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1. Introduction

The random compressible Euler equations of gas dynamics arise in
many practical applications, such as meteorology, physics, engineering or
medicine. In practice, model data are typically uncertain since they arise
from measurements and may be influenced by various errors. Consequently,
data uncertainties propagate and lead to a random PDE system. Several
numerical methods have been developed in the literature to approximate
random PDE equations.

The Monte Carlo method is often used, but may be very expensive due
to its slow convergence and large number of required samples. Alternatively,
stochastic spectral methods, such as the stochastic Galerkin and stochastic
collocation methods, are used to approximate random PDE systems effi-
ciently. While the stochastic Galerkin method is intrusive, the stochastic
collocation method is nonintrusive. It only requires the application of a
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deterministic numerical scheme at certain collocation nodes. We refer to
the monographs by Le Maitre and Knio'll, Pettersson et al.?] Xiu® Zhang
and Karniadakis®.

Rigorous convergence analysis of these uncertainty quantification meth-
ods typically requires uniqueness and continuous dependence of solutions
on random parameters. However, continuity with respect to the random
parameter may be a rather strong assumption for hyperbolic problems,
and we only require Borel measurability of the data — solution mapping.
Convergence of the stochastic collocation method for random elliptic and
parabolic equations was studied, e.g., in Babugka et al.”, Nobile et al.9,
Tang and Zhou.

In this paper, we study a stochastic collocation finite volume method
applied to the random compressible Fuler system. As shown in our recent
work Chertock et al.® global statistical spectral methods may not be suit-
able for random hyperbolic conservation laws since discontinuities usually
propagates also in the random direction. Global interpolation methods then
yield oscillations on discontinuities due to the Gibbs phenomenon. There-
fore, we use a stochastic collocation method that works with a piecewise
continuous approximation in the deterministic and the random space. We
aim to rigorously prove the convergence of the stochastic collocation finite
volume method. To this end, we combine deterministic analysis of a finite
volume method with stochastic compactness arguments. We refer to our
recent work Feireisl and Lukacova®, where similar arguments have been
used for the random Navier-Stokes equations, see also Feireisl et al. 10! for
the error analysis of the Monte Carlo finite volume method.

We start with a deterministic model. The Euler equations of gas dy-
namics describe the conservation of mass, momentum and energy

Oro + div(m) = 0,

dym + div, (Im?m) L Vp =0,

O + div((E + p)u) = 0. 1)

The dependent variables o, m and E denote the density, momentum and
energy of the fluid, respectively. The pressure p, temperature ¥, velocity u,
internal energy e and entropy s are given by

p=09=(y—1)oe, u=m/o, e= o '(E—|m[*/(20)), s =log(¥> /o).

The adiabatic coefficient is v € (1,00) and the heat capacity at constant
volume is ¢, = (y—1)71. System is considered on a time-space cylinder
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(0,T) x Q, where T > 0 is a final time and Q C R?, d = 2,3, a physical
domain. System is equipped with the initial data (g9, mg, Fg) and
impermeability boundary condition u-n =0 on (0,7T) X 9Q.

We say that (o, m, E) € C1([0,T] x Q,R%*2) is a classical solution of
if is satisfied pointwise. We will work with the following notion of
generalized weak solution.

Definition 1.1 (Weak solution). We call a tuple (o, m, E) €
L®((0,T); LY(Q) x L*/0+)(Q; RY) x LY(Q)) a weak solution of (1)) with
initial data (0o, Mg, Eo) € LY(Q) x L/ (Q; RY) x LY(Q)

1 2
00 >0, Eo—JmO' >0 for a.a. x€Q
2 0o
if
1 2
Q>0,E*§%>Oa.e. in [0,T] x Q
and

o for every p € C([0,T] x Q) and every T € [0, T

t=71
[/ @@dX} =/ 000 +m - Vo d(t,x);
Q t=0 [0,7]xQ

o for every o € C([0,T] x Q,R?%) with -1 =0 a.e. on[0,T]x IQ
and every T € [0, T

t=71
[/ mcpdx}
Q t=0

= / m Oy +
0,7]xQ

where p = p(o.m, E) = (v~ 1) (£ - 3128,

o for every ¢ € C*([0,T] x Q) with ¢ > 0, any x € C1(R) nonde-
creasing, concave and bounded from above and every T € [0,T)

m & m

: Vo + pdiv, ¢ d(t, %),

t=T1
[ / @X(S)de] > / ox(5) o+ ox(s)u - Vo d(t,),
Q t=0 [0,7]xQ

m2
where s = s(o,m, E) = ﬁ log ((7 - 1)% (E — %%)) —log(o);
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e for every T € [0,T]

t=r
{ / E dx} <O0.
Q t=0
Note that this notion of weak solution matches the consistency formulation
of the viscous finite volume scheme, cf."2 Theorem 10.3. A Lipschitz con-
tinuous tuple (o, m, E): [0,T] x Q@ — R¥*? which satisfies pointwise
almost everywhere is called a strong solution of . It is straightforward to
check that every Lipschitz continuous weak solution with strictly positive

density and temperature is in fact a strong solution. Moreover, the strong
solution is unique.

Theorem 1.1 (Uniqueness of strong solutions). If (91, my, E1) and
(02, mg, Es) are strong solutions of with the same initial data, then
(01, my, Ey) = (02, ma, Ey).

Proof. Only straightforward changes of the proof of Theorem 6.2 in Ref. [12
are necessary. Note that strong solutions satisfy the equations almost every-
where. Thus, the class of admissible test functions in the weak formulation
is large enough to enable testing with another strong solution. Therefore
we are not restricted to domains @ with boundary of class C2. O

2. Discretization of the deterministic problem

We proceed with the description of a numerical method for the deterministic
Euler equations and assume that the domain @ C R? is open, connected,
bounded and has a Lipschitz boundary.

2.1. The viscous finite volume method

For the space discretization, we use the numerical scheme introduced in
Ref. 13, now referred to as wiscous finite volume (VFV) method*. The
following standard notation is used.

We will consider a sequence of meshes with increasing mesh resolution.
For simplicity, we assume that each mesh consists of shape-regular triangles
in 2D and tetrahedra in 3d. We roughly follow the space discretization pre-
sented in'¥ Section 7.2.1. The set of all elements (triangles or tetrahedra)
of the n-th triangulation is denoted by 7,,. For K € 7, the set of boundary
elements of K is denoted £(K). The set of all boundary elements of the
n-th mesh is denoted as &, = U{E(K) | K € T,}. The exterior boundary
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elements are given by £ = {0 € &, | 0 C 0Q}. Likewise, the set of all
interior boundary elements is given by £t = £, \ £, We assume that
there are no hanging nodes, i.e. for each o € £ there are exactly two
elements K, L € 7T, such that o € £(K) N E(L). Each boundary element
o € €M is associated with an arbitrary fixed normal vector n = n,. For
o € EX* we fix n to denote the outer normal unit vector of Q.

Further, we assume that there exist constants 0 < ¢; < C1, 0 < ¢ < Oy
such that for all K € T,,, c € &,,n € N

ahd <|K|<Chd, bt <o| < Cohd™L.

Here, h, = maxgc7, diam(K) is assumed to vanish for n — oco. We
also assume that computational domain Q,, = (UT,)° coincides with the
physical domain @ for all n € IN. Additionally, following# Definition 1, we
suppose that there exist control points xi associated to each K € T, such
that for any 0 = KNL € M K, L € T, X — Xz, = an, with a € R.

We denote by Q,(Q,R¥) the corresponding set of all piecewise con-
stant functions and set Q,(Q) = Q,(Q,R). We define the value of
a, € Q(Q;RF) on K € T by piecewise constant projection

K 1/
a, =— [ a(y)dy.
K] /2

Further, for o € &, and a, € Q,(Q,R¥) we define the average and jump
ofa, inx€oef&, by
1

fank = (@ +al),  [an =a —al,

respectively. Here aS""!" are the outward/inner limits in the normal direc-

tion n,. The test functions in the momentum equation will be taken from
the following subspace of piecewise constant functions

D, (m) = {¢p € Qn(Q,RY) | @™ n, =0onall 0 € EX}.
The discretization of the convective terms is based on the upwind flux
UP[a,,u,] = a[{u,} - n]" +a°"fu,} n]".

Here, [T, []~ denote the positive and negative parts, respectively. The nu-
merical flux function for the convective terms is augmented by an additional
artificial viscosity term,

F Plan,uy] = UP[ay,u,] — ks, [an], €e> —1.
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For a given r € Q,, we define [r,] == riP — rdo"n where riP, r4°%n are the

n

upwind, downwind values of ™ on the cell interface o. There exists M > 0
such that for all nonnegative r € Q,,

hy /{{r}dS <M/7~dx @)

0€Eint

The semidiscrete VFV method?#1? can be formulated in the following

/Otentpdx— > /F,‘fp[gn,un] [¢] dS =0,
Q

0€Ems 7

for every ¢ € 9,(Q);

[ o o= 32 [ Firime ) -l 3

0EEint
+ R u,] - [¢] dS — {pndn-[¢] dS =0,
Uglnt/ i aes,m/ g i

for every ¢ € Dp(m), m;} -n, =0 forall o € £

/at Enpdx— 3 / DBy, ] [¢] dS + A1 S /Hﬂl [o] dS

0€Eint €&y

= % [ (3l — foeblunl ) s ~o

€&y

for every ¢ € Q,(Q). (3)
We will require the following regularity of the discrete initial data.

Definition 2.1 (Admissible deterministic discrete initial data).
We say that the initial data (0., Mo, Eon) € Qn([0,T] x Q; R+2) are
admissible if the following holds:

(i) liminf, essinfxeq 00,n(X) > 0 and Eg ,(x) > |mg,(x)|?/(200,,(x))
for almost all x € Q and for all n € NN,
(ii) limsup,, ess SUP,eq Eo.n(x) — mg ., (x)[?/(200.(x)) < 00,
(i1i) There ezists a constant s € R such that lim inf,, essinfy so,(x) > s,
2y
(v) (00,0, Mo, Eon) — (00, mo, Ey) in L7(Q) x L7371 (Q; R?) x LY(Q
for n — oo.
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We sum up several properties of the viscous finite volume scheme proven
in Chapter 10 of Ref. [I2l For convenience, we denote the initial energy by

Eon = fQ Eo.n(x) dx.

Theorem 2.1. If the initial data (0o.n, Mo n, Eon) are admissible then the
VFV method (@ has the following properties:

(i) (Existence of approximate solutions) There exist (0, my, E,) sat-
isfying (3) for all t € [0, 00);
(ii) (Positivity of the density and temperature) oy, 9 > 0;
(i1i) (Minimal entropy principle) s,(t) > s;
(iv) (Stability)

(a) llonllL=(o,1;L7(@) < (v — 1) exp ( — (v —1)infq 80)50,n7

(b) ||mnHL°°([O,T];L2v/<w+1)(Q)) < WJr\l/(')’ — 1) exp(—(y = 1)s)&o.n,
(c) |1Enllze=o,11:2(Q)) = Eo,n-

Proof. Results are presented in Lemma 10.3 of Ref. 12 The proof
of the minimal entropy principle follows from the calculations leading
to equation (10.39) of Ref. T2l The stability estimates follow from
(10.40), (10.41) and (10.18) of Ref. [12] respectively. O

As shown in Theorem 10.3 of Ref. (12, the VFV method is consistent.
This means that numerical solutions satisfy the generalized weak form of
the Euler system up to the so-called consistency error, which vanishes in
the limit n — oo.

2.2. Conditional regularity of the viscous finite volume
method

It is well known that for hyperbolic conservation laws equipped with a
convex entropy, strong solutions exist locally for sufficiently smooth initial
data. Moreover, conditional regularity results are known which guarantee
global existence of strong solutions provided derivatives of the solutions
remain bounded in suitable norms, see, e.g., Ref. (15l In this section, we
prove an analogous result on the discrete level for the VFV method. Instead
of bounds on derivatives, we will assume bounds on discrete derivatives of
the form limsup,, | [a,] /h| < oo for specific choices of a,,. We omit a more
precise notation of jump [a,], and use [a,] for simplicity. More precisely,
we will assume that the following three assumptions hold.
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Assumption 2.1.

limsup max | [on] /hn| < o0
n oe&int

Assumption 2.2. One of the following statements is true.

(i) limsup, max,cgim | [W,] /hn| < co.
(ii) There exists a constant ¢ > 0 such that ¢, > o and
lim sup,, maxgegine | [my,] /| < oo.

Assumption 2.3. One of the following statements is true.

(i) limsup,, max,cgim | [In] /hn| < 00
(i3) limsup,, max,cgine | [En] /hn| < 00.

Under the above assumptions, using suitable parameters «, €, and start-
ing from suitable initial data, we show that the VFV approximations con-
verge strongly to a strong solution. In particular, the strong solution exists
as long as the above assumptions are satisfied on the discrete level for all
n € IN.

Theorem 2.2. Let {o,, m,, E,}°2; be a sequence of VFV approzimations
with 0 < o < 4/3 and € > —1 satisfying assumptions - and

(i) hn — 0 for n — oo,
(i) the discrete initial data (0n,0,My,0, Eno) are admissible in the
sense of Definition 2.1;

Then (0, My, E,) = (0. m, E) in L9((0,T); LY(Q)x L7 (Q: R x L1 (Q)),
where 1 < g < 0o and (g, m, F) is a strong solution of .

The rest of this section deals with the proof of Theorem Therefore,
from now on until the end of this section (g,, m,, E,) denotes a sequence
of VFV approximations with 0 < a < 4/3 and € > —1. We assume that

assumptions ([2.1)) - (2.3)) and (i), (ii) from Theorem [2.2| hold.
P 23) ,

2.2.1. A priori bounds

We show suitable a priori estimates and formulate the following auxiliary
result.

Lemma 2.1. There exists Cg > 0 independent of n and x € Q such that
the number of elements K € T, with By, (x) N K # 0 is bounded by Cp.
Further, let £, € Q.(Q,RF) satisfy maxyee, |[£.]| < Chy, for all n and
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let L,K be elements of T, with K N L # (. Then there exists C' > 0
independent of n such that

Since @ is a bounded domain with Lipschitz boundary, there exists Cg > 1
such that for each x,y € @ there is a Lipschitz continuous curve v: [0,1] —
@ such that v(0) = x, v(1) = y and length(y) < Cglx —y|. As a
straightforward consequence of the previous lemma, we get the following
result.

Lemma 2.2. Let f, € Q,(Q,RF) satisfy maxyece, | [fu] | < Ch, and let
L, K be elements of T,,. Then there exists C" independent of n such that

£ — £L) < ¢ (dist(K, L) + hy).

Proof. For d4ist > 0 there are x € K° and y € L° with ||x —y| <
dist(K, L) 4+ dqist- Denote by ~: [0,1] — @ a Lipschitz continuous curve
with v(0) = x, y(1) = y and length(v) < Cg||x—y]||. Fixing o5, € (0, h,,) we
choose Ny = 2[length(v([0,1]))/(hn—0r)]+1 points 0 = t; <ty < ...tn, =
1 such that length(y([t:, ti+1])) = (hn — 0p)/2 for all i =1,..., Ny — 2 and
length(y([tn,—1,tn,])) < (hy — 1) /2. Thus, By, (v(t2:)), i =1,...,(N: —
1)/2, is an open cover of v([0, 1]). For each set By, (v(t2;)) there are at most
Cp elements of T, which cover QN By, (y(t2;)). Thus, we find a sequence of
Cy < Cpllength(v([0,1]))/(hn—0n)] elements K, ..., K¢, such that K7 =
K, K¢, = Land K;NK, 11 # (0. Applying the previous lemma with §j, small
enough such that [length(y([0,1]))/(hn—0r)] < length(y([0,1]))/hn+1 and
taking the limit dq;s¢ — O finishes the proof. O

Remark 2.1. In particular, note that (2.2]) (ii) implies (2.2)) (i), since

[[un]] = [[mn]] {{ Q;l}} - 5_2 [[Qn]] {{mn}}

with &€ € conv{o®, p2*}. The next lemma shows that the reverse implica-
tion is true as well.

Lemma 2.3. If maxyeg, | [un]| < Chy, for all n € IN, then there ewists o
independent of n such that 0, > o for n large enough.

To prove the above lemma, we will use the following auxiliary lemma
that is a slight modification of Lemma 10.2 of Ref. [12|
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Lemma 2.4. Let r,: [0,T] — O, satisfy r,(0) > 0, the bound
sup; o [7n(t,x)| < 00 and for all v, € Qn,pn > 0 holds

— rnqﬁndx— > / [, n] [n] dS(x) > (4)

0€Eint

Then ry,(t) > 0 for allt € [0,T].

Poof of Lemma 2.3l As we assume in (ii) that liminf, g, > 9, > 0,
there exists o(0) € Rso such that 0,(0,x) > o(0) for all x € Q and n
sufficiently large. We define for ¢t > 0

o(t) = 0(0) exp (—Lt)

with L > C M. Using , we derive the following inequality for arbitrary
nonnegative @, € Qp ()

T R Dl PR R PELS

dt 0€Emt V7
Lo [ euix—g 3 [qu} nle.] a5
0€Eint

— / pndxtp 3 / [u] - n e} dS(x)

o€Eint

SQ/ ondx (=L 4+ CM) <0.
Q

Choosing r, = ¢, — ¢ in Lemma we derive that o,(t) > o= o(T) > 0
for all ¢ € [0,T]). O

Consequently, we get a uniform lower bound on 9, for n large enough
due to Theorem Additionally, the bound of pu?, cf. Theo-
rem [2.1f -(1v ) and assumption (2.2)), yield uniform boundedness of u,,(¢) in
LOO

Wlth very similar arguments, it is straightforward to show an upper
bound for the internal energy.

Lemma 2.5. Under the assumptions of Theorem [2.9 there exists ge such
that one(on, my,, E,) < ge for almost all (t,x) and n sufficiently large.

In particular, Theorem implies that there also exist a uniform
upper bound on g, for n sufficiently large.
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2.2.2. Lipschitz continuous approzimation of numerical solutions

Next, we show that there exists a sequence of uniformly Lipschitz contin-
uous approximations of the numerical solutions. To this end, we first note
that the cell center values (oX(t),mE (¢), EX(t)), K € T,, are uniformly
Lipschitz continuous in time with respect to both K and n.

Lemma 2.6 (Lipschitz continuity in time). If assumptions
and are satisfied then t — oX(t), t — mE(t) and t — EX(t) are
globally Lipschitz continuous uniformly in K € T, and n € IN.

Proof. By definition, {oX, m* EK}KeT form the solution of the system
of ordinary differential equations (3 . To prove uniform Lipschitz continu-
ity, it is sufficient to bound the right hand side of the respective ordinary
differential equation for each cell average {0, m&, EX} e in L°°([0, T))
for all K € 7,.

As the jumps of all quantities are bounded by C h,, for some positive
constant C' > 0 independent of n and K, all terms containing a jump are
bounded. For the other terms we note that

Py [ v} nc as(x)
-2 / (am+[anﬂ>< ;[[bn]o'anS(x)

c€e&(K)
= > / apbi? - ng dS(x) + O(hy) = O(hy),
c€&(K)
(hn) n] | = O(hy) for a, €

01(Q) and b,, € Qx(Q; RY)

in n. And similarly,
> /{{an}}b ng dS(x) = O(hd) = > /a{bn} ny dS(x)
c€e&(K) ce&(K

for a € R and b € R%. Therefore [, < f, dz = O(hz) for f € {o,m, E}.
O

bounded uniformly

Next, for fixed ¢ € [0, T], we approximate the numerical solutions by uni-
formly Lipschitz continuous functions in space such that the approximation
error vanishes in L*>(Q) for n — cc.

Lemma 2.7. Let {f,},en denote a sequence of functions £, € Q,(Q,RF)
with maxgeg, |[£.] | < Chy, for some C > 0. Then there exists a sequence
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£, of uniformly Lipschitz continuous functions f, € CYL(Q,RF) satisfying
If, — fn]|Le — O for n — oco.

Proof. We may assume k = 1 without loss of generality. For x € &(LO) we
define f,(x) as the average of fX for all K with x € K, i.e.

fa)=HE e Taxe KN Y S

KeTn,xeK

Note that |£X —£L| < C C%hy, for all K, L with x € KNL due to Lemma[2.1]
In particular,

f,(x) — £5| < C%3Ch,  for all K with x € K.

Fixing K = conv{xo, ...,Xq} € Tn, we define f, (x) for x = > Aix; € K by
a0, Aixi) = 27, Aifu(x;). We may assume xo = ag and x; = hp,Age; +
ag fori=1,...,d. In particular,

Jo (@)K = hy (fa(x1) = fa(X0), - - s fr(Xa) = fn(%0)) AR (X —X0) + fa(X0).

Thus, for each x € @ there exists a neighbourhood U such that fn|U is Lip-
schitz continuous with Lipschitz constant less than or equal to 2dCC%/cy.
Here, ¢ < X for all eigenvalues A of AL A for all K € 7,,, n € N. In par-
ticular, fn is Lipschitz continuous on @ with Lipschitz constant less than
or equal to 2dCCoC%/cr, independent of n. O

In summary, the above two Lemmas imply that on [0, 7] x Q there exist
a sequence of uniform globally Lipschitz continuous approximations of the
VFV solutions such that the approximation error vanishes as n — oc.

2.2.3. Proof of Theorem[2.3
We are now ready to prove Theorem

Proof of Theorem [2.2l Due to Lemmas[2.3]and 2.5] o, is bounded away
from 0 and 9, is bounded from above. Moreover, according to Lemmas [2-6]
and [2.7] there exits a sequence of uniformly Lipschitz continuous functions
{0n, My, E,}22, with

On—0n — 0, m,—m, — 0, E,—E, =0 uniformly in [0, T]xQ
for n — oo. Further, Lemma implies the boundedness of (g, m,, En)
Thus, by the Arzela-Ascoli theorem, after possibly passing to a subsequence

and relabeling the sequence, (9, m,,, E,) converges uniformly to the Lips-
chitz function (o, m, E) € Lip([0,T] x Q; R%*2). Note that this convergence
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is pointwise a.e. and thus, the nonlinear terms in the momentum and energy
equations converge as well. We will show that (¢, m, E) is a strong solu-
tion of (1)) proving that passing to subsequences is not necessary. Choosing
x(x) = min{z,a} for a € R large enough, Theorem 10.3 of Ref. [12] im-
plies that (o, m, F) is a Lipschitz continuous weak solution of the Euler
system with density bounded away from 0 and initial data (g, mg, Ep).
Lemma [I.I] implies that the limit is unique and there is no need to take
subsequences.

O

3. The stochastic collocation viscous finite volume scheme

Let [, B(2),P] be a complete probability space with  a compact metric
space of samples, B({) o-algebra of Borel subsets of Q, and P a com-
plete Borel probability measure on 2. Let us denote by D the set of
data D = {(o,m,E) € LV(Q;R) x L7 (Q;RY) x LY@Q;R)|infreqo >
0,infreq F — 1% > 0}. We assume that the randomness is enforced
through the random initial data. This means that the mapping

(00, mq, Ep) (w): @ — D

is Borel measurable for a.a. w € .

To approximate the random Euler system, we divide §2 into a sequence
of finite partitions with shrinking maximal diameter. Having a piecewise
constant deterministic approximation on ), we also apply a piecewise con-
stant approximation in the random space on 2. Other choices are possible,
and we refer to Ref. [§, where a higher order WENO approximation on {2
was successfully applied for hyperbolic conservation laws. The approximate
random solutions are defined in the following way.

Definition 3.1 (Approximate random solution). Given a partition
{QM}V(M of Q and a set of collocation nodes wM € QM we define the

approzimate random solution of the random FEuler equations as

t X, w Z ]lgm Qn t X WM)

V(JM)
txw Z]lg w)my, (t, X, W)

EM(t,x,w) Z 1, (W) E,(t,x,wy) fora.a. weQ, (5)
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where (0n(t, X, wpm), My, (¢, X, wm ), B, (t,X,w,)) denote the (deterministic)
solution of the VFV method corresponding to the mesh T, evaluated at
(t, ) with the initial data (00(-, wm), Mo (-, wm), Eo(-, wm))-

To guarantee the convergence of (oM (0,-,-),m(0,-,-), EM(0,-,-)) in

the limit as M — 0o, n — oo we require that the initial data are admissible.

Definition 3.2 (Admissible random initial data). The initial data
(00, mg, Ep): Q — D are admissible, if

(i) there exist a.e. continuous functions o: Q& — Rso ande: Q — R
and s: @ — R such that for allw € Q and x € Q

essinf 0o(y,w) > p(w),  esssup Eo(y,w) < E(w),
y - y

eo(x,w) > 0, essinf so(y, w) > s(w);
y

(i1) there exists a.e. continuous functions ry, rm, rg: Q@ — R>o such
that

loo(,w)llr < 7o, Mo w)llp2/ein <7, S0 w)llzr <7s,

where Sy = 0050, s0 = s(00, Mo, Ep);
(iii) the following maps from Q to R a.e. continuous:

FppiweQo / axwp)dx, e C2(Q),
Q

Fmp:w €N / my(x,w) - p(x) dx, @ € C(Q;RY),
Q

Fopiwe Qe / Soxwe(x)dx, @€ CP(Q),
Q

FEZWEQH/Eo(X,w)dX. (6)
Q

We present the following result, which strengthens the convergence of
the piecewise constant discretizations of the initial data.
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Lemma 3.1. Let (0o, mg, Ep) be admissible random initial data. Then

v(M)
Z 1, (w)oo(swm) = 0o(w) in L7(Q;R),
V(M
Z ]lﬂm ) — mo(w) m L27/(’Y+1) <Q7Rd>7
V(JW)

Z 1q,, (W)Eo(-,wm) — Eo(w) in LY(Q;R)  as M — oo, P —a.s. (7)

Proof. Let {¢;}52, C C°(Q) and {px}32, C C=(Q;RY) denote dense
sequences in the respective space of smooth functions. As the initial data
are admissible, there exists a set N/ C Q with P(N') = 0 such that the maps
in @ are continuous in each point of the complement A¢ of N for test
functions ¢y and @y, . Clearly, in every point of continuity w of F': Q — R,

v(M)

> dgu (W) F(wp!) = F(w).
m=1
This implies that for M — oo we have

I,

v(M)

/ Z]lgm Ymg (X, wp) - Pr(x dx%/mo (x) dx,

S Lo, ()0l wm ) (x >dx%/ 00 () (x) dix,

m=1

/QZ 1q,, (w)SO(x,wm)gok(x)dx—)/QS’O(w)gok(x)dx,

/ZILQ onwmdx%/onw)d
Q

m=1

for all w € N°.
Now, let us use the following notation

v(M)

Z 1q,, (w Wm) (8)

for any fo € {00, mg, Fo, So}. The uniform bounds of {03!, m} 7,S’(I)VI}]V[ 1
in L7(Q) x L>/0+t)(Q;RY) x LV(Q) imply weak convergence of
(o3, mdt, SM) as M — oc. Following similar arguments as in Section 6 of
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Ref. 16l we apply the convexity arguments for E(gg, my, Sp) and obtain the
strong convergence claimed in (7). O

Lemma [3.1] yields IP-a.s. convergence of discrete admissible random ini-
tial data (o}, m}?, SM) as M — oco. To discretize the initial data on Q,
we apply the projection operator

II,,: LP LP(Q),
@->r@. o3 | ray

Since the projection error is controlled in the LP-norm, we also get a.e.
convergence in @ of fully discretized initial data. Choosing the space dis-
cretization parameter n = n(M), such that n — oo as M — oo, we now
denote for any fo € {00, mg, Eo, So} its piecewise constant projection by

v(M)

f8( Z lg,, (W), fo(- W)
Lemma 3.2. Let (0o, mo, Ey) be admissible random initial data. Then
there exists a Borel measurable map
we Qe (fo(w), my(w), Ey(w)) € D
such that (9o, Mo EO) are Lipschitz continuous on Q
00 =00, mg=rig, Ey=E P — a.s.
and

00 (W) = do(w) in L7(Q),  myg, (w) = mg(w) in L*/OFV(QRY),
Eé\fn(w) — E‘o(w) in LYQ) as M,n =n(M) = oo P—as (9)

Further, for allm € N, M € N, m < v(M) and all w € QM

ess inf ob% (x,w)> o(wM) > 0, esssup B} (y,w) < E(w),
xeq 20 £ S ,
e oM M
ess lcrglf €. M (x,w) >0, essinf s, (y,w) > s(w,, ). (10)
x€ y ’

Proof. As the pointwise limit of a Borel measurable map ranging in a
metric space is again Borel measurable, it suffices to prove @ with gg, my,
Fy instead of it Lipschitz continuous representation gg, my, FE,. This will
then immediately imply the existence of 9g, mg, E,.

page 16
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To show (9) let us consider fy € {00, mg, Ey}. We fix an arbitrary
positive € > 0 and choose g € C°(Q) with || fo — g|jr < € for the cor-
responding p € {v,2v/(y +1),1}. Thus, using the notation from and
Jensen’s inequality we derive

I fom = follee < IMLLLf0" = folllze@) + Mnlfo — glllze(o)
+ 1 lg] = gllr@) + 19 — follzr (@)
<" = follee +2llg — follze + | nlg] — gllze

with the last term vanishing for n(M) — oo due to the smoothness of g.

For every point of continuity w of g, € and s, the properties listed in
follow from the respective properties of admissible random initial data.
The positivity of ¢f, and 93", follows immediately from the properties of
admissible random initial data. Likewise, for every point of continuity w of
0, 0 and s the properties listed in follow from the respective properties
of admissible random initial data. Here, the lower bound on the density
and upper bound on the energy are obvious. For the positivity of the
initial internal energy and for the lower bound on the initial entropy, we
use Jensen’s inequality. More precisely, as (o, m) — m?/p is convex on
R? x (0,00), we find that

Q(J)\{n(w7 ')e(J)\jIn(w7 )
v(M)

=Y 10, @) (nn[Eowm)] - Hn[mo<wm>]2/nn[go<wm>])

v(M)
2 3 10,0 (Tl o]~ T mofes) )] ) >0
Similarly, :; 0+ o7 is convex and (o, m, E) — E — m?/p is concave,
IL,, [Qo(wm)] T<m, [Qo(wm)”]
< 0, [ (7 = 1) exp(—5/e,) (Bo(wn) — mo )/ 20(wrm))]

< (7= D exp(=s/ey) (T [Bo(win)] — Talmo ()] aloo(wrn)])-

Thus
w,)ed (w, -
) O,n( ) )) Z§<Wm)

Oon(
QS{TL(‘*’? ')’Y

sgfln(w, ) = ¢, log ((7 —1) £0,n

for m with w € QM. Using the a.e. continuity of 0, 0 and s in w we conclude
the statement of the lemma. O
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3.1. Main result: convergence

This section is devoted to our main result: convergence of the stochas-
tic collocation VE'V method applied to the random Euler equations. Our
working hypothesis will be that Assumptions 2.1]- 2.3 hold in probability.

Theorem 3.1 (Convergence in probability). Let the initial data
(00, mg, Fy) be admissible random data. Let the family of sets
QMM | o satisfy QM NQM =0 Y #£m,

v(M)
max  diam(Q¥) = 0 as M — oo, U QM = q.
m=1,...,u(M) m—1

Let hp, > 0 and h, — 0 for n = n(M) — oo. Finally, let the so-

lutions {Q%M),m%M),E%M)}OO ) obtained by the stochastic collocation

VEV method have bounded discrete gradients in probability. More pre-

cisely, this means that for each € > 0 there exists N = N(e) such that

B | (B2 [} /00 2 ) <
(11)

limsup P (max max{‘ [[Q%]]
M,n(M)—oco oegmt

Then for M — oo,n(M) — oo
(Q%M)»m%M)a E%M)) — (0, m, E) strongly in

L9((0,T); LY(Q) x L1 (Q; RY) x LY(Q)), in probability, 1 < q < oo.

Proof. For K > 0 large enough, there is a compact embedding from WOK -2

to C((0,T) x Q), see e.g. Theorem 4.12 of Ref. [I7. Schauder’s theorem

implies that the adjoint of the above embedding is compact as well. Since

Theorem implies boundedness in probability of the sequence of

approximate solutions in L4((0,T); L7(Q) x L*/ 0+ (Q; R?) x L*(Q)), the

sequence is tight in W~5:2((0,T) x Q; R%*2) for K enough large.
Further, defining

C(w) = max max{’ [[Q%M)]]

segint

0 [uan] 0| [EXan] |} /s

assumption implies tightness of C' in R. Finally, by Lemma as-
sumptions on admissible initial data imply convergence of (gé‘ﬁl, mé\{n, Eéwn)
in L7(Q) x L>/0+)(Q) x L'(Q) as M,n(M) — oo P-a.s. Consequently,
the initial data also converge in law and the application of the Prokhorov
theorem, Theorem 5.2 of Ref. [18], yields tightness of the initial data.
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Let us define the following separable Banach space (i.e. in particular a
Polish space)

X = (L(Q) x (VO (@RY) < (@) x (W52((0,7) x Q))’

< (WRE(0,1) x QRY) x (WR2((0.T) x Q)7 x .

Given two arbitrary but fixed subsequences {Mi j }rew and {Mos i }ren
of {M}rren, we define the sequence {Uy }rew ranging in X by

My Moy My Ma My Ma

Uk = (907 Qo ; Qo , Mo, 1My , My ) E07 EO ) EO )

Mk Mo i Mk Mok Mk Mok
O0ih, 0+ Onhby e TN, 0 Wity 0 Eahfy e Bacie C)

The Prohorov theorem implies convergence in law of {Uj }ren in X. Using
the Skorokhod representation theorem, Section 3.1.1 of Ref. 19 possibly
going to a subsequence and relabeling the sequence, we find that there
exist Uy: [0,1] = X and U: [0,1] — X,

= (a5 b d i i O B
Gk, g2k bk @k Lk p2k Cvk>7
0= (e a5 5 mb, my w3, E§, Ey, E,
o, 2 m!, m? E', E? é)’
such that Uy (©) — U(@) in X as k — oo for a.a. @ € [0,1] and
P(U, € A) =AU, € A)  forall ke N, A € B(X). (12)

Note that in the original sequence Uy, the initial data gy, mg, Fy and C
did not depend on k. The corresponding entries

587/97 rthf’ E(Oj,k’ Ck

of Uy, however might depend on k£ and need not be equal to the correspond-
ing entries of U. The transformation of, e.g., gp to the map ég’k from [0, 1]
to L7(Q) might be different for each k.

Still, using we find that (g5, m§, Ef), £ = 1,2, are elements of the
set
{(o,m, E): [0,1] = LY(Q) x L>/0+V(Q;R?) x L'(Q) Borel measurable |

essQinfg >0, essQimfp(g7 m, E) >0, esssupp(o,m, E) < oo,
Q

essQinf s(o,m, E) > —oo}.
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Thus, for a.a. w € [0,1], the initial data (35" (w), m§* (W), Eg*(w)) are
admissible deterministic initial data for £ =1, 2.

Fori e {1,...,v(Mig)}, 7 € {1,...,v(May)} let w € Q;
Clearly, for every fixed w the set A C X given by,

Mi M2k

ﬂQ

Mg M g M, M M,
A:{(fv, 2 (W), 09 F(w), ¥, my H(w), my F (w), z, By (W),

M. M M. M- M. M
Eo ™" (@), €n(it, 1) (@)s it 0 @) Mz, 4y (@) my i, ) W), By, ) @),

it (@) Cw)) |2 € L'(Q), y € LV/OV(Q), z € Ll(@)},

is Borel measurable and thus there exists QF ; = (U")71(4) C [0,1) with

)\(Qk )=P(U; € wal”“ DQ;-V[Q”“). In particular, all components of Uy, other
than @8 k, ﬁlg k, Eg’k are a.e. equal to piecewise constant functions. As
a consequence, (¢VF, m'¥ E'F) satisfy the numerical scheme . for the

initial data (g3"*, my’ " Eé k) a.e. in [0, 1]. The analogous statement is true

for(Qk 2.k Ezk)'

Now, we fix @ € [0,1] such that both (él’k,rhl’k,El’k)(dJ) and
(6%*, m?>* E**)(&) are solutions of the numerical scheme and such
that Uy (w) — U(w) inX As a consequence (@é’k(w) m M(@), Eé (@) and
a2+ (@), m2* (@), E2* (@) converge in L7(Q) x L/ (Q; RY) x L1(Q).
Moreover, {C’ (@) }rew converges and thus is bounded. Thus, Theorem
implies that the limits (g°, m®, E) are strong solutions of the Euler equa-
tions corresponding to the initial data (gf, m§, Ef) for £ = 1,2. More
precisely, for k — oo

(@Z’k,ﬁ’le’k,Eg’k)(@) (~€ ~/ E[)( )
in LU(0,T); L7(Q) x LY/ OTV(Q;RY) x LY(Q)), 1 < ¢ < <.

As the strong solution is unique, see TheoremI.1] we only need to show
that the initial data ];1(07 -) and ];2(07 -) coincide for f = p, m, E to apply
the Gyongy-Krylov lemma, Lemma 1.1 of Ref. 20l

From now on we denote by fj either gy, mg or Ey. Note that f,
and féw ** converge PP-a.s. to fy in the respective LP space. In particular,
by Egorov’s theorem, see Theorem 5.1.4 of Ref. 21|, there exist sets Ay €
B(Q) and an increasing sequence {nj}rew such that P(A4;) < 27% and
I fo(w) — f2 ™ “(w)||L» < 1/k for all w € Ay and £ = 1,2. In particular,

M g
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after possibly going to subsequences and relabeling them, we find that

P Uﬂ{fé’k— 8’k|<e} -1, ¢=1,2.

m k>m

Here we have used that the laws of Uy, and Uy, coincide. Thus, the Gydngy-
Krylov lemma implies that

(Q%J%)v mnM(M)7E7]:/([M)) — (0,m, E)
in L9((0,T); L7(Q) x L*/OF(Q;RY) x LM(Q)), 1 < ¢ < o0,

for M — oo,n(M) — oo in probability. Applying again the Skorokhod
theorem, but now for the sequence
{Q07 Qé\/jv QnM(M)7 o, mO,mé\/Iv m%M)a m7E0a EyaEg/(IMy Ea C}
M=1
we find that (9, m, F) is the random strong solution of the Euler equations
with the initial data (o, mg, Fy). This concludes the proof. O
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