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Abstract

We study convergence of a finite volume scheme for the compressible (barotropic) Navier—Stokes
system. First we prove the energy stability and consistency of the scheme and show that the numerical
solutions generate a dissipative measure-valued solution of the system. Then by the dissipative measure-
valued-strong uniqueness principle, we conclude the convergence of the numerical solution to the strong
solution as long as the latter exists. Numerical experiments for standard benchmark tests support our
theoretical results.
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1 Introduction

We study the flow of a viscous fluid governed by the compressible Navier—Stokes system:

0o + div,(ou) = 0,

1.1
O(ou) + divy(pu®@u) + Vep = pAzu+ (p+ A)Vydivyu (L.1)

in the time-space domain (0,7) x 2. Here o = o(t,x), and u = u(t,x) are the fluid density and velocity,
constants g > 0, A > —p are the viscosity coeflicients. The pressure p is assumed to satisfy the isentropic
state equation

p(o) =a0”, a>0, v>1. (1.2)

For the sake of simplicity we impose the periodic boundary conditions, meaning that the domain §2 can
be identified with the flat torus Q = ([0,1]0.1)%, d = 1,2,3. The problem is (formally) closed by prescribing
the initial conditions

0(0) = 00 € LY(Q), 00 >0, u(0) =ug € L*(Q RY). (1.3)
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In the literature we can find a variety of numerical schemes for viscous compressible flows, such as
the Marker—And—Cell scheme [18, 19, 20, 21, 23], the finite element schemes [1, 26, 35|, the finite volume
schemes [7, 10, 22, 28] and the discontinuous Galerkin schemes [6, 9, 24]. In this paper we want to concentrate
on the finite volume methods that are standardly used for physical or engineering applications, see, e.g. [17,
27, 28, 31, 34, 35] and the references therein. In the cell-centered finite volumes the unknown quantities
(numerical solution) are located at the centers of mass of the mesh cells (finite volume cells). This is very
typical for the compressible inviscid flows governed by the Euler equations. By means of the Gauss theorem
the inviscid fluxes at cell interfaces are approximated by suitable numerical flux functions. The latter are
based on the flux-vector splitting or upwinding strategy as we will explain below.

For the compressible Navier-Stokes equations in addition the viscous fluxes need to be approximated,
which means that the gradients of the numerical solution are to be represented at the cell interfaces. Having
piecewise discontinuous approximate functions this requires an additional reconstruction step, which is
usually realized by introducing the so-called dual grid around the cell interfaces of a primary grid. We
refer a reader to Kozel et al. [17, 27, 31], where the viscous terms are approximated by the second order
central differences using a dual finite volume grid of octahedrons constructed over each face of the primary
hexagonal finite volume grid. In [28] and [8] the barycentric subdivision is used to define dual finite volumes,
in [33, 34] a special reconstruction satisfying maximum principle is developed for the viscous fluxes. A nice
overview of various finite volume methods with the gradient approximations at cell interfaces can be found
in [3].

Although these methods are frequently used in practical simulations, their convergence for multi-dimen-
sional viscous compressible flows remains open in general. For a mixed finite element—discontinuous Galerkin
method, the convergence to a weak solution has been shown by Karper in his pioneering work [26] under
the assumption that the adiabatic coefficient v > 3. Note that the convergence in this case holds up to a
subsequence as the weak solutions are not known to be unique. Moreover, any generalization of the proof
of Karper [26] for other numerical schemes, in particular for cell-centered finite volume methods discussed
in the present paper, is highly non-trivial. In [25] Jovanovié¢ obtained the error estimate for the isentropic
Navier—Stokes equations for entropy dissipative finite volume—finite difference methods under some rather
restrictive assumptions on the global smooth solution. In [13] Feireisl and Luka¢ové proposed a new way of
the convergence proof via the dissipative measure-valued (DMV) solutions. They showed the convergence
of the scheme proposed in [26] for the isentropic Navier—Stokes equations for physically relevant range of the
adiabatic coefficient v € (1,2).

We should also mention the recent results on the analysis of the Marker—And—Cell schemes, cf. [19, 20, 23],
which are based on the staggered grid approximation of the velocity and the primary grid approximation
of the density. In [19] the convergence to a weak solution of stationary Navier—Stokes equations for v > 3
has been proved. In [23] the consistency and the energy stability of the Marker—And—Cell scheme has been
shown for instationary Navier-Stokes equations. The error estimates for 7y > 3/2 have been presented in [20]
using the relative entropy method.

The main aim of this paper is to demonstrate that the strategy proposed in [13] can be adapted to
investigate the convergence of finite volume methods. More precisely, we consider the first order cell-centered
finite volume method, where the inviscid fluxes are approximated by the upwinding and the viscous fluxes
by the central differences. See also our recent works [14, 15] where analogous finite volume schemes have
been applied to show the convergence for the complete Euler system. We adapt this approach to a time-
implicit finite volume method for the barotropic Navier—Stokes system and show the stability as well as the
convergence of numerical solutions to the (unique) strong solution of (1.1) provided the latter exists. The
adiabatic coefficient stays in a physically reasonable range 1 < v < 2. To the best of our knowledge, there
is no convergence proof of a finite volume method for the multi-dimensional Navier—Stokes system (1.1)
available in literature assuming only the existence of the strong solution.

The rest of the paper is organized as follows. In Section 2 we introduce the mesh, basic notations, the
numerical method, and some preliminary (in)equalities. Next, in Section 3 we show the energy stability of
the scheme and derive all necessary a priori bounds. Then we establish the consistency formulation of the
scheme in Section 4. Further, we address the convergence of approximate solutions in Section 5. Finally, we
present some numerical experiments in Section 6.



2 Numerical scheme

We introduce the basic notations, mesh, space and time discretizations, and, finally, we define the numerical
scheme along with some useful (in)equalities.

2.1 Space discretization

Mesh. A discretization of €2 is given by M = (T, &), where:
e The primary grid 7T is the set of all compact regular quadrilateral elements K such that

0= [J K.
KeT
Let h; be the mesh size in the i-th Cartesian direction, and h = max;—; .4 h; be the mesh size. The mesh

is regular in the sense that there exists a positive 7, such that 7, = max;—1 4 {hi}

e We denote by &£ the set of all faces, and by &; the set of all faces that are orthogonal to the standard
basis vector e;, ¢ = 1,...,d, of the Cartesian coordinate system. By £(K) we denote the set of faces of an
element K, and define &(K) = £(K)NE;. We further denote by n the outer normal vector of a generic face
o € £. By xg and x, we denote the position of the mass centers of an element K € 7 and a face o € &,
respectively.

e The intersection K N L, for K, L € T, K # L, is either a vertex, or an ed_ge}, or a face ¢ € £. For
any 0 € £ we write 0 = K|L if 0 = E(K) N &(L), and further write 0 = K|L if x;, = xx + hje; or
x;, = xk + (h; — 1)e; for any o € &;. Similarly, we write K = [00’] for 0,0’ € &(K) if x,» = X5 + h;e;. For
any 0 = K|L € &, i € 1,...,d, we also denote by d, = h; the periodic distance between the points xx and
Xy,

e By |K| and |o| we denote the (d- and (d — 1)-dimensional) Lebesgue measure of an element K, and a
face o, respectively. Obviously, |K| = h;|o| for any o € &(K). In what follows, we shall suppose

K|~ h?, |o|~h?tforany K €T, o €k.

Function space. In order to define a finite volume scheme we introduce the space of piecewise constant
functions @, defined on the primary grid 7. We also introduce a standard projection operator

M L(Q) = Q. o= 1K|[1{|/ng5dx.

KeT

For a piecewise (elementwise) continuous function v we define

out 1 in 1 — _ Uin(x)+vout(l,) ___out in
v (z) = 51_1)I(I)1+’U(.’E +on), v"(x) = 61_1)1(1;1+v($ —dn), v(z) = 5 , [v] = v () — o™ (x)

whenever = € o € £. Hereafter we mean by v € @y, that v € Qp,(; RY), i.e., v; € Qp, foralli=1,... d.

Diffusive upwind flux. Given the velocity field v € @, the upwind flux for any function r» € Q) is
defined at each face o € £ by

Uplr,v] = r"v - n = [ - n|* 4 %]

where

[f]:l::f:l:|f| and Tup:{rin lanZO,

2 ot ifv.on < 0.
Furthermore, we consider a diffusive numerical flux function of the following form
Fn(r,v) =Up[r,v] —he[r], e > 0. (2.1)

When r is a vector function, e.g. 7 = pu in the momentum equation, we write the above numerical flux in
T T
bold font as Fp(ou,v) = (Fh(gul,v), .. .,Fh(gud,v)) and Up(ou,v) = (Up(gul,v), cee Up(gud,v))
Discrete divergence. We define the discrete divergence operator as

: : . 1 7
divyuy(x) = Z (divpup)glg, (divpup)i = 7l Z lo[ay - n, forall uy, € Q. (2.2)

KeT K] oeE(K)



2.2 Time discretization

For a given time step At ~ h > 0, we denote the approximation of a function vy, at time t* = kAt by v,’i for
k=1,...,Np(=T/At). The time derivative is discretized by the backward Euler method,

k k—1

Uy — U
Dtvzthth, fOI’k‘Zl,Z,...,NT.

Furthermore, we introduce the piecewise constant extension of discrete values,
on(t,) = o) for t < At,  on(t,-) = of for t € [kAt, (k+ 1)At), k=1,2,..., Ny,
w,(t,-) =u) for t < At, uy(t,-) =uf for t € [kAt, (k+1)At), k=1,2,..., Ny,
and pp = p(op), for which the discrete time derivative then reads

T)h(t, ) - Uh(t B Atv )
At '

Dt’l)h =
We shall write A < B if A < ¢B for a generic positive constant ¢ independent of h.

2.3 Numerical scheme

Using the above notation we introduce the implicit finite volume scheme to approximate system (1.1).

Definition 2.1 (Numerical scheme). Given the initial values (09, u))) = (II70o,Il7up), find (on,un) €
Qn x Qp, satistying for kK =1, ..., Ny the following equations

/ Didkonde— 3 [ Fulehouf) lonl dS(@) =0 for all 9y € Qs (2.33)
e
/Dt ohur) ¢hd1‘—2/ ohuy,up) - [¢y,] dS(x Z/ pin - [¢,] dS(z)
oe oce’?
- —“Z / ] dS(@) — (1 + A) /Q divyut divyg, dz for all ¢, € Qn. (2.3b)

The weak formulation (2.3) of the scheme can be rewritten in the standard per cell finite volume formu-
lation for all K € T,

g
Didic + Y “K”Fh(glfuulﬁ) =0,
ce&(K) (2 4)

lol [w:]

Di(ghuf)k + Y K] (Fh(yhuh,uh)whn e (u+>\)dthu§in> = 0.
ce&(K)

Remark 2.2. Let us explain the role of h°-terms in (2.4), which is hidden in the numerical flux F},, see
(2.1). Clearly, they are additional diffusion terms

2. |‘U‘hs [ra] = A= (Aprn) e

oe&(K)

In this paper we require 0 < ¢ < min{1,2(y — 1)} as a compromise between minimality of the additional
numerical diffusion and necessary consistency estimates, see Section 4.

The approximate solutions resulting from scheme (2.3) enjoy the following properties:

1. Conservation of mass.
Taking ¢, = 1 in the equation of continuity (2.3a) yields the total mass conservation

/Qh(t,-)dx:/ggdx>0, t>0.
Q Q

4



2. Existence of numerical solution.
The discrete problem (2.3) admits a solution (of,uf) for any k = 1,..., Np. We refer a reader to [23,
Theorem 3.5] for the proof, as it can be done exactly in the same way.

3. Positivity of numerical density.
Any solution (Q],?L, u’fL) to (2.3) satisfies Qﬁ > 0 provided Qlf;l >0,k=1,...,Np, see [23, Lemma 3.2] for the
proof.

2.4 Preliminaries

To investigate theoretical properties of our finite volume method it is convenient to define a dual grid. We
emphasize that the dual grid is not needed for the implementation of the scheme.

Dual grid. A dual element D, is associated to a generic face 0 = K|L € &£, where D, = Dy i U D, 1, and
Dy i (resp. Dy 1) is built by half of K (resp. L), see Figure 1 for an example of such cell. We denote the
set of all dual cells as D. Furthermore, we define D; = {D,}scg,, @ = 1,...,d. Note that for each ¢ it holds
that Q = U, ¢, Do

D, i T% D, p,

K [ ] © 4 ] L
XK Xo X7,

Figure 1: Dual grid

Let W}Ei), 1 = 1,...,d, be the space of piecewise constant functions defined on the dual grid D;. By
a=(q, -.,q9) € Wy, := (W,El),...,W,Ed)) we mean that ¢; € W,El), for all 7 = 1,...,d. We define the
standard projection of ¢ € L1(2) into the discrete functional spaces Wy,

; 1
Mp: LYQ) - Wy, Tp= (Y. ), H%)¢=Z|§“,/D ¢ dz.
o€t; i g

Discrete differential operators. We need some discrete operators that are not directly used to discretize
the Navier-Stokes system, but are essential to establish the consistency formulation in Section 4. For any
rn, € Qn and qp, = (q1,h, - - - qd,n) € Wh, we define the difference operators based on the dual grid

0= S0, (00),. . (890), =%, oK,
g€e&; 7 7 7

and the primary grid

Bgé)Qi,h(x) = Z (6%é)q¢,h)K g, i=1,....,d,
KeT

where | | —
) q’, o T q"
(5?%,}1)[{ = %, for all 0,0’ € & and K = [00”].

Using the above notations we define the gradient operators for r, € Qp and q € W), by
Verp(x) := (5((51)7%7 e 5éd)rh)(x) and Vyqp:= (5%1)q17h, ce 5gc—l)qd’h)(x),

respectively. Note that the divergence operator div, defined in (2.2) can be rewritten for all u, € Qp,

d
divhuh = Zé%f)ui,h, (25)
=1



which for a regular rectangular grid is equivalent to
d . .
dthU_h = ZZ‘SE}) <H%)uh> .
i=1

Moreover, we define the discrete Laplace operator for r; € @)y, on the primary grid

A}ﬂ“h ZA( Th Z (Ahrh)Kle Aﬁf)rh(x) = Z (AS)Th)KIK,
KeT KeT

where i =1,...,d, and

; 1 1 T
(A ) g = T S o \Hrhﬂ, ()i = T 3 \aﬂdhﬂ, for all K €.
oe&;(K) do oeE(K) 7

In addition, it is worth mentioning that
AP, =W ©Wr,), i=1,....d.

Integration by parts. Let us start with recalling the algebraic identity

UpUp — Up Uy = [[Uh]] [vn] (2.6)

together with the product rule
[unvn] = g [vn] + [un] vn (2.7)
which are valid for any up, v, € Qp. A direct application of the product rule (2.7) further implies

1
[[rhvhﬂ . th]] — 5 [[Th]] [“Vh’z]] = ﬁ’ [[Vh]] |2 for Th € Qh, Vi € Qh, (28)
and the following lemma.
Lemma 2.3. For any rp € Qp and vy, € Qp, it holds

Z/ 7 [vi] + Vi [ra]) - ndS(z) = (2.9)

o€l
Proof. For the functions 7j, vy, that are constant on each element K € T, it holds that
Z/ 7 [Va] + Vi [rn]) - ndS(z) = Z [rnve] - ndS(z Z TKVK - Z /ndS
oeE’? oeg’? KeT c€&(K

O

Consequently, for any 7y, ¢ € Qp and qp € Wp, it is easy to observe the following discrete integration
by parts formulae

/ Aprpon dr = —/ Verp - Veop dx = / rnApdp dx, (2.10a)

Q Q Q

/ qiyhﬁg)rh dz = —/ rh?ﬁ—)qi,h dxz, forall i=1,...,d. (2.10b)
Q Q

Useful estimates. Next, we list some basic inequalities used in the numerical analysis. We assume the
reader is fairly familiar with this matter, for which we refer to the monograph [10], and the article paper
[20]. If ¢ € C1(2) we have

|76l | S lgllen, forany @€ o €€, and ¢ = 176l g S hldlicr- (211)

Furthermore, if ¢ € C2?(Q2) we have for all 1 < p < oo

IVap = Vellrol|p S b, [Vellrdll e S lloller + b, (2.12)



Vo6 — VTl (Tr6) ||, S b [[dived — diva(Tr )]l S b (2.13)
If in addition, ¢ € C3(Q) we get
1870 = Axdl o S RlISllcs,  [AMITE Lo S l[dllc> + Rl Sllcs, forall 1 <p < oo. (2.14)

The inverse estimates [4] for r, € @, read

l,,
Irnll o) S B9 |l Loy for any 1< ¢ <p < co. (2.15)

Finally, we need a discrete analogous of the Sobolev-type inequality that can be proved exactly as [16,
Theorem 11.23].

Lemma 2.4 (Sobolev inequality). Let the function r > 0 be such that

0</rdx:cM, (md/r'ydxchfor’y>1,
Q Q

where cpr and cg are some positive constants. Then the following Poincaré-Sobolev type inequality holds
true

2
ol o Sc\\ngh\]%Q(Q)—i—c(/ r!vh|da:) £ e |Veunla +CM+C/r]vh’2dx (2.16)
Q Q

for any vy, € Qp, where the constant ¢ depends on cpy; and cp but not on the mesh parameter.

The following lemma shall be useful for analysing the error between the continuous convective term and
its numerical analogue.

Lemma 2.5. For any ry,, vy, € Qp, and ¢ € C1(Q), it holds

/Tth Vz¢d$—Z/Fh h,va] [H7r¢] dS(z)

oel

= Z/U ( Vi -n|+h°+ [[Vh]] ) [rn] [M7¢] dS(z) + /thvh' (Voo — Vollp (Il7¢)) da

oe&
Proof. Using the basic equalities (2.6)—(2.9), we have

/Tth Vepdr = Z/Thvh V¢ dx

KeT

= Z / rpvy - (Veo — VIlp H7—¢ d:C—I— Z / Tth'nmdS(l‘)

KeT KeT
/ vy - (Vad — VoIIp (T7¢)) do — / [riva] - nllr¢ dS(z)
Q ce€
= / ravh - (Ve¢ — Vrllp(Tr¢)) do + > / vy - n[llr¢] dS(z)
Q el
= /thvh (Vap — V7llp (I7¢)) dm+Z/ ThVh — T Vi) -0 [Ilr¢] dS(x)
o€l

s / 7 Vi - 1 [l ¢] dS(a iz / ( v n|+h€) [r1] [Tr¢] dS(x)

o€l

= [ riva- (Vo6 = Vrlip(1tre)) do + 3 / Il il -0 [T76] dS ()

el

+Z/Fh T, Vi) [H7¢] dS(z +Z/< Vi - n|+h€> [ra] [Tr¢] dS(z).

oce€



3 Stability

In this section we show the stability of the scheme and derive the energy estimates that will be necessary
for the consistency formulation in Section 4. For simplicity, we will hereafter denote the norms ||-[| 14y and
1o 0,7 La()) BY Il e and [|-]| o pq, Tespectively. We also denote co{A, B} = [min{A, B}, max{4, B}|.

To begin, we recall the discrete internal energy balance, which is a result of the renormalization of the
continuity equation, see, e.g. [12, Section 4.1] or [23, Lemma 3.1]. Indeed, multiplying (2.3a) by H'(o}) of
p(o)
=

the internal energy H(o) = —5 gives rise to the result of the following lemma.

Lemma 3.1 ( Discrete internal energy balance). Let (op,upn) € Qn x Qy, satisfy the discrete continuity
equation (2.3a). Then there exists £ € CO{QZ_l, o} and ¢ € co{o%, 0%} for any o = K|L € € such that

/Dt”z'-[gh daz—Z/uh n dS’()

(3.1)
-5 [P s -

/ #'(Q) o] + i - n) as(a).

068
Next, we recall the renormalization of the transport equation, see [12, Lemma A.1, Section A.2].

Lemma 3.2 (Discrete renormalized transport equation). Suppose that bZ € Qn, x € C*(R). Then there
exists £ € CO{b];’;_l, Wi}, ¢ € co{bk, (bF)°} for any ¢y € Qp such that

/ Du(ofthY () ondz — 3 / Upleh uf] [ #h) o] as)
ol

/Dt (th bh) ) on da — Z/Up orx(b5), up] [#n] dS(z) + A;/ﬂx"({)gﬁ_l\Dtbﬁquh dz
+Z/hs Qi X(bﬁ) —x’(bi)b’i) ¢>h]] ds ()

53 [ @ ] b [ufn] as)

‘KE7-UC6KT o

(3.2)

3.1 Total energy balance

Now, we are ready to derive the discrete counterpart of the total energy balance.

Theorem 3.3 (Discrete energy balance). Let (o, up) be a numerical solution obtained from scheme (2.3).
Then, for anyk = 1,..., Ny, there exists £ € CO{Qz_l, Qﬁ} and ¢ € CO{Q';(, le} such that, for any o = K|L €
g,

1 L 9 , |
Dt/Q (2Q§|u;§\2+7'l(92)> dx+h€Z/Q§ [[UQ]] dS(:c)+uHVgu’fbHL2 +(N+>\)/Q!dlvhuﬁlzdz
oce’?

—% / H”(éﬂDw’fLde—;E; @) [eh] (v + Iuf - nl) a5 (33)
! Dypuj? dx—;/ ok up’uh n][[ H S(x).

Proof. First, taking ¢, = u’fL in (2.3b) we get

/Dt ohuy) uhdx_Z/Fh ohuy, uj) [[ ]] Z/Uph ' uh dS(z)

o€l oce€

- _MvauZHL2 - (M+A)/Q|divhu;§|2da:.



Next, we use relation (3.2) for b, = uf, x(|uf|) = 1[uf|?, and ¢}, = 1 to compute

/QDt(QiuZ) ‘ujdz =Y [ Uplofuy, uf]- [[ulﬁﬂ dS(z)

oeEV?
= [ (Gekit) e =32 o okt [m] as(@)+ 5 [ dipadPas
- [ fa] [gie] ase -5 X Z/gim uf -] [ui] st

c€e€ KeT oCOK

_/Dt (29’5111;312) dx+A2t/Q 1D, uthx—;/ [[ PH ds(z)
L1 Z / o [uf - n] [[uﬁ]] dS(x).

065

Further, summing up the previous two observations we infer that
1
D, / fgh\u’m?dxwuvguﬁu (it / (divuf[? dr
€ € k 1 k2
’ g oc€
At _ u 2
- SE [k D ae - 52 / (oh) ™l [[uii]] as(@).
Q oce’?
Finally, combining (3.4) with (3.1) and using the equalities (2.8)—(2.9) we get
D, / ehluf? + #(oh) ) dr + > / a [[uz]f as(@) +u|[Veuf], +
Q 2 h L2
-5 [P /H [e]” (1 + luf -n)) aS(a)

At _ " 2
-5 [ ertu',dex—gz / ()P -] [uf] " asa).
ocEV

which completes the proof.

3.2 Uniform bounds

(3.4)

+ A divyuf|? dz
(n+A) [ | h
Q

Having established all necessary ingredients, we are ready to discuss the available a priori bounds for
solutions of scheme (2.3). From the total energy balance (3.3) and the Sobolev inequality (2.16), we directly

get the estimates comprised in the following corollary.

Corollary 3.4. Let (op,uy) satisfy scheme (2.3) for v > 1. Then the following estimates hold

lentth || e s S 1,
HQhHL“’L’Y 5 1,

<
HQhuhH o2t 51

HVSUhHL?L? S L

~

[diviup|lpzze S 1,

~

lanllpzre S 1,

/Z/Ughﬂuh]] dS(z)dt < 1,

el

T
/ 3 / H(C) [enl? (h° + w7 - n)) dS(a) dt < 1,
0 oV



where ¢ € co{ok, oL} for any o = K|L € €.

To show the consistency of the numerical scheme we shall need further bounds on the numerical solution,
which can be derived provided the adiabatic coefficient in (1.2) lies in the physically realistic range v € (1, 2).

Lemma 3.5. Let (o, up) satisfy scheme (2.3), h € (0,1) and v € (1,2). Then there hold

_ex2

lonllfoge ~ b2, (3.6a)
_e+2

lonunl p2p2 ~ B2 (3.6b)

Proof. We start the proof by recalling the Sobolev inequality for the broken norm

2
s a2+ 32 [ Y asa) = 1uli2e + 19l v e @u

i 7

and the algebraic inequality
O*H(z .
ay(g)? — 01/*)? < 5o g )(QL —0K)% YV z € co{or, 0k }, 01, 05 > 0 if v € (1,2).

Then we indicate from the estimate of the density jumps (3.5h) that

L2L2 / Z/ W/Q dS(x) S

Applying the above inequalities, the inverse estimate and the estimate (3.5b) we derive

ot = [ 05 [ (o],

Sh_m/ (Héﬂ/a

<h <’Qh||L1L7 + HVSQW/Z‘

foea;

L6

elwea?l) " a1 (lenlns + e

/ _et+2
<h .
L2[2 -

Further application of the above inequality together with the Gagliardo-Nirenberg interpolation inequality,
Holder’s inequality, and the density estimate (3.5b) immediately yield (3.6a), i.e

2/
Lv/2[2

T ) 1/2 T 1/2 V2 < etz
lenllp2re = lonllz2 dt) < lonllr lonllze dt) < lonll}2 1 llenll e S B2
0 0
Finally, the estimate (3.6b) can be shown in the following way

< 1/2 <, —c£t2
thuhHLQLQ ~ H\/ QhHLQLoo H\/ QhuhHLooL2 HQhHLlLoo H‘Qhu%HL"oLl ~h o2

4 Consistency

Next step towards the convergence of the approximate solutions is the consistency of the numerical scheme.
In particular, we require the numerical solution to satisfy the weak formulation of the continuous problem
up to a residual term vanishing for h — 0.

Theorem 4.1. Let (g, uy) be a solution of the approximate problem (2.3) on the time interval [0,T] with
At~h,1<y<2and0<e<min{l,2(y—1)}. Then

T T
- /Q A6(0, ) dr = /0 /Q [on0h + onty - Vo] dardt + /0 evn(t, &) dt, (4.1)
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for any ¢ € CZ([0,T) x Q);

T
—/ onup (0, ) dz = / / [onuy, - O + opup, @ uy, 0 Vi + prdivy @] dodt,

T T T
— u/ / Veup : Vepdrdt — (p+ /\)/ / divpuy, divyg dx dt +/ ea n(t, @) dt
0 Q 0 Q 0
for any & € C3(0,T] x O RY;
lesn( Do) S 7 (Iellcz + hlldlles), 5= 1,2, for some B> 0.

Proof. Let ¢ € C3([0,T) x Q) and ¢ € C3([0,T) x ; R?). We test the equations (2.3a) and (2.3b) with II7¢
and Il7¢, respectively, and deal with each term separately.

Step 1 — time derivative terms:

/ / Dyrplyo dz dt = / / ra(t _”L At)(b(t) de dt
At/ /rh dxdt—/T At/rh(t)qﬁ(t—i—At)dxdt
—/ /rh(t)thb( dwdt+/T At/rh b(t + At) dmdt—/m/rh 6(t + At) dz dt
/ / t)Dy(t) da dt — /Q (0) da

- / / ra(£)0ub(t) da dt — / P06(0) dz + At || ¢l 1l oo
0 Q Q

where 7, stands for gp or gpuip, @ =1,...,d. Recalling the estimates (3.5b) and (3.5¢c) we know that

lonll iz S lonll oo 1+ 1 and lonapllpizq N || onun | 27 S,
Lo +1
Thus, we have
T T -
/ / DyonTlyodz d + / / on()0(t) dz dt + / 06(0)dz < At, (4.3a)
0 Q 0 Q Q

T T
/0 /Q Dy(onu) Ty ddt + /0 /Q on(B)w,(1)p(t) da dt + /Q fulp(0)dz S AL, (4.3b)

for the continuity and the momentum equations, respectively.

Step 2 — convective terms:
To deal with the convective terms, it is convenient to recall Lemma 2.5:

T thuh -Veodrdt — OT Z j Flryp,up) [Ure¢] dS(z)dt = i:Ej(rh),
0 ocel j=1

where .

1

=y [ X nl bl el dsa) e
1 [ 3 [ il nind el aste)ar,
oeg”?
s(ra) / S [ 1 Bl ] ds(e)a
ocE’°
Ey(rn) = / / TpUp - (vab — Vrllp (HTqb)) dz dt,

0o Jo

are the error terms to be estimated. Again, 7}, is either g, or gpu;p, 1 =1,...,d.
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e Firstly, for the error term E7 we can write

=[x / !l W7ol astoyar= 3 [ [ sl Mol asie)

o€l el

e
A%
g

where we have used the integration by parts formula (2.10b), the product rule

/ hal T |09 r, 00 ¢ dar dt
i=1 oc€&;

/hrhEi (]ulhlﬁ Hqu) da dt

i= lKET

/ richs (Hﬂumré“( 7o) + (6%?’11%)117(6?)117@) dadt,
i=1 KeT

r1+ 72 1+ g2
a2 — gL = (@2 — 1) + 2 5 L (ry—1).
Further, employing the inequality (“‘QH’)2 < % twice, we claim ||IL7[@; ]| ;- S| ;2. Similarly,
we claim ’6T Ui ‘ ‘6 Uu; hH as (5( )ul h)K = Il <E§( )ul h)K‘ Then applying Holder’s inequality,

interpolation error estimates (2. 12) (2.14), the velocity estimates (3.5d), (3.5f), the fact |0y u;| > 0z|u;|, and
. (®),. . (D)) -
noticing A, r := 05 0;’'r, we derive

S3oh (/f;/;%«)

=1

S [ rachs(1trla 00 @) + (0wl 1 0 i ) ) ot

([
([

S hi Iralaze (| A87g]|  llusnllyeps + 081174
=1

> | (il ) |aPmrg||

1/2
> [ @m)) oot
)

KeT

KeT

o

LoLo®
<
~ bl 2z (IARITON oo oo Ul 22 + [VellT @l oo oo [Veun|l 12 12)
<
~ hlrnl g2z -
Consequently, applying the density estimate (3.6a), and the momentum estimate (3.6b) indicates
e+2

Ei(rp) <K, B=1-— > 0, provided € < 2(y — 1),

for rp, being oy, or opuipn, i =1,...,d.

e Secondly, we deal with the error term Fs. In accordance with (2.11), we have
By(rp) ~ by [ [[un] - nfra] |dS(z) dt

occg’ 9
For r, being gy, we further write

1/2
2(0n) ~ h ( / [up]” dS(z ) ( / [on]® dS(x) dt)
68 o Eg g

1/2
hh1/2( Z/ o2 dS(x )
ocecE’9

_ e+2
SRRV gl pape S B8, B = ¥ 0 (v —1).
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Here we have used Holder’s inequality, (3.5d), (3.6a), and the fact | [on] | < 20n.

For rj, being opu; n, we get
(onun) & h/ | [un] - 1| |[on] 5 + [un] 77| dS(z) dt = Ty + To.
ocE’9

To control the residual term 7} we apply Holder’s inequality, (3.5a), (3.5g), inverse estimate (2.15) and the
inequality | [on] | < 20n to obtain

T S h / | Tw] - nfgnl| dS(z) dt
ceE’9
/2
Nh</ Z/Ugh[[uh]] dS(z > </ ZLQhuh’ dS(x )
< p-e)/2.

Further, applying (3.5g) we can control the residual term T as

Ty = h / | Tun] - 1| [un] (27 dS(z) dt S h1—=.
oeg”?
Therefore, we claim that provided € < 2(y — 1) we have
BEx(rp) Sh°, B>0
for r, being oy, or opu;p, 1 =1,...,d.

e Next, we consider the error term FE3. Analogously as above, the integration by parts formula (2.10a),
Holder’s inequality, and the interpolation error (2.14) yield

3(rn) = ha/ Z/ [ru] [T7¢] dS(z)dt = —h=* /(]T/thAhHTqﬁdxdt

el
S rnll s (19llez + B l6llos) S A lrnll g -

Using the estimates (3.5b) and (3.5¢) we can conclude for rj, being gp, or gpu;p, @ =1,...,d, that

E3 (Th) S ]’L5+1.

e Finally, using the estimates of kinetic energy (3.5a) and momentum (3.5¢) together with the interpolation
error (2.13) we obtain for 7, being g5, or opu;p, i =1,...,d that

T
Ey(rp) :/0 /thuh' (Voo — Vrllp () dzdt S hl|lleo raunllpip S hllrnanll e S b

Consequently, we conclude the consistency formulation of the convective terms in both equations (2.3a) and
(2.3b), by collecting the above estimates of the four terms Ej;, j =1,...,4,

/ ontty - Voddr — > / lon, up] [Tr¢] dS(z) < B, (4.4a)
ceé
/ onup @y Ve dr — Z/ onup, wp) [Mirg] dS(z) < AP, (4.4b)
el

for some 31, B2 > 0 provided 0 < & < min{1,2(y —1)}.

Remark 4.2. We would like to emphasize that the additional numerical diffusion of order O(h*!) plays a
crucial role in order to obtain the consistency of the convective terms, which requires ¢ < min{1,2(y —1)}.
Indeed the deriviation of (4.4) requires (3.5g) and uses Lemma 3.1, which benefits from the uniform bounds
(3.5h) of the h®-terms.
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Step 3 — viscosity terms:
In accordance with (2.12) and (3.5d) we can control the viscosity terms. Indeed, we have

/OT/QVguh 1 Vepdrdt — /OTC%/G dlg [w.] - [ o] dS(z)dt

. (4.5a)
= [ eun: (Vo= Vellrg)drde < [Vewlgape b [@les <
0
and for the divergence term we get
T T
/ / dthuh dth (HT¢) dx — / / dthuh divxq‘) dx dt
0o Jo 0o Ja (4.5b)

T
_ / / divauy, (divh(nm) - divxqb) dzdt < ||divaug|l2p0 b )|l < b
0 Q
by using (3.5¢) and (2.13).

Step 4 — pressure term:
The pressure term can be controlled by using the integration by parts formula (2.9), the interpolation error
(2.13), and the estimate (3.5b), i.e

/ Z / ppn - [Ure] dS(x)dt — / / prdivye dz dt

o€l
/ > / II7¢ - n[py] dS(z)dt — / > / prdivee dz dt
o€l KET (46)
/ ZpK Z / ¢ - ndS(z)dt — / prdivye de di
KeT  oe&(K) 0 Ker
- [ > [ o (@i (Trg) —dived) dodt S lnlleps ol 6len <
0 KeT
Collecting the inequalities (4.3)—(4.6) we complete the proof of Theorem 4.1. O

5 Convergence

In this section, we show the main result, the convergence of the numerical solution to the strong solution
of the system (1.1) on the lifespan of the latter. To this end we start by introducing the concept of
the dissipative measure-valued (DMYV) solutions to (1.1). The interested reader may consult [11] for the
discussion about the concept of DMV solutions and the DMV—strong uniqueness principle that will be used
later in this section.

Definition 5.1 (DMV solution). We say that a parametrized family of probability measures {Vy » } (+.2)e(0,7) x>

Viw € L (0.7) % 2 PQ)), @ = {le.u] | 0 € [0.00), ue RV},

is a dissipative measure-valued (DMYV) solution of the Navier—Stokes system in (0,7") x €2, with the initial
condition Vp , € P(Q) and dissipation defect D € L>°(0,T), D > 0, if the following holds:

. [/QWM; 0)9(t, ) dx] :; = /OT /Q[(Vt,x; 00 + (Vio; ou) - Vo] da dt

for any 0 <7 < T and ¢ € C*([0,T] x Q);
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t=r1 T
[ [0 owo. ) da:] = [ [0 e + Vs u @ ot ploD) - V] ded
Q t=0 0 Q

— / / S(Vyu) : Vogpdadt +/ (rM: V) dt
0 Q 0
for any 0 < 7 < T and ¢ € C([0,T] x Q; RY), where
u= (Vig;u), ue L0, T; Wh*(9; RY),

S(Vzu) = p(Vyu + Viu) + Adivgul, and v € L0, 75 M(Q));

1 t=1 T
[/ WViz; —ou® +H(0)) dx} —|—/ / S(Vzu) : Vyudedt+D(1) <0,
Q 2 =0 Jo Ja
for a.a. 0 < 7 < T. The dissipation defect D dominates the concentration measure ", specifically,

|(FM(7); 9)] S E(T)D(T) |9l ey » for some € € L0, T).

5.1 Convergence to dissipative measure-valued solution

In this subsection, we show that any Young measure generated by a family of numerical solutions is a DMV
solution in the sense of Definition in 5.1.

Theorem 5.2. Let {(gi,uﬁ)}i\zl be a family of solutions generated by the numerical scheme (2.3), with
At~h,1<v<2,0<e<min{l,2(y— 1)}, and the initial data satisfying

00 € L7(Q), 00 >0, ug € L*(Q; RY).

Then any Young measure {Vtya;}(t’x)e(oyT)XQ generated by (Qz, u’fb) for h — 0 represents a dissipative measure-
valued solution of the Navier—Stokes system (1.1) in the sense of Definition 5.1.

Proof. We may use the energy estimates (3.3) to deduce that, at least for suitable subsequences,

on — ¢ weakly-(*) in L>=(0,T; L7 (2)), ¢ =0
uj, — u weakly in L((0,T) x Rd),
where u € L?(0, T; Wh2(Q)), Veuy, — V,u weakly in L*((0,T) x € RdXd),
. 2 J
onup — pu weakly-(*) in L>°(0,T; L+1(Q; R?)).

where the superscript ‘~’ denotes the L'-weak limit.
Note that, the limit functions satisfy the equation of continuity in the form

T
- [ ovo0.9de = [ [ 0016+ G- Vuo] dede, tor all 6 € CE2((0,0) x ),
Q 0 Q

which can be further rewritten as

[/Q qu(t,-)de; Z/OT/Q[Qat¢+Z)ﬁ-vx¢] da dt (5.1)

for any 0 <7 < T and any ¢ € C*([0,T] x ).
In accordance with the weak convergence statement derived in the preceding part, the family [op, up]
generates a Young measure - a parameterized measure [2, 30]

Vt,x S LOO((O,T) X Q;P([O, OO) X Rd)) for a.e. (t,$> € (O,T) x Q, with V(),g; = (5[90(35)7“0(35)},

such that

e

(Viz,9(0,0)) = g(o,u)(t,z) for a.e. (t,z) € (0,T) x Q,
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for any g € C([0,00) x R?) such that

P

g9(on,up) — g(o,u) weakly in L*((0,T) x Q).

Accordingly, the equation of continuity (5.1) can be written as

[/ﬂ o¢(t, ‘>dx] : = /OT/Q 00 + (Veo, 0u) - V6] da L. (5.2)

For the consistency formulation of the momentum equation (4.2), we apply a similar treatment. Whence
letting h — 0 in (4.2) gives rise to

[/Q (Vi ou) - ¢(2, ) dx} :; = /OT/Q [(Vt,x; ou) - 0ip+ Vi ou®@u+p(o)l) : qub} dr dt 53

— / / [uvmu : Ve + (p+ Ndivgu - divm¢} dx dt + / / MV, drdt
0 JQ 0 JQ
for any 0 < 7 < T, ¢ € C([0,T] x Q; R?) where the concentration remainder reads
™M = {ou @ u+p(o)[} — Viu; ou @ u+ p(o)I) € [L°(0,T; M(Q))]4*%

Hereafter {s} denotes the weak-(*) limit of a sequence s;, in M([0,T] x §)).
Similarly, letting A — 0 in the energy inequality (3.3) yields

M <vt,m;;g|u12+%(g)> dmI;+/OT/Q(,u|Vmu]2+(,u+)\)|divzu\2) dzdt+D(r) <0 (5.4)

for a.e. 7 € [0,T], with the dissipation defect

1 1
o) = [ {Gou+m@} as— [ (Vs doul + 1)) @
Q Q
+/ /{M|qu|2~l—(u+/\)!divxu|2} da:dt—/ /u|Vmu]2+(,u—l—)\)|divzu|2dxdt
0o Ja 0 Ja

satisfying

D(r) > limint </ Vw2 dt) —/ /|Vmu\2dxdt. (5.5)
h—0 0 0 Q

Note that D > 0 is a consequence of [11, Lemma 2.1] and the non-negativity of the total energy and
S(Vzu) : Veu. Since |opuy, @ uy, + p(on)l| < onun|? + H(on), we again recall [11, Lemma 2.1 | for

1
Fo.u) = |ou@u+p(o)l|, and Glo,u) = ;olul® +H(o)

to conclude
/ 1|drM| <D, forae. in (0,7T). (5.6)
Q

Collecting (5.2)~(5.6) implies that the Young measure {V; » }; »c(0,7)x0 represents a dissipative measure-
valued solution of the Navier—Stokes system (1.1) in the sense of Definition 5.1. Seeing that validity of (5.2)
and (5.3) can be extended to the class of test functions from C'([0,7] x ©; R?), we have proved Theorem
5.2. 0

5.2 Convergence to strong solution

In the previous subsection, we have shown that the numerical solution generates the dissipative measure-
valued solution. We admit that the conclusion of Theorem 5.2 is rather weak, also due to the non-uniqueness
of Young measure. However, we may directly use the DMV-strong uniqueness principle established in [11,
Theorem 4.1] to obtain convergence to the strong solution as long as it exists.
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Theorem 5.3 (Convergence to strong solution). In addition to the hypotheses of Theorem 5.2, suppose
that the Navier—Stokes system (1.1) endowed with the initial data (0o, wg) admits a strong solution (o,u)
belonging to the class

0, Va0, u,Vou € C([0,T] x Q), du € L2 (O,T; o; Rd)) L 0> 0.

Then
on — o (strongly) in L7 ((0,T) x Q), u, — u (strongly) in L? ((O,T) X Q;Rd) .

Remark 5.4. By strong solution we mean that all generalized derivatives appearing in the equations can be
identified with integrable functions, see [11]. In particular, this typically amounts to requiring the derivatives
to be at least Lipschitz functions.

Indeed, the DMV—strong uniqueness implies that the Young measure generated by the family of numerical
solutions coincides at a.a. point (¢, x) with the Dirac mass supported by the smooth solution of the problem.
In particular, the numerical solutions converge strongly and no oscillations occur.

Remark 5.5. We have constructed solution on a space-periodic domain €2. When considering a polyhedral
domain, the existence of smooth solutions remains open and may be a delicate task. To avoid this problem,
one has to approximate a smooth domain by a family of polyhedral domains analogously as in [13]. Note,
however, this problem does not occur in the case of periodic domain.

If, in addition, we assume the density is uniformly bounded, meaning independently of the numerical
step, the results of Theorems 5.2 and 5.3 may be possibly extended to an unstructured grid. Indeed the
only difference of the proof would be showing the consistency of the convective terms in (4.4). The estimate
of the error terms Ej(gp) and Ej(opup) could be done without the discrete integration by parts thanks
to L*°—bound on the density. Moreover, in view of the conditional regularity result [32], we obtain the
unconditional convergence to the strong solution since the DMV solution with bounded density is regular.

Theorem 5.6 (Convergence with bounded density). Let d = 3. In addition to the hypotheses of Theorem
5.2, suppose that

o the initial data belong to the class

00 € W32(Q), ug € W3(Q; RY);

o bulk viscosity vanishes, meaning

2
A+ -p=0;
+ gk ;
[ ]
lonllzee(0,ryxa) < €
uniformly for h — 0.
Then

on — o (strongly) in L9 ((0,T) x Q), ¢ > 1, u, — u (strongly) in L* ((O,T) x €2 Rd> ,

(0,u) is the strong solution to the Navier—Stokes system (1.1) with the initial data (0o, up).

The condition on vanishing bulk viscosity is technical and we refer to [32] for the discussion of its
necessity. We point out that Theorem 5.6 guarantees unconditional convergence of the scheme without
the a priori hypothesis of the existence of smooth solution. In other words, uniform boundedness of the
numerical densities implies the existence of global smooth solution as long as the initial data are sufficiently
regular. It is also worth noting that boundedness of the numerical densities is still a considerably weaker
assumptions than the hypothesis made by Jovanovié [25].
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6 Numerical experiment

In this section we show the numerical performance of scheme (2.3) in two space dimensions. Note that
scheme (2.3) is nonlinear, thus we solve it numerically by a fixed-point iteration. For each sub-iteration, we
set the time step as At = CFLm, where CFL = 0.3, ¢ = \/7p/p. We set the viscosity coefficients
¢ = XA = 0.01 and the adiabatic coefficient v = 1.4 in all experiments. Moreover, we choose the artificial
diffusion € = 0.6 which satisfies the assumption of 0 < ¢ < min{1,2(y —1)}.

Experiment 1. First we validate the accuracy of the scheme by considering

Sin(27rt> _ sin(27rt) > r
2 +cos(2m(xz+y)) 2+ cos(2m(z+y))

Pref = 24 COS(27T($ + y)), Upef = (

with the corresponding driving force in the momentum equation.
We compute the relative error ey, for ¢ € {0, u, Vu} in the corresponding norms, and the experimental
order of convergence (EOC), where

o = ||¢h - ¢ref” EOC — 1Og2 e¢2h
" “¢ref“ €y,

and ¢,y denotes the reference solution. From the numerical results, we observe the first order of convergence
of the scheme, see Table 1.

Table 1: Numerical convergence for Experiment 1.

b [ Jlevoullze | BOC [ Tleull 2z | BOC | Tealli o | EOC [ Neall sy | EOC
1/32 4.21e-02 — 3.43e-03 — 1.24e-03 — 4.28e-02 —
1/64 1.78e-02 1.24 1.39e-03 1.30 4.95e-04 1.32 1.81e-02 1.24
1/128 7.75e-03 1.20 5.88e-04 1.24 2.04e-04 1.28 7.86e-03 1.21
1/256 3.51e-03 1.14 2.59e-04 1.18 8.69e-05 1.23 3.50e-03 1.17

Experiment 2. In this experiment, we simulate the Gresho—vortex flow [5, 29, 23]. The initial state is
the vortex of radius o = 0.2 located at (0.5,0.5) with

— 05\ un(r) 2r/ro if 0 <r<ry/2,
0(0,x) =1, u(0,x)= < 85 _'x ) S with we(r) = A 2(1—r/rg) ifro/2 <7 <y,
’ " 0 if r > rp,

where r = /(z — 0.5)2 + (y — 0.5)2. We present the evolution of the flow in Figure 2 for the mesh size
h = 1/128. We can clearly recognize that the solution is in a good agreement with those presented in the
literature, see [23]. To further invest the numerical convergence, we present in Table 2 the errors for different
mesh parameters and the reference solution is computed at a fine mesh h = 1/2048. We observe even better
than the first order convergence.

Table 2: Numerical convergence for Experiment 2.

b | lleveullperz) | EOC | leullpe(rz) | EOC | lleoll gy | EOC | leoll oo (1n) | EOC
1/32 6.66e-01 — | 316e-02 | — | 6.64e-04 | - | 1.64e02 | -
1/64 | 3.75e-01 | 0.83 | 1.66e-02 | 0.93 | 3.60e-04 | 0.88 | 8.85¢-03 | 0.89
1/128 | 1.91e-01 | 0.97 | 8.21e-03 | 1.01 | 1.80e-04 | 1.00 | 4.43e-03 | 1.00
1/256 | 9.11e-02 | 1.07 | 3.86e-03 | 1.09 | 8.5le-05 | 1.08 | 2.09e-03 | 1.08
1/512 | 3.93¢-02 | 1.21 | 1.66e-03 | 1.22 | 3.66e-05 | 1.22 | 8.96e-04 | 1.22

1/1024 | 1.31e-02 | 1.58 | 5.54e-04 | 1.58 | 1.21e-05 | 1.60 | 2.96e-04 | 1.60

18



0.5

0.5 1 0

o

0 0
0 0.5 1 0 0.5 1
1 1
0 0
0 0.5 1 0 0.5 1
1 1
0 0
0 0.5 1 0 0.5 1
1 1
0 0 '
0 0.5 1 0 0.5 1 0 0.5 1
(a) density p (b) velocity component u; (c) velocity component ug

Figure 2: Time evolution of the Gresho—vortex: solution at ¢ = 0.01,0.05,0.1,0.15,0.2 from top to bottom,
solution of density and velocity components from left to right

Conclusion

We have studied a finite volume method for the multi-dimensional compressible isentropic Navier—Stokes
equations on regular quadrilateral mesh in a periodic domain. Due to the artificial diffusion in the numerical
flux function (2.1) we have sufficiently strong a priori estimate on jumps of the discrete density. The solutions
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of the scheme were shown to exist while preserving the positivity of the discrete density. Moreover, we have
shown the stability of the scheme by deriving the unconditional balance of the discrete total energy in
Theorem 3.3. Furthermore, we have established the consistency formulation provided the artificial diffusion
coefficient is large enough, see Theorem 4.1. In addition, we have shown in Theorem 5.2 that the numerical
solutions of scheme (2.3) generate a DMV solution of the Navier-Stokes system (1.1). Finally, using the
recent result on the DMV-strong uniqueness principle and the conditional regularity result [32], we have
proven the convergence to the strong solution assuming only the existence of the latter, cf. Theorem 5.3,
and the unconditional convergence to regular solution, cf. Theorem 5.6. Numerical experiments are also
presented to support the theoretical results. To the best of our knowledge, this is the first rigorous result
concerning convergence of a finite volume method for the compressible isentropic Navier—Stokes equations
in the multi-dimensional setting.
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