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Setting

´µ∆uuupxxxq `∇ppxxxq “ f pxxxq @xxx P D

div uuupxxxq “ 0 @xxx P D

uuupxxxq “ 0 @xxx P BD

Problem: Viscosity µ is only known to a certain degree of
precision.

Result: Velocity and pressure influenced by uncertainty.



Stokes Equation Problem Setting Variational Formulation Unique Solvability Discretization Error Analysis Outlook

Setting

´µ∆uuupxxxq `∇ppxxxq “ f pxxxq @xxx P D

div uuupxxxq “ 0 @xxx P D

uuupxxxq “ 0 @xxx P BD

Problem: Viscosity µ is only known to a certain degree of
precision.

Result: Velocity and pressure influenced by uncertainty.



Stokes Equation Problem Setting Variational Formulation Unique Solvability Discretization Error Analysis Outlook

Setting

´µ∆uuupxxxq `∇ppxxxq “ f pxxxq @xxx P D

div uuupxxxq “ 0 @xxx P D

uuupxxxq “ 0 @xxx P BD

Problem: Viscosity µ is only known to a certain degree of
precision.

Result: Velocity and pressure influenced by uncertainty.



Stokes Equation Problem Setting Variational Formulation Unique Solvability Discretization Error Analysis Outlook

Introduction of Randomness

Probability space pΩ,F ,Pq

Ω set of outcomes, F the σ-algebra of events and
P : F ñ r0, 1s probability measure.

µpxxx , ωq, ω P Ω

Velocity and pressure become random fields
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Stokes Equation with Randomness

´µpωq∆uuupxxx , ωq `∇ppxxx , ωq “ fff pxxxq @xxx P D, ω P Ω

div uuupxxx , ωq “ 0 @xxx P D, ω P Ω

uuupxxx , ωq “ 0 @xxx P BD, ω P Ω
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Assumptions I

µpxxx , ωq : D ˆ Ω ñ R is a second-order random field.

ñ Erµspxxxq “
ş

Ω

pxxx , ωqdPpωq P L2pDq

ñ C rµspxxx ,xxx 1q :“ Cov
´

µpxxx , ¨q, µpxxx 1, ¨q
¯

P L2pD ˆ Dq

µpxxx , ωq P L8pD ˆ Ωq uniformly bounded away from zero.

ô 0 ă Cmin ď µpxxx , ωq ď Cmax ă 8
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Solution Spaces

uuupxxx , ωq P VVV :“ L2
PpΩ,HHH

1
0pdiv,Dqq

ppxxx , ωq PW :“ L2
PpΩ, L

2pDqq

||vvv ||VVV :“
´

Er||v ||HHH1pdiv,Dqs

¯
1
2

||q||W :“
´

Er||q||L2pDqs

¯
1
2

||vvv ||2HHH1pdiv,Dq :“ ||vvv ||2L2pDq ` ||div vvv ||2L2pDq
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Weak Formulation

Find uuu P VVV and p PW such that

apuuu,vvvq ` bpvvv , pq “ `pvvvq @vvv P VVV
bpuuu, qq “ 0 @q PW.

With bilineare forms,

apuuu,vvvq :“ E
”

ż

D
µp¨q∇uuupxxx , ¨q∇vvvpxxx , ¨q dxxx

ı

bpvvv , qq :“ ´E
”

ż

D
qpxxx , ¨q div vvvpxxx , ¨q dxxx

ı

`pvvvq :“ E
”

ż

D
vvvpxxx , ¨q fff pxxxq dxxx

ı

.
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Truncation I

µ depending on xxx P D and ω P Ω

ñ Karhunen-Loève Expansion to separate out the dependence on
xxx P D and ω P Ω

µpxxx , ωq “ Erµspxxxq `
8
ÿ

j“1

a

λjφjpxxxqξjpxxxq

Integral operator Cµ : L2pDq ñ L2pDq defined by

pCµwqpxxxq “
ş

D C rµspxxx ,xxx 1qwpx 1qdx 1

Ordered eigenpairs: tpλj , φjqu
8
j“1, λ1 ě λ ě ...
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Assumptions on the Randomness II

tξju
8
j“1 family of uncorrelated random variables with

Erξs “ 0, Varpξq “ 1

DCξ ą 0 such that ||ξj ||L8
PpΩq

ď Cξ for all j ě 1.
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Truncation II

µ depending only on ω

µpωq :“ µ0 `
M
ř

j“1
µjξjpωq

µ already has an exact finite-dimesional representation

ñ No Error
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Truncated Weak Formulation

Find uuupMq P VVV and ppMq PW such that

apuuupMq,vvvq ` bpvvv , ppMqq “ `pvvvq @vvv P VVV
bpuuupMq, qq “ 0 @q PW.
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Assumptions on the Randomness III

ξj : Ω ñ R independent random variables

Γj :“ ξjpΩq is a bounded intervall in R for all j “ 1, 2, .. .

Probability density functions ρj : Γj ñ R` of each ξj are
given.
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Change of Variable

Doob-Dynkin Lemma

ñ uuupMqpxxx , ωq “ uuupxxx , ξ1pωq, .., ξMpωqq

Define py1, .., yMq P Γ :“ Γ1 ˆ ..ˆ ΓM with yj :“ ξjpωq.

Independency of the ξj results in ρpyyyq “
M
ś

j“1
ρjpyjq for all

yyy j P Γj .
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Truncated Weak Formulation with Change of Variable

Find uuupMq P VVV and ppMq PW such that

apuuupMq,vvvq ` bpvvv , ppMqq “ `pvvvq @vvv P VVV

bpuuupMq, qq “ 0 @q PW .

VVV :“ L2
ρpΓ;HHH1

0pdiv,Dqq

W :“ L2
ρpΓ; L2pDqq

||vvv ||2VVV :“
´

ş

Γ

||vvvp¨,yyyq||2HHH1pdiv,Dqρpyyyq dyyy
¯

||q||2W :“
´

ş

Γ

||qp¨,yyyq||2L2pDqρpyyyq dyyy
¯

Viscosity: µpyyyq :“ µo `
M
ř

j“1
µjyj .
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Bilinear Forms

apuuu,vvvq :“
ş

Γ ρpyyyqµpyyyq
ş

D ∇uuupMqpxxx ,yyyq∇vvvpxxx ,yyyq dxxx dyyy

bpvvv , qq :“
ş

Γ ρpyyyq
ş

D qpxxx ,yyyq div vvvpxxx ,yyyq dxxx dyyy

`pvvvq :“
ş

Γ ρpyyyq
ş

D vvvpxxx ,yyyq fff pxxxq dxxx dyyy

for vvv P VVV and q PW
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Unique Solvability

apuuu,vvvq ` bpvvv , pq “ `pvvvq

Lemma

Assumptions:

Bounded bilinear forms ap¨, ¨q : VVV ˆVVV ñ R and
bp¨, ¨q : VVV ˆW ñ R
Norms || ¨ ||VVV and || ¨ ||W

Bounded Right-hand side

ap¨, ¨q is coercive on VVV 0 :“ tvvv P VVV ; bpvvv , qq “ 0 @q PW u

ô There exists a constant c such that apvvv ,vvvq ě c ||vvv ||2VVV @vvv P VVV
0.

The inf-sup condition holds.

Then the saddle point problem admits unique solutions and the
solutions are bounded.
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Properties

Inf-sup condition: inf
qPWhp,k

sup
vvvPVVV hp,k

|bpvvv ,qq|
||vvv ||VVV ||q||W

ě β

Coercivity: apuuu,uuuq ě µmin||uuu||
2
VVV ; @v P VVV 0

hp,k

VVV 0
ph,k :“

!

uuu P VVV hp,k ; bpuuu, qq “ 0, @q PWhp,k

)

Continuity:
ˇ

ˇ

ˇ
apuuu,vvvq

ˇ

ˇ

ˇ
ď µmax||uuu||VVV ||vvv ||VVV

ñ Unique Solvability
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Discretization Idea

Finite Element Method in space

Generalized Polynomial Chaos in random variable

Askey Chaos: Mapping of probability distribution and
orthonormal polynomials
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Solution Spaces

XXX div
hp :“

!

v P HHH1
0pdiv,Dq; vvv

ˇ

ˇ

ˇ

K
P PppK q @K P ∆h

)

X 0
hp :“

!

q P L2pDq; q
ˇ

ˇ

ˇ

K
P Pp´1pK q @K P ∆h

)

Multi-index kkk “ pk1, .., kMq P N
pMq
0 of polynomial degrees kj

SM “ SMpΓq :“ Sk1pΓ1q b ..b SkM pΓMq Ă L2
ρpΓq

Skj pΓjq “ spanty
αj

j ; 0 ď αj ď kju Ă L2
ρj
pΓjq, j “ 1, ..,M.

VVV hp,k :“ XXX div
hp b SM and Whp,k :“ X 0

hp b SM
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Solution Spaces

XXX div
hp :“

!

v P HHH1
0pdiv,Dq; vvv

ˇ

ˇ

ˇ

K
P PppK q @K P ∆h

)

X 0
hp :“

!

q P L2pDq; q
ˇ

ˇ

ˇ

K
P Pp´1pK q @K P ∆h

)

Multi-index kkk “ pk1, .., kMq P N
pMq
0 of polynomial degrees kj

SM “ SMpΓq :“ Sk1pΓ1q b ..b SkM pΓMq Ă L2
ρpΓq

Skj pΓjq “ spanty
αj

j ; 0 ď αj ď kju Ă L2
ρj
pΓjq, j “ 1, ..,M.

VVV hp,k :“ XXX div
hp b SM and Whp,k :“ X 0

hp b SM
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Example in one Dimension

XXX div
hp “ spantφ1, .., φJu Ă H1

0 pDq

SM “ tψ1, .., ψQu

XXX div
hp b SM :“ spantφiψj : i “ 1, .., J, j “ 1, ..,Qu
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Fully discrete Problem

Find uuuhp,k P VVV hp,k Ă VVV and php,k PWhp,k ĂW satisfying

apuuu
pMq
hp,k ,vvvq ` bpvvv , p

pMq
hp,kq “ `pvvvq @vvv P VVV hp,k

bpuuu
pMq
hp,k , qq “ 0 @q PWhp,k .
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Error Sources

I. Error due to Finite Element Method in Space

II. Error due to Generalized Polynomial Chaos Decomposition
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Error Splitting

||uuupMq ´ uuu
pMq
hp,k ||VVV ` ||p

pMq ´ p
pMq
hp,k ||W

ď C
”

inf
vvvPXdiv

hp bL
2
ρpΓq

||uuupMq ´ vvv ||VVV ` inf
qPX 0

hpbL
2
ρpΓq

||ppMq ´ q||W

`

M
ÿ

j“1

´

inf
vjPH1pdiv ,DqbSj pΓj q

||uuupMq ´ vj ||VVV ` inf
qjPL2pDqbSj pΓj q

||ppMq ´ qj ||W

¯ı
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Error due to FEM

Lemma

D Ă R2

uuupMq P L2
ρpΓ;Hspdiv,Dqq, ppMq P L2

ρpΓ;Hspdiv,Dqq

Then, there holds

inf
vPXdiv

hp bL
2
ρpΓq

||uuupMq ´ vvv ||V ` inf
qPX 0

hpbL
2
ρpΓq

||ppMq ´ q||W

ď Chmints,pup´s
´

||uuupMq||L2
ρpΓ;Hspdiv ,Dqq ` ||p

pMq||L2
ρpΓ;Hspdiv ,Dqq

¯

.
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Error due to GPC for the velocity

For 0 ă τ ă 1

inf
vjPHHH

1
0pdiv,DqbSj pΓj q

||uuupMq ´ vj ||VVV

ď
cpµmax, βq||fff ||L2pDq

τ µ̃

?
2π

´

1`
1

b

1´ ζ2
j

Opk´
1
3

j q

¯

ζ
kj`1
j
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GPC Error Derivation

Velocity and pressure are analytic with respect to yyy P Γ.

Power series representation for a single yj P Γj .

Boundary of the coefficients and radius of convergence.

Exploit unique solvability to show equality.
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GPC Error Derivation
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Power series representation for a single yj P Γj .

Boundary of the coefficients and radius of convergence.

Exploit unique solvability to show equality.



Stokes Equation Problem Setting Variational Formulation Unique Solvability Discretization Error Analysis Outlook

Error Result

Theorem

D Ă R2

puuupMq, ppMqq P L2
ρpΓ;HHHspdiv,Dqq ˆ L2

ρpΓ;HHHspDqq

puuu
pMq
hp,k , p

pMq
hp,kq P VVV hp,k ˆWhp,k

||uuupMq ´ uuu
pMq
hp,k ||VVV ` ||p

pMq ´ p
pMq
hp,k ||W

ď C
´

hmints,pup´s `
1

τ

M
ÿ

j“1

ζ
kj`1
j

¯

The constant C ą 0 is only indepent of the discretization

parameters h, g and kkk. Further, ζj “ pΞj `

b

1´ Ξ2
j q
´1 P p0, 1q

with Ξj “ 1` 2p1´τqµ̃
|µj |

for j “ 1, ..,M and τ P p0, 1q.
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Outlook

Navier-Stokes and Oseen equation with random viscosity

Why Navier-Stokes is not that easily treated

Error analysis for time-dependent Oseen equation
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