shear part was motivated by Tanaka and
Araki [25). This model violates the second law of thermodynamics, i. e. it is not
free energy dissipative. In the recent paper [7] Zhou, Zhang and E propose an
improved model for the viscoelastic phase separation that is thermodynamically
consistent.
The total free energy E is given as

Etot ((ba q,0, ’LL) = Emm(¢) + Ek:in (’LL) + Econf (Q> + Eel (0)

:/Q(%WMQ—I—F(Q&))—I—/Q%\U|2+/Q%|Q|2+/Q%tr(0)v (6)

where wu is the averaged velocity field of the two components, ¢ the scalar bulk
stress with Eoy, s the corresponding chain conformational entropy of the polymer
molecules and o the shear stress tensor with E,; the corresponding elastic energy
of the polymer molecules. Recalling that the chemical potential y = —CyA¢ +
f(¢) and that we work with the Flory-Huggins potential (3)), i.e. ¢ € (0,1), we
obtain by the variational principle of the free energy minimization following the
standard procedures of nonequilibrium thermodynamics, see [7],

% +u-Vo=V- {¢>(1 - ¢)M[¢(1 — )V — V(A1(¢)q)}} :
% tu-Vg= —ﬁq—fh(@v : {M[qb(l — )V — V(A1(9) q)]} :
oo

1
S+ (- V)o = (Vu)-o + o (Vu)” - —g° t B) [vu + (vu)T} :

%’: F(u-Viu=-Vp+V. {n(¢)[Vu+ (Vu)T]} —V (CoVoRa V) + V-0,
V-u=0,

(7)
where 7,(¢) = 70 ¢? and 75(¢) = 70 $? are the relaxation times, Bz(¢) = m? ¢?
is the relaxation modulus, and 7,79 and m? are positive constants. A;(¢) is
the bulk modulus. The precise definition will be given in Section @l Further,
n(¢) = 1 — 75(¢)Ba(¢) is the viscosity which is dependant on the relaxation
and p is the pressure. For the aforementioned mobility the quartic function
m(¢) = M (¢(1 — ¢))* is used.

Zhou et al. [7] also considered the special case of model without hydrody-
namic transport, i. e. u = 0. Note, that we use the same symbol 0 for a scalar,
a vector or a matrix. The resulting simplified model reads

% =V. {¢(1 - ¢)M[¢(1 — )V —V(Ai(9) q)] } ; .
% _ _Tbg(ﬁ)q — 4(6) - {M[6(1 - )V - V(A1(0)q)] -
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In literature we can find already several well-established numerical methods
for the Cahn-Hilliard equation (5)), see, e. g., [10, [6, @, I, B]. In order to
understand the crucial properties of the viscoelastic two-phase model we
start by discussing its simplified version in the following subsection. For the
sake of simplicity we will call model the full model and its simplification
the simplified model.

2.1. Simplified model (without hydrodynamics)

In a special case when the hydrodynamics effects are neglected, i. e. u = 0,
the total energy of the system consists of the mixing energy and the chain
conformational energy

Buo(600) = Bie®) + Eeons(@) = [ (FAV0P + F (@) + [ Gha. (0)

The minimization principle yields the simplified model .

Theorem 2.1. The problem satisfies the following energy law

dEtot (¢7 q) o ]-

q
¢

dt T

M- ove-va@al )
L2(Q2) Q

Proof. Multiplying 1 by @ and integrating over the computational domain
Q, assuming suitable boundary conditions (e. g. periodic boundary conditions),
and applying integration by parts we obtain

/Q%M_/Qv_{¢(1_¢)M[gb(1—(b)V,u—V(Al(@CI)}}/‘

6 Ot 8¢

PBnia(@) / M[6(1~6)Viu = V(A1(0)0)| [6(1 ~ 6)Vu| = 0.

+ /Q {6(1- DM 60— 9)Tu - V(41(0) )] } T

Further, multiplying 2 by ¢ and integrating over (2 with suitable boundary



conditions yields

/Q %H /Q sz@ &+ /Q 410 {M[60 - 6)Vu-V(4i(6) )] }a

/{2;%(22+/QT£1¢2(12+/QV~M[¢(1¢)VMV(A1(¢)Q)}A1(¢)Q

- () L)
- /Q M {¢>(1 — )V —V(Ai(9) q)} V(4i(¢)q)

2

dEcon 1
£(q) n

o dt 7'19

q

Pl 20
+/QM[¢(1 —¢)VM—V(A1(¢)(])} [_V(A1<¢)q)} _o.

Then, adding both relations we obtain

dt dt )

dEmlm dEcon 1
(9) , dEensla) |

4
¢

2

L2(Q)
+ [ 3 [601=6)Vi = V(a1 (0)9)] [001 — )75 = VAr(9)0)] =o0.

which is the desired energy law . O

2.2. Full model (with hydrodynamics)

In this Subsection we consider the full two-phase model for viscoelastic phase
separation @ The total free energy of the system consists of the mixing energy,
the conformation energy, the elastic energy and the kinetic energy

Etot (¢)7 q,0, U) = E’mzz(¢) + Econf (Q) + Eel(a) + Ekzn(u)

N /sz (%‘V(W +F(¢)) "‘/Q%|Q|2 +/ﬂ%tr(a) _|_/Q %\u|2 (11)

In order to prove that a solution of dissipates the total free energy in time
we need the following lemma.

Lemma 2.1. The following relation holds

V- (@Vos Vo) = ¥+ Y (LvoP + Fla)) (12)



Proof. For e; the i-th unit vector and d the spatial dimension the following
relation holds

d 1 09 T
s (S

j=1
2
Oz

¢ —a 6¢a2¢ P2p 09
87 0 8@8%871:] “

3

|
Q

d

d

4526 2, Co 0 &
SO I8 Dp- 223%2(@) 2

j=1 J o oi=1 =1 j=1

4926 L 96 e L, WNLNAF VA ¢
S DL 228%2(8) ( —f(¢)> 2,

j=1 J o oi=1 =1 j=1

4526 ¢ Co <3¢)2
- |c =0 XY +F
( szlaxj )Za 2; @i (2 ; Ox; @)
C
= (2o~ f6)Vo+ v (L1vor + Fo))
C
= —uVo+ V(S IVol + F(g)) -
O

Now, we introduce the new pressure term p = p+ ] |Vo|? + F(¢). Together
with equation this allows us to rewrite system (|7)) as follows

8 VoV {60 -6 [o01 ~ )V - V(@) a)] } =0,

0q

S ue Vo (¢)q+A1(¢)v {M[o0-0)vu-v(a@) 0]} =0,
Jo
ot

ou
ot

+(u-V)oe — (Vu)-o —a-(Vu)"

+ Ti@a — By(¢) [Vu + (Vu)T} =0,

+ (u V)u—v.{n(¢)[Vu+(w)T”+Vﬁ—w¢>—va:o,

V-u=0.



Theorem 2.2. System obeys the following energy law

q

dEtot((ba q,0, ’LL) _ ]'
dt

_ / M[¢(1 —¢)Vu—V(A1() Q)r
Q

L2(Q)

- /ﬂ 5@ |, L i_ (Z;” + ZZ) - (1)

Proof. Analogously to the derivation of the energy law , 1 is multiplied

by p and 2 by g and both are integrated. Assuming suitable boundary
conditions we obtain

dEmm(qu) + dEconf( )
dt dt

o

Further, we multiply 3 by %]l, where 1 is the unit matrix, and integrate over
Q. Taking into account that for all A € R™*",n e N,A: 1 =tr(A-1) = tr(A)

we get
[(5) oo [Lmrsaom
- /Q #wtr(aHBz(@tr(Vu)
N

1
—|—/Q2T5(¢)tr(a)+/QB2(qﬁ)(V'u)

q

ol

1
Ty
- 9)Vu- V@) + [ u-vou=o.

Q
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Multiplying (T3), by w and integrating over € yields
[ ut [ olp+ [ {ao)[vus (Tw]} s ve
~ [ H w0 ut Vo
= [0 [+ [ o) ival + 7 (v |}
/Q w- Vou + / o Vu

2
_ / Z(@uz auy) 7/u.v¢‘u+/g-;v'u,zo.
a.’Ej 8361 Q Q

Summing up the above relations we obtain the energy law . O

Remark 2.1. We should point out that the elastic stress tensor o does not
necessarily need to be positive definite. Thus, tr(o) in the energy law 18 not
necessarily positive and could therefore interfere with the energy dissipation. To
control this we introduce the so-called conformation tensor ¢, ¢ := #w)a + 1,
where 1 is the identity matriz. By its definition the conformation tensor c
is positive definite. In [26] Hu and Leliévre studied the classical Oldroyd-B
model with Ba(¢) = const. and 74(¢p) = const.. They were able to prove that
if the determinant of the initial conformation tensor is greater than one, then
tr(o) > 0 for all times. This result indicates that it is important to control
the initial data for the elastic stress o in such a way that the determinant of c
18 enough large in order to get an elastic stress tensor which remains positive
definite as well.

Remark 2.2. Since the full model is incompressible, it holds V - (uw) = u -
Vw+ V- -uw =u-Vw, w € {p,q}, for the advection terms, allowing us to
rewrite model as follows

%‘f + V- (up) — V- {61 — )M [6(1 - 6) Vi — V(41(6) )] } =0,

dq 1

a0tV @)+ gt MOV M0 -6V = V((6)a)] | =0,

Jo 1

ot Vo= (Vu) oo (V)T + o~ Ba(0) [Vu+ (Va)"| =0,
ou

=+ (u V)u—v-{n(¢)[Vu+(Vu)T}}Jrvmwu—v-a:o,
V-u=0,

10
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where the pressure term p = p — ¢u. This model will be useful for our new
splitting scheme in Subsection [3.3.

In what follows we will write for the sake of simplicity p instead of p and p.

3. Numerical schemes

3.1. Schemes for the simplified model

We start this Subsection proposing the one step numerical scheme for the
simplified model . We consider an uniform partition of the time interval [0, T']
with a constant time step At¢. Given (¢",¢") from the previous time step we
compute (¢" 1 ¢"*t1) such that

n+l _ in ) .
T v o g [en( - eVt - V(A ] =0,
qn+1 _ qn 1 n+%
BRItk
+ A41(¢")V M [gn (1 - ) TR = V(a6 )] =0,
(16)
where

;U‘TH_% = —COAan-i_% + ']('(¢577’-~_]‘7 ¢n) .

n+1 n n+1 n
Here we use the notations ¢"+2 = % and "tz = 4 -4 that are the
Crank-Nicolson-type approximations.

Theorem 3.1. Let f(¢" 1, ¢™) represent a suitable linearized approximation of
f(¢) = F'(¢). Then the resulting numerical scheme is linear and satisfies
the following discrete version of the energy law

n+%

Eior(¢"*,¢" ") — Eror(6", ") _ _NDH 1
(bn

At phobic 7—719

q

L2(9)
- [afera—enwartt - v ) an

where

A A o (A B A ()
/.

1
ND'!‘L-‘,-l‘ = n+1 n
phobzc Kz f(¢ 7¢ ) At At

Depending on the approximation considered for f(¢" 1, ¢™), we obtain different
numerical schemes with different discrete energy laws, see Remark [31].

Proof. 1t is clear that the proposed scheme is linear. The discrete mixing and
conformation energy can be derived following the same calculations presented

11
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in the proof of Theorem Multiplying 1 by ,u"‘*‘%, integrating over € and
applying suitable boundary conditions yields

Emix(¢n+1) - Emzx(¢n) “+1
At + ND;hobic

+ [ wrfona - vt = viaen) ) o - emvaet] o,

Analogously, multiplying (162 by q”*é, integrating over 2 while assuming suit-
able boundary conditions implies

gtz

¢n

Econf(q”—i_l) - Econf(qn) + i
At TZ?

L2(Q)
+ [ arfor—enywirt v e ] [~ Vet <o,

Summing up both relations leads to the discrete energy conservation law .
O

The numerical scheme is linear and first order in time. We propose
a linear second order numerical scheme by using a second order extrapolation
for the explicit terms, arriving at a two-step numerical scheme, obeying an
analogous discrete energy law as scheme . The proposed linear second order
numerical scheme reads

¢n+1 _ ¢n

At
—V - {o" 1" M 6" H (1 - " H VT - V(A (678 )] | =0,

qn+1 _ qn n 1 anr%
At (o7 2)
1

+ A (¢" )V - {M[fbn‘i(l o Rt E - V(A (67 ) qn+%)]} —0,

(18)
where ) )
/J‘n+§ = _COA¢H+§ + f(¢n+17 ¢n) )
and 34 — g1
(b 2 = f

is the second order extrapolation at the intermediate old time level ¢,,_1/5. In
order to compute the pair (¢!, ¢*) from (¢°, ¢°) a second order one-step nonlinear
scheme could be considered. We overcome this by setting ¢~! := ¢° and thus
solving the first order scheme in the first time step. As long as the initial data
is sufficiently smooth, the influence is usually negligable for 7' > 0, see the
experimental order of convergence (EOC) presented in Section [d] Table

12



Definition 3.1. A numerical scheme is called energy-stable if for any n € N

Etat(wn+1) < Etot(wn)a

+

where w™ T and w™ are the solution vectors at times t, 1 and t,, respectively.

Remark 3.1. The choice of the approzimation for f(¢"1, ¢™) strongly de-
pends on the given potential F(¢). Anyway, in order to obtain an energy-stable

. o, n—+1 .
numerical scheme it is necessary that NDphobic >0, 1 e

" " ¢n+1 _ ¢n F(¢n+1) _ F(¢n)
IR e e e

In the literature the Ginzburg-Landau potential Fy s often used, however
with the above-mentioned modification proposed, e. g., by Wu, van Zwieten and
van der Zee [23]. This potential F has a bounded second derivative,

£ ooy = 1f 1l Loe(=1,1) = 2.

For this case we propose to use, following Guillén-Gonzdlez, Rodriguez-Bellido
and Tierra [2])], the linear first order approzimation

F&™ 6" = 6" + SIF (87— 67) = F(67) + " = 6", (19)

which has been shown [Z]|] to satisfy NDZ;'OlbiC > 0.

For the linear second order approximation we suggest to use the convez-
concave splitting of the potential, which has been proposed by Wu et al. [23].
The corresponding approzimation for f(¢"t1,¢") consists of two second order

Taylor approximations and reads

n+l ny\ __ n+1 ¢n+1 7¢n / n+1
f2(¢ ad) )_fvex(d) )_ffvex(qs )
(20)
n ¢n+1 B an / n
+ fcaue(¢ ) + ffcrwe(d) ) .
Since the convex part reads fyer = 2¢, approrimation (@) is linear. Note

that the derivative of the concave part, feqve = ¢° — 3¢, is nonlinear and thus
calculated explicitly. Further, to achieve energy stability by using approrimation
, the chemical potential has to be modified in the following way

PR = — oA E 4 fo(¢" T, 0")
(21)

2
At (”féez”lzm(*l,l) + || - féaveHLm(*l,l)) A(ﬁn—i_% )
16

We note that the Flory-Huggins potential Fiog is logarithmic and its deriva-
tives are unbounded. Consequently, the choice of linear approzimations for

13



(@1 ¢™) while utilizing this more accurate potential is severely limited. To
ensure energy dissipation without modifying the potential, it is necessary to use
a nonlinear approzimation for f(¢"1,¢™). Since we are focussing on linear
schemes we propose to use the second order Taylor approximation

¢n+1 _ ¢n

Fa(e 07 = flom) + T ). (22)
us  This is called the “optimal dissipation 2”7 (OD2) approzimation, see [G], because
it leads to NDZ,;ll)ic = O(At#?). However, using this approximation it is not

possible to control the sign ofND;L;'Olbic. Nevertheless, our numerical simulations

presented in Section |4 suggest that the dissipation of the total energy is not
violated.

150 In the recent work [27] Yang and Zhao have proposed a modification of Fiog
introducing a suitable cut off function close to the boundaries in order to achieve
the boundedness of the derivatives. Consequently, we can, e. g., use the above
mentioned convez-concave splitting with a modified chemical potential .
We may thus achieve a linear, second order and provably energy-stable numerical

155 scheme, using a modified Flory-Huggins potential. Verification of this question
1s left for a future work.

3.2. Coupled schemes for the full model
In this Subsection we present fully coupled linear energy dissipative schemes
for the full two-phase model for viscoelastic phase separation . Given

(o™, ¢™, o™, u™) from the previous time step we compute
(¢nTL gn Tt ontt untl pntl) such that

¢n+1 _ ¢n

R n+1 n
AL +u Vo
=V {on (- ¢ [97(1 - 6"V TE - V(A (6") )]} =0,
n+1 n
q —4q n n+i 1 n+i
+u" -V 2 2
At ! (oM !
+ A41(¢)V M [gn (1 - o) TantE = V(A )] b =0,
o'l —o" +1 +1\T
T+(u”~V)a”—(Vu" )-o" =" (Vumth)
1 1
+ ————0" = By(¢"7) |[Vu T + (Vu" )T | =0,
Ts(¢n+§) [ }
M + (’u,” . v)un+1 _Vv. {n(¢n) [VunJrl + (V’u,n+1)T} }
At
+ vpn-i-l _ Mn-ﬁ-%v(bn —V-0"=0,
V . unJrl _ 07

14



where
PR = —CoAG™TE 4 f(o"H ™).

Theorem 3.2. The numerical scheme is linear (up to the approximation
considered for f(¢"t1, ¢")) and satisfies the discrete version of the energy law

(14)

Etot (¢n+17 qn—l-l’ Un+1a u71+1) - Etot (¢na qn’ a.n’ un)

_ n+1
At - _NDphobic
2 1 +11?
n n n+s 3 n—+s qn 2
= [ Mo - vt - Ve ) - |1
@ Bl e

1 1
_ ny _ n+l _ . nj|2
L s ) gl = e

d 1 n+1 2
n(¢") Qui ™t Ouj
— L 24

ij=1

where

m—gn F(¢m!) — F(¢™)
NDn+1- = n+1 n ¢ 7/ .
e
Proof. Analogously to the derivation of the discrete energy law (17)), (23); is

multiplied by x" 2 and ([23)2 by ¢""2. Integrating both equations over Q and
summing them up we obtain

Emiz(8"") = Emia(0") | Eeons(4") — Eeonys (q")
maix mix con con NDn+1 .
At + At + phobic

n+%

qsn

1

+ = ||
Ty

1 1 2
+ [ Mo - vt - Ve )
Q

L2(Q)

+ [t vt <o,
Q

Further, we multiply 3 by %]l and apply analogous calculations as for the
shear stress part of the continuous energy law

n+1y _ n
Ee(0"") — Ea(a") — / o" : Vut! +/ %tr(oﬂ) =0.
At Q Q 2Ts(¢n+§)

Multiplying 4 by ™! and integrating over € leads to

2
u" ! u n+1 7(¢ ) : éu? ! uj '

i,7=1

— / AR L ias +/ o Vu't =0,
0 Q
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where

n+1 n
u —u . n+1_i n+12 _ ,n ,ntl
—ay = A [w" " —u™ - u
Q Q

1
— 2At/ﬂ|un+17un|2+|un+1|27|un‘2

1 Erin(u™™) — Epin(u™)
— n+1 n|2 kin kin
= m”u —u" |20 + A :

The discrete energy law is achieved by summing the above relations. [

Remark 3.2. It is possible to eliminate the term 5 [u™t* — u”H%Q(Q) from
the energy law, considering the following linear one-step scheme.

¢n+1 _ (bn +un+l

At Ve
=V {on (- e [9"(1 - 6"V TE = V(A (6") )]} = 0,
qn+1 —qn n n+% 1 n+%
A TV G
+ A1)V M [gn (1 - o) TantE - V(A )] =0,
%t_an + (U V)e" — (Vu'3) . 0" — " (Wn+%)T
1 n nti ntiy _
+Ts(¢”+1)a —Ba(o " )2D(u - )=0,
n+l _ . n ) ) )
e+ V= f(em2D @t |+ vt

—//”“%qu”—v-a"zo,

Vou'tz = 0,
(25)
where ) )
pitE = —CoAg™ = + f(p"H, 9"),
and
n+l 1 nt i nt+I\T
D(u 2):§[V“ b (V) ] .
Analogous to scheme , using the second order extrapolation 2T =
%, z € {¢,u, o}, for the explicit terms in scheme yields the following

16



linear and second order in time two-step numerical scheme

¢n+1 _ ¢n

At
—V - {o" 1o hM e (1 ¢ H VT - V(A (e ) )] | =0,

+untE . vene

n+l _ n
A L R ST S
At (" 3)

F AL HY M- o VTt - V(A 6 ] =0,
T

n+%

q

n+l _ —n
A A7 7 4 (W2 . V)o" 7 — (Vu't2) . ¢" 2 — g™ 3. (Vu"Jr%)
]. 1 1 1
" By(6"TH)2D () =0,
# e - Bl ()

Nl=

-V W(cﬁ"’%)ﬂ?(u”*%)} +VpE -t tEVETTE — Vo = 0,
VouttE = 0.

(26)
Scheme satisfies an analogous discrete energy law as scheme .

Remark 3.3. Note that for small shear rates D(u) and the Weissenberg num-
bers 70 that typically arise in our numerical experiments, the stiffness of the
Oldroyd-B equation does not play a dominant role. If it is required the high
Weissenberg problem can be treated by using additional techniques like the log-
arithmic transformation of the conformation tensor or considering the stress
diffusion term in the evolution equation for o, for more details see, e. g.,
Lukdcovd-Medvidovd, Notsu, and She [15]. For large shear rates an implicit
approzimation of the elastic shear stress is suitable, but it hurts the linearity of
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165

170

a numerical scheme. The proposed modification of scheme reads

¢n+1 _ (bn

A A n+l n
AL +u Vo
=V {or - g [9m(1 - 6"V tE - V(A (6" )]} =0,
n+1 n
4 —4q n n++ 1 ntl
- - + u’ - v 2 + 3
At q Tb(¢")q
+ A41(¢")V M [gn (1 - o) TR = V(A6 )] =0,
O'TlJrl —o" ntl n+1 n4i n+1 nt1 nal T
T—F(u -V)o" — (Vu"T2). 0" — 0o ~(Vu )
]. 1 1
+ ———o" T 4 By(¢"T2)2D(u"T2) =0,
TS((bn) 2( ) ( )
At u u — n u P
_ Mn+%v¢)n _ V . a_nJrl _ 0,
Vou'ts =0.

(27)
Scheme also satisfies an analogous discrete energy law as scheme (25)).
Note that we can linearize scheme by, e. g., using a fixed point iteration,
see Remark . Further, using the idea presented in scheme concerning
the extrapolation of the explicit terms, while utilizing the Crank-Nicolson-type
approximation ot for the implicit terms, we can obtain a second order two-
step numerical scheme.

3.8. Splitting scheme for the full model

In this Subsection we present yet another possibility to discretize system
. In order to save computational costs we split the computation into three
different substeps. The first two steps are the interesting ones allowing us to
decouple the calculation of the fluid part (u,p) from the phase field and bulk
stress parts (¢, q). The third step is the calculation of the shear stress part o.
In the first step we discretize the simplified model.

18



Step 1. Find (¢"*!,¢"*!) such that

n+l _ In
O G e

=V {on (- e M [¢"(1 - 6"V E - V(A (6" )|} =0,

n+1 n 1

qi n n+ n+%
AL +V-(u )+Tb(¢n)q
+ AL @V M6 (1 - oMt - V(e ]} =0,

(28)

where ) 1

‘un+§ — _C«OAd)nJrE + f(¢n+1,¢n)’
and

u' =t = AtV (29)

to split the phase field part from the hydrodynamic part. In the second step we
discretize the fluid equations as follows.
Step 2. Find (u"!, p"*1) such that
un—i—l _ ’LL*
At

V-u"tt =0.

+ (U Vut - v {n(¢n+%) 2D(u"+1)} + VT — V.o =0,

(30)
s Finally, in the third step we approximate the Oldroyd-B equation for the time
evolution of the shear stress tensor o.
Step 3. Find 6" "' such that

0.n+1 — o™

A + (un+1 . v)a,n _ (Vun+1) o — o™ . (vun+1)T

) (31)

+
Ts (¢n+§)

Theorem 3.3. The numerical scheme - is linear and satisfies the dis-
crete energy law

0" — By(¢"t2)2D(u") = 0.

Etot((bn-‘rlaqn+17an+17un+1) - Etot(¢naqn7an7un) _NDn+1 _ NDn+1

At phobic split
1 172 1 nt+3i
= [ Mo - vt - Ve ) - |1
@ Bl e

1 . ¢71+ d n+1 8U;L+1 2
_/QQTS(M-&-%)H(U ) - / Z ( O0x;j ox; > (82)
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180

185

190

where 1
ND, = ﬂ(”“"“ —w|[Ta ) + llu — “n”%*“(m) '

Proof. Similar to the proof of the discrete energy law we multiply 1
by p"te, ([28)2 by q"te, [B0): by u"!, and by 11, and integrate over €.
Assuming suitable boundary conditions the derivations of the discrete elastic
energies are analogous, while the calculation of the discrete mixing energy leads
to the additional term fQ (u* o™ n+3. The key idea of the splitting scheme
lies in matching this term with fQ a7 (u"tt —w*) - w1 This is possible by
multiplying expression (29)) by u* and integrating over (2, which yields

[l = [urew = [ Atorvethew

/ u+/AtV )"

This can be rewritten as follows

* m\ n+i 1 * n *
[vowonest = L (10 - [ urew)

1 . § o
B TAt(H" 1220y = 1™ 120y + [luw” —w ||2L2(Q))'

Now, since

1 1
)t = ([ R g~ )+ B )
/Q Al AL L2(0) L2(0) L2(9)

the additional terms :I:2 v ||%2(Q) are canceled out and we obtain the desired

discrete energy law . O
Consequently,
Etot(¢n+17qn+17 o_n+1’,u/n+1) S Etot(¢n,qn,o_n,un)’ (33)

provided that we control N D;,;ii .» since all other terms are non-negative. In-
deed, even using the OD2 approximation , our numerical experiments in
Chapter (4| suggest that the energy dissipation holds, see Figure

Remark 3.4. To further reduce the computational costs of our splitting scheme
in Step 2 we propose to use Chorin’s projection method, see Chorin [28]. This
well-known algorithm allows to decouple computation of the velocity and the

pressure of system .
Step I. Find u! such that

ut —un T 1
n T . n T T n nts _ L —
WVl -V {ne™) [vul + (vu!) ']} + oVt -V o
and thus o ;
u” —u n+1
At VP (34
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Step II. Applying the divergence to yields

AVER i v )

= Ap"tt.
At P
Consequently, due to the incompressibility condition V - u™*! = 0 we find p™+!
such that ;
V-u
A n+1 — _
P At

Step III. Since u' and p™*' are now known, we find u™*' by solving (34).
w5 In summary, instead of solving a coupled system for (™1, p"*t1), we compute
(ul, p" L un*th) in a decoupled way.

Remark 3.5. For large shear rates D(u) an implicit approzimation of the shear
stress would be suitable, but it would hurt the linearity of the numerical scheme,

see also Remark . The proposed modification of and reads
Step 2. Find (o™, u™t p"*tt) such that
o.nJrl —o" n+1 n+1 n+1 n+1 n+1 n+1\T
TJr(u V)"t — (Vuth) g™t — g™t (V)

1 1
n+1 B n+; 2D n+1 :0
+7rs(¢”+%)a + By(¢"72)2D(u"") =0,
un+17un

n n+l . nJrl n+1 n+1
e+ V= v (et 2Dt } 4
+¢nvun+% _v . o_nJrl _ 07

V-u"tt =0.
(35)
200 It is possible to linearize and split Step 2* again by, e. g., using the following
fizpoint iteration. Given (o™° = o™, u™" = u™) from the previous time step,
we repeat Step 27 and 37 for | = 0,1,..., until ||z — 20| < 8]z, for
z € {o,u,p} and § sufficiently small.
Step 2'. Find (u™' 1 p!+1) such that

umt — I+1 1 1+1 1+1
At + (u" - V)u™'t - v {n(¢>”+§) 2D (u™"* )} + Vpit
0

+ ¢nvﬂn+% i v (o.n,l) -0, (36)
v . un,l+1 — O,
where )
D(uml-i-l) = [Vun,l+l n (vun,l-i-l)T} .
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Step 3. Find o™ such that

o.n,l+1 —o"

N + (un,l+1 . v)o,n,lJrl - (vun,lH) Lot _ gl (vunJJ,»l)T

1

————— o™ 4 By(¢"E)2D(u™ ) = 0. (37)
To(¢"F2)

+

n+1 n,l-‘rl’pn-&-l n,l+1’0.n+l n,l-&-l.

Step 4. Update solution: w =u =D =0
Note that we can also use Chorin’s projection method from Remark[3.]] in Step
2t

Let us point out that we have proven energy dissipation for semi-discrete
schemes. The spatial discretization is done by the second order finite volume/
finite difference scheme. The degrees of freedom for velocities are the centers
of cell faces. For example, in two space dimensions the z-velocity component is
given at the centers of vertical cell faces, while the y-velocity component is given
at the centers of horizontal cell faces. Consequently, the velocity components
are piecewise linear in one direction and constant in the other. Other variables
(¢,4q,0,p) are piecewise constant and given at the cell centers. This is analogous
to the Marker and Cell (MAC) method by Harlow and Welch [29]. We use an
upwind finite volume method to approximate the advection terms and central
finite differences for other derivatives. This discretization is mass conserving for
¢. The proof of the energy dissipation property for the fully discrete schemes
can be done in an analogous way to that for the semi-discrete schemes, see
Lukdcovd-Medvidovd et al. [15].

4. Numerical experiments

In this Section we illustrate the behaviour of the newly derived numerical
schemes in 2D. For the full model @ / we apply the splitting scheme ([28))-
(31). Here we use the Chorin projection method, see Remark and the
optimal dissipation 2 approximation for f(¢p" T, ¢™), see Remark since
we are utilizing the Flory-Huggins potential Fj,4 in our model equations.

The simplified model is simulated using the second order scheme
with the optimal dissipation 2 approximation. Note that for our numerical
schemes we can use larger At than that applied in Zhou et al. [7]. For example
for our second order scheme for the simplified model we can set At = 0.25
instead of At = 0.025 as in Zhou et al. [7]. This is related to the fact that our
energy dissipative schemes are more stable.

We start with the numerical analysis of our numerical scheme for the
simplified model by calculating its experimental order of convergence (EOC) in
time. Therefore the finest resolution (At = 27%.1073) is used as the reference
solution zef, z € {¢, ¢}, and

EOC(z) = logy(e(2)/e(2))),
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Table 1: Experimental order of convergence (EOC) in time of scheme (18] using the smooth
initial data ¢g = 0.5 + 0.5sin(27z)sin(27wy) and apart from that the parameters of the first
numerical experiment.

At/ A Li-error ¢ | EOC(¢) | Li-error ¢ | EOC(q)

8/4-1073 3.765 1.812

4/2-1073 1.069 1.817 0.4613 1.974
2/1-1073 0.2824 1.920 0.1172 1.977
1/3-1073 | 7.124-1072 | 1.987 | 2.907-1072 | 2.012
l/i -1073 | 1.779-1072 | 2.002 | 7.212-1073 | 2.011
%/% 1072 | 4.803-1073 | 1.889 | 1.854-107% | 1.960
2/72-107% | 1.462-107% | 1.716 | 4.401-10~* | 2.075

t=0

t=2
0.45
0.4
0.35
t=9 t=23
08 08
O 0.6 O 06
o 0.4 0.4
02 0.2
m P o

Figure 1: Time evolution of the polymer-solvent phase separation after a temperature quench
with x = 3,¢0 = 0.4 and w = [—0.05,0.05]. The computational domain is = [0, 1] x [0, 1]

and the interface width /Cp = \/éﬁ The time step is At = 10~%.

where e(2) = ||z — zrefllL, (@) and e(z’) are the Lj-errors of two numerical
solutions computed with the consecutive time steps At and At = At/2. Table
clearly indicates that our claim that scheme is of second order in time is
true.

In the first numerical experiment we solve numerically system apply-
ing periodic boundary conditions. The computational domain 2 = [0, 1] x [0, 1]
is divided into 128 x 128 grid cells. We follow the parameter set from Gomez and
Hughes [30]. The initial data of the volume fraction ¢(¢ = 0) is taken to be a con-
stant ¢o = 0.4 with a random perturbation distributet in w = [—0.05,0.05] and
the initial velocities and bulk stress are set to zero. The initial value of the shear
stress tensor is set to a(t = 0) = Ba(4(t = 0))(v/2— 1)1, which implies the posi-
tivity definiteness of the shear stress tensor. Further, we set the interface width
VCoy = ﬁ. For the Flory-Huggins potential the degrees of polymerization are
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Figure 2: Energy evolution of the first numerical experiment corresponding to Figure m with
intermediate states of the phase separation.

set to n, = n, = 1 and the temperature-dependent Flory interaction x = 3. The
bulk modulus is set to Aj(¢) = M {1 + tanh (M)} + M}, where

M,? = 0.5 and Mb1 = 1, ¢* is set to be equal to the initial average polymer
volume fraction ¢9 and € = 0.01. Furthermore, we set the mobility coefficient
M = 10 and the relaxation coefficients to 70 = 10,70 = 5 and m? = 0.2.

This experiment demonstrates phase separation by aggregation of the poly-
mer molecules towards droplets. Figure [1] illustrates time evolution of the vol-
ume fraction ¢. The total energy is (strictly) monotonically decreasing over
time, which is related to the surface minimization of the droplets and to droplets
merging, see Figure

The second experiment has been proposed in [7]. Here we solve numer-
ically both, the complete system as well as the simplified model . The
computational domain Q = [0,128] x [0,128] is divided to 128 x 128 grid cells,
initial volume fraction consists of ¢y = 0.4 and a small random perturbation dis-
tributet in w = [-0.001,0.001]. The interface thickness width v/Cy = 1, which
is already very small having the size of one grid cell, and the Flory interaction
X = 2.54. The initial value of the shear stress is set to zero as in [7]. All other
parameters are used as in the first experiment.

Figure [3| shows simulation of the complete system 7 where the whole vis-
coelastic phase separation process is exhibited. In the earlier stage the polymer-
rich phase forms thin networklike structures. The solvent-rich droplets grow
and coagulate. The area of the polymer-rich phase keeps decreasing. This is
the well-known volume-shrinking process in polymer phase separation. In the
later stage polymer-rich networklike structures are broken and the polymer-rich
phase changes from being continuous to being discontinuous. This process is
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Figure 3: Time evolution of the polymer-solvent phase separation after a temperature quench
with x = 2.54, ¢9 = 0.4 and w = [-0.001,0.001]. The computational domain is 2 = [0, 128] x
[0,128] and the interface width v/Cp = 1. The time step is At = 0.025.

called phase inversion, cf. [7].

Figure [5| illustrate the dynamics of the simplified model . We can clearly
see that also this model captures most important physical mechanism of the
viscoelastic phase separation. From time ¢ = 600 thin networklike structures
formed by the matrix-polymer-rich phase can be clearly recognized.

The presented experiments confirm the reliability of our newly developed
methods that preserve thermodynamic consistency of the underlying physical
model and dissipate free energy on the discrete level, see Figures[2]and[d] Conse-
quently, they can be applied to model numerically complex polymeric mixtures
and provide a detailed view in the dynamics of a phase separation process of a
semi-dilute polymer-solvent mixture after a temperature quench, including both
key characteristics volume-shrinking and phase inversion.

Conclusions

In this paper we have derived and analysed new linear, energy dissipative
numerical schemes for viscoelastic phase separation. The mathematical model
is obtained through the variational principle as a minimizer of the free energy.
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Figure 4: Energy evolution of the second numerical experiment corresponding to Figure @
(left) and Figure [5| (right).

Consequently, the model consisting of the Cahn-Hilliard equation describing the
dynamics of interface between polymer and Newtonian solvent and the Oldroyd-
B for the viscoelastic flow, can be understood as the gradient flow corresponding
to the total free energy.

The linearity of the numerical schemes increases the efficiency of numerical
simulations since there is no nonlinear iterative process required. The energy
dissipative property is fundamental for phase-separation problems and reflects
their thermodynamic consistency on the discrete level. This property has been
demonstrated experimentally and proven theoretically up to the numerical dis-
sipation of the potential N.Dppopic, which is small.

For the simplified model the proposed numerical scheme is second order.
Numerical experiments confirm that the simplified model can describe the most
important physical properties of the viscoelastic phase separation. The full
system can be approximated by the fully coupled scheme, Subsection [3:2] and
the splitting scheme, Subsection [3.3] Both schemes schemes yield analogous
numerical solutions, but we opted here for the splitting scheme, since it is more
efficient computationally.

In future our aim is to develop hybrid schemes for multiscale models of
viscoelastic phase separation processes. Thus, our aim will be to combine the
proposed linear, energy dissipative schemes for macroscopic models coupled with
the combined Lattice-Boltzmann and Molecular-Dynamics simulations of meso-
scopic models for the viscoelastic phase separation. We refer a reader to [31]
and the references therein for more details on the latter scheme. We believe
that by such hybrid multiscale simulation the underlying physics will become
more clear and can provide deeper insight and perhaps also the development of
more refined and accurate macroscopic models.
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Figure 5: Time evolution of the polymer-solvent phase separation after a temperature quench,
simulated by the simplified model utilizing the same parameter set used in the experiment
from Figure E except for the time step At = 0.25, since our second order scheme is used.
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